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Abstract

In this paper, we give the definition of Generalized Gaussian Fibonacci polynomials and Genera-
lized Gaussian Lucas polynomials. We obtain some exciting properties of them, by their recur-
rence relation and properties and matrix representations, we also obtain some identities of them.
Furthermore, we prove Cassini’s Identities for them and their polynomials.
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1. 5]

£ 1997 4, Berzsenyi [ 1%} &= Fibonacci 34T W5, £33 /¥ M Fibonacci. fiURAIVIHLSE K2
T A 20 A R AP TSR FAIE S 5K 7E 1986 4F, Pethe A Horadam [2]57€ S 1 — AN k-1 391 2838 0 B2 4000
HRRI T w2 R R 52, 53] T4 k=2 WA R YK %. 1E 2019 4, Prasad [3]5I N T —F#r
()= Fibonacei #F%, H It Z NS Fibonacei 3, FFARHE 1% i 7 2 TR BE T 1 — Pk i G e i
Jii%. 1E 2020 4F, Ozkan Fl Tastan [4]5€ X T m AR AR L0, HFIH Fibonacci 2 W4 H T =il
Fibonacci Z I A . 78 2021 4F, Ozkan F1 Kuloglu [5]7E X T i B WK K H 2 W=, FHFRd 7
e 0 s .40 2 0G5 R (R AR 22 TR TEARAE — Bl ok R e NSO H AU N 18 A AT ] i) 8
R, NI SRAR KB A A S i 3 i 0 32 22 T 2 5 1 SR RR ) B BESR AT A5

J”" X Fibonacci £ W F, (x) W2 N RIEBHER R -

F,(x)=axF,_ (x)+bF, ,(x), n>2, (1)

ik

H F(x)=0, F(x)=1.
] X Lucas 2 Wz 2 T 51 IS HER 5 -
L,(x)=axL, (x)+bL, ,(x), n>2, 2)

HLy(x)=2, L(x)=ax.

FRFTJE G, 2SRRI 22 TR 7 R 3 2 IR B UM oG, B I3 2 Wi UnT F T o vr 2 28 1
SR, QA R R IRAT R I AR, T B m A B R 2 D 2 E 2w, Ek
B XL HEIL N, HAS. Falcon 1 A. Plaza [6]5E S k=22 AR 2 WA 2 k-2 832500 | 4R
SEA, EATRIVE 2 PR AT LA E IR B, AEE IR 2 T S VT 2 O R AT LUIER . Hogget A1 Lind [7]
XPIHELCFEBIREAT TR “Fr5 B, JFRIX g B 2R AT AT 36 HE Fp 51) B 4 A AT ik A ELAT 22 0
KAPEIER R Z DT H] 2, CGEEIEEZFET) MARTY ERH 72 F 02 W ) .
G.Y. Lee fl M. Asci [8]7% & Pascal #5[%, FF#E) 7P R LA, A (p,q)- MR L Hi. AR
27 (p,g)-Fibonacci ZHAKIHEE, HEI/ER Riordan 77k, 53T K(p.g)-Fibonacci £ Wz
Pascal 55 [ R =4 fi. 7 2013 45, Asct M Al Giirel E [9]%€ X T 53 ik 2% A7 25 /R 22 T =X0RN vy 30 e 24 A 45 /R

PR I
e JTHE A A B 2R 2 TG A2 T IR AR AR

GJ,, (x)=GJ,(x)+2xGJ,  (x), n=1, 3)

He GJO(x)zé, GJ,(x)=1-
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BT A5 A8 5 22 R 2 B 5 2
Gjn+1(x):Gjn (x)+2ijn_1(x) , nx1, 4)

Hr Gjo(x):2—é, Gj (x)=1+2ix .

HATTIF S T M R MRS AR A AL Q SR, BRI B A AT SR RIS R,
BFAC 6T RRAE 44 th 45 P

5k, A% Yagmur T [10]5E EHTIRAR-25 R T2 BT {GO, (x)) 7+ BRI R R
GO,.,(x)=2xGQ, (x)+GQ,,(x) » n=1, )

b GO, (x)=2-2ix, GO, (x)=2x+2i.

[, AR TR AN, A RERBRZF SR 5 AFR0R .

J18h, 1£ 2018 4, Uygun S [11]5I AT h(x)-HESAR/R ML I, It Teim—eikm, K5
AU h(x) -HES AT /R 2 050, 038 1 _ETH0S i eR BN Jao0] A eR 8L R4 T e AT — e R AR

V2 H WL TR R L TR e A SCE L SR AH 06 S i 22 3 32 2 T xOM1 = - 37 22 i
BEAT THET, UOERE TENTREEHES &

2. XESGR K HIER

5B 2.1 |7 X Fibonacei £ T GF, (x) i & T A6 HESS &
GF,,,(x)=aGF,(x)+bGF,  (x), n>2, (6)

nil
H GF(x)=1, GF,(x)=ax+i.
HiJ™ 3( 3 Fibonacei 2 U3\ GF, (x) B2 SCRIA3 200 R AT46{H -
GF, (x)=axGF, (x)+bGF, (x)
=ax(ax+i)+b
=a’x* +b+axi,
GF, (x) = axGF; (x)+bGF, (x)
=ax(a’x’ +b+axi)+b(ax+i)

=a’x® +2axb +i(azx2 +b).

Hx=11, FATTLIAGE] GF, (1) = GF, -
RE 21 GF,(x)=F,(x)+iF, ,(x), n22.
BB FATRE 2 AR AR B IR e B
L n =21, f GF,(x)=axGF, (x)+bGF,(x)=a’x’ + b+ axi = F, (x) +iF, (x) » XA E BB IR IE AL .
R n=k I, WL GF, (x)=F, (x)+iF,_(x) -
Hn=k+1INAH:
GF,,(x)=axGF, (x)+bGF,_,(x)
=ax( V(x)+iF (x ))+b(Fk1 x)+iF,_, ))
= axF, (x)+axiF,_ (x)+ bF,_ (x)+biF,_,(x)

=F., (x) + le( )
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P it s #EAIE
7 L4l Fibonacei 2 WX GF, (x) i) binet 22 2 A:
a"(x)-p"(x) " (x)-B""(x)
a(x)-p(x)  alx)-B(x)

GF,(x)=

[ 22 o[22
,H:EPa(x):a)H— azx +4b ’ ﬂ(x):ax a2x +4b .

RN 2.2 I ST Fibonacei % TaSERE of, (x) B2 X F

GF,,(x) GF,(x)
& (x)= (GF(x) GF, (» )J

seran)=(y o) el ).

SEHE 2.2 det(gf, (x))=(-b)"" (1+b-axi), n=2.

HEB FATH R RGERAE IR AN E . fiE X 2.2, 56 ORI 3R 2 i 5 AE
B 2.1 AT

Lin=20,  det(gf,(x))=1+b—axi

(N

GF,(x) GF,(x)

detle () =\or () 6r (x)

a?x*+b+axi ax+i

®)

ax+1i 1

=1+b—ai.
XA B IR O
B n=ki, WL
det(gfk (x)) =GrF,, (X)GEH (x) - GF}f (X) = (—b)ki2 (1 +b —axi),
MY n=k+1 04

GF,,(x) GF.(x)
GF,, (x) GF,(x)

= GF, ., (¥)GF, ()~ GF, (x)

(axGF,M )+bGF, (x )) GF, (x)— (axGﬂ (x)+bGF,_, (x)) GF,,,(x)

det(gf,m (x))

=axGF,, (x)GFk (x) +bGF? (x) —axGF, (x) GF,., (x) -bGF, (x) GF,, (x)
=-b(GF, ,(x)GF,, (x)-GF} (x))
=(-b)" (1+b-ai).
PR 5 FRASHIE
BATESL 2 x 2 HHISEEE R, P, CO1IA

:[a bj’ P:(a2+b+ai a+ij’ C:{a3+3ab+i(a2+2b) @’ +2b+ai

1 0 a+i 1 a’ +2b+ai a+2i
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=0, A P GF, GF,) a*+b+ai a+i
’ a+i 1 ’

GF, GF )

GF, GF,
Bt n=kiH, MP:[Géz Géj} N n=k+1 K
K+l a bJ{GF;c+3 GE&ZJ
R7P=
1 O GF}€+2 GFk+l
_ aGEc+3 +bGEc+2 aGF}chZ +bGF;c+1 9
- GF;€+3 GFk+2 ( )
_ GFk+4 GF;€+3
- GEc+3 GEc+2 .
FiLLiA GF,, GF, , —~G*F, =(~b)" " (1+b—ai), n>2.
NN det R™ =(—b)”_2 , detP=1+b—ai, TREH
. [Gﬂﬂ GE1J
R7P= (10)
GF, GF,_,
(KL det(R"*P) = GF,,GF, , - G’F, =(~b)"” (1+b-ai)
T X i 2R A B T e B AR U IR B 2 T B A R R .
BIE 2.1 Yn keZl, HL
L fE %
Foy(6)=b'E, ()= (x)Fp (x), k/2M%L, (11
L (x)F, (x), kA
o FL{E g
By (x)+84E,  (x) = r ) (), KRR )
! (x)Lk (x), k/2arEL
HEBH FRATFT X Fibonaccei 2 WM € X RAIFHH .
~ B an+k (x) _ﬂn+k (x) ~ arl—k (x)_ﬂn—k (x)
Pl B =080 T a(-A)
ot (%)= (x) - (%) + B (x)
a(x)-p(x)
:(a"(X)—ﬂk(x))(a”(x)+ﬂ (x))-a* () 8" (x)
a(x)-p(x)
_a'(x)(x)+a" " (x)- B (x)
a(x)-p(x)
= F, ()L, (x)+((=8) =1} F,.i ()
R koA, A
Bt (3) = E o (9)= FL ()L, (0) 45,y (5) - F L (3)
BIRf320: F,, (x)-0"F,_, (x)=F,(x)L,(x)-
2k ONEER, A
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Fyos (9) = Fyy (9)= B (), ()= F o (6) - F ()

BIRTA 5] ., (x)+ 6 F, , (x) = F, (x) L, (x) -

MK
_a +k(x)_ﬂ +k(x)+0!"7k(x)—ﬂ 7k(x)
Eo (x)+F;t—k (x)— a(x —ﬂ(x) a(x)—ﬂ(x)
_a +k(x y *k(x)+a"’k(x y; 7k(x)
a(x)=p(x)
_ (a" (x)+ (x))(a" (x)- 5" (x))+ak (x)B"(x)
a(x)=p(x)
. o™t (x)_ﬂn—k (x)—a" (x)ﬂk (x)
a(x)=p(x)
1= (=b) (a"™* (x)- B (x

(ot (e ) o L)

KUY kO,
B (%) Fy ()= F, (X)L (x) = 0" F, (%) + F, i (x) 5
BITTE] F,, (x)+ BF,  (x)= F, (x) L, (x) -
Mk NEE, H
Eo. (x) +F (x) =F (x)Lk (x) + ban_k (x) +F,_, (x) ,
TRWUBE: F,, (x)—b"ka (x) =F, (X)Lk (x) °
gif bl ihie, el EAHE.
Biltn, Hk=10f, £

F(0) B F (5) =, ()1 (2) - ()4 5°E, ()= F, (1)L ()

MEk=28f, H

F,.,(x)-bF_,(x)=F(x)L,(x), F

wia (X)+07F, 5 (x) = F (x) L, (x)
82X 2.3 1 L Lucas 202 GL, (x) i £ T 90 HE R
GL,, (x)=axGL,(x)+bGL,  (x), n=2,
H GL (x)=ax+2i, GL,(x)=d’x* +2b+iax .
i) S Lucas £ T GL, (x) € SCAT 43 2000 WI4A1E -
GL, (x)=axGL,(x)+bGL,(x)
= ax(azx2 +2b+ iax) +b(ax+2i)

=a’x® +3axb + i(azx2 + 2b).

F

(13)
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GL,(x)=axGL,(x)+bGL,(x)
= ax( +3axb+z(a +2b))+b(azx2 +2b+iax)

=a*x* +4a’x*b + 20% + i(a3x3 + 3axb).

Hx=11, ATLAEIGL, (1)=GL, -
EH 2.3 GL,(x)=L,(x)+iL,_ (x), n>=2.
HERR FRATRE 2 I 9 RAUE B XA 52 B
Mn=2M40 FH
GL, ( ) axGL, ( )+bGL, (x)

( +2b+zax)+b (ax+2i)
=a’x +3axb+z(a x2+2b).
PO, 5 BT
B2 n =k 0 2 GL, (x) = L, (x) + L (x) o« W2 n=k+ 10
GL,.,(x)=axGL, (x)+bGL,_,(x)

o (x)+iL, (x)) +b(Lk_1 (x)+iL;, (x))
=axL, (x) +axil, (x) +bL, (x) +bil,_, (x)
=L, (x)+iL, (x).

zax(

T EHAE .
7w b Lucas £ 0 GL, (x) [ binet A4
GL, (x) =a" (x) + 5" (x)+i(0¢"’l (x) - (x)) (14)
Forpr g ()= LENEL +dD V";xz“‘b, ﬂ(x)zw .
B 2.4 |7 L Lucas 2 WUHERE gf, (x) BOE LA R
GL,. (x) GL,(x)
.- G erh)
ax +2i 2b — axi ;
+ _ ’ a’x* +2b+axi  ax+2i .
a0 &h (x) 2b — axi —ax+(azx2 +2)iJ gl( ) { ax +2i 2b — axi
SEH 24 det(gl, (x))=(-b)"" (a’x’ +4b)(1+b—axi), n=2.
UEBR FRAT 7 FH 2 VA 9325 F B 5 B
Lin=2M, A det(gl,(x))= (a x +4b)(1+b axi)
Gl (x) Gb(x)
det(gl, (x }
(L0)=l61) 6 (x)
ax’ +3axb+i(azx2 +2b) a’x* +2b + axi
= (15)
a’x? +2b + axi ax +2i
=(a2x2 +4b)(1—b+axl').
R
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B, e E R AR .

B n=k i, W

det(gl, (x))=GLy,, (x)GL, , (x) - GL} (x)=(~b)"" (a’x* +4b)(1+ b - axi) (16)

Hn=k+1 G
GL,,, (x) GL,., (x)
GL., (x) GL.(x)
GL,,,(x)GL, (x)-GL;,, (x)
axGLy, (x)+bGL, (x))GL, (x)—(axGL, (x)+bGL,_, (x))GL,., ()
axGL, , (x)GL, (x) +bGL (x) — axGL, (x)GL,., (x) - bGL, ,(x)GLy,, (x)
=-b(GL, (x)GL,., (x) - GL; (x))
=(=b)"" (a’x* +4b)(1+b-ai).

det(gl,., (x))=

T, EBEIE.
B 22 Yn keZlN, #HE

L ()L, ()= {(a x +4b)Fn(x)2 (o). kit -
L (x)L,(x), k285
L (x)L,(x), k&

Ln+/((x)+bkL,17k (x): ( ) ( ) AR a8
(a2x2 +4b)E1 (X)E((x) k%%\iéﬁz

PEBA )7 X Lucas £ iU E X, BATA
L., (x) +L , (x) =" (x) + (x) +a"* (x) +p (x)
=(a" (x)= B (x))(@" (x) = B" (%)) + B* (x)a" ()
+ 4" (x)ak (x) +a"* (x +p (x)

FKALT 513 2.1 p A BRI AR (17 XE

Ln+k (x) - Lnfk (‘x) = aVHk (x) + ﬁ’Hk

FERERALT 512 2.1 &SR a5 2 (18)=, #7 | BEARIIE.
EB 25 GF,, +bGF, =GL, , n>2.
UEBH w2 s B 2w e X, RATH
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EH 2.6 Mn keZ i, L

GF,,,(x)=b"GF,_ (x)=

UEBH w2 s B 2w e X, RATH
GF,.; (x) _kaE1—k (x) =F,, (x) +iF, (x) -b* (Fn—k (x) +iF, (x))
=F (x) -b'F,, (x) + i(EH/H (x) ~b'F, (x))

Tk, WGl E 2.0 "R, 2k e BE,

F(x) ~b'F,, (x)=L,(x)F(x)» F . (x)- bF, (x)=L,.,(x)F (x)

4 k NEH,

F (x) _bkF;kk (X) =L (X)Fn (x) v B (x) - bkF;ka (x) =L (X)F;H (x)

it PR TR 152200, XA
GF, . (x)+b"GF, , (x)=F,,, (x)+iF, . (x)+b" (F,_, (x)+iF, . (x))

Foo (x)+banfk (x)+i(Fn+k7l (x)+bl‘F"7k7l (x))

FEAEE S EE 2.1 AT 50, 24 & ONEET, A
F (x)+bkF;17k (x)=L,(x)F (%) F,y (x)"'bkF;.ch (x)=L,.,(x)F(x)
Mk ATHEE, A
F (x)+ban—k (x):Lk (X)Fn(x) T (x)+ban-1-k (x):Lk (X)Fn-l (x)
g PR FRInIR R, HhoE EAAHE.
SEH 2.7 Mn keZh, W2 GF, —b"GF}

n+k n—k

HERH Hh) B2 2 T ) 5 SCAT R

= F,,GL,GL, -

FFEHERL 2.6 HANHFIA8)RN, @iV 2 A XA GF., -b*GF?, =F,,GL,GL, .
EH 2.8 Yn keZltf, WL

(19)

(20)

@n
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GL, (x) L (x), k 184,
Gn+k (x)_kanfk (X)Z 2.2 W (22)
(a2 +45)GF, (x)F, (x). k 2K
o1, (x)esia, ()= (X HBIEE (3). ke "
GL, ()L (x). k FEATHC

UEBA & 05 R 0 22 i e ST A
GL,., (x)=b"GL,  (x) =L, (x)+iL, (x) =" (L, (x)+iL,  (x))
=L, (x) —bkLn_k (x) + i(L,1+k_| (x) —bkLﬂ_k_] (x))
TSI 2.2 W15, 3k OAMEE, A
L. (x) —bkLn_k (x) = (a2x2 + 4b)Fn (x)Fk (x) ,
L (x)=0"L,_, (x)= (a2x2 + 4b)FH (x)F, (%)
4k ONTHE, A
L (x)+b'L,_ (x)=L,(x)L,(x)> L, (x)=b"L,_,(x)=L, (x)L,(x)
it Ldr U EI(22):, XFH
GL,,, (x) + kaLn_k (x) =L, (x) +il,,,. (x) +b* (Ln_k (x) +il, (x))
L., (x) + bkLnfk (x) + i(L,ka1 (x) + bkLHH (x))
FIFEE 512 2.2 AT AL, 2 kOB, A
L., (x)+b6°L,_, (x)=L,(x

VLo (x) s Ly (x)+6"L, (x)=L, (%)L, (x)
Nk ONEHE, A
L., (x)+b°L, , (x)=(a’x* +4b)F, (x) F, ()
L,y (x)+B" L, (x)=(a’x" +4b)F, , (x) F, ().
gha bR T DI 21(23)30, S BRAIIE

SEH 2.9 Min, keZ W, W2 GL,, -b*GL, , =(a’x" +4b)F,,GL,GL, .
UERR 1) SCREWOIR 32 22 T E SCRT %
() ()= “C PO )
a(x)-B(x)
_ a(x)Zk —ﬂ( )Zk
a(x)-B(x)
=F, (x)
FREHE R 2.8 (19 FIQ0)X, @itV %A XA GF., -b**GF’, =F,,GL,GL, .

3. B45

=

PATEASTHRHE R I TV ) a3 E BB SAN 7  7 2 W) — Se AP AR S5, X 4R
R AIATLL G DA I — 2 R 2R AT RE A AR AR LKA, AN BA BAIE R T EA T Pu e a5,
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AT LR HE S R 78 SR AE A5 0N TR T LA 22 AN PR 27 o 78 J LA 2 v, AT AR AR — S8 B2 i) JLATTRAR,
tan/\ I ih 2k, MBS b, B W UHBREERUIEZ S KR, BT BSeRFIAE fissh, 1
L T4 JE 7k 7 150 46 2 i 26 PO 1 AT RS B By B 5

SE K
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