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Abstract

This paper is concerned with the development of memory viscoelastic equation with

singularly oscillating external force terms and weak damping terms. First, we prove

the consistent boundedness of the uniform attractor A" of the equation in H = H1
0 (
)�

H1
0 (
)�Mwhen the external force term and the memory kernel satisfy the appropriate

conditions, and then the upper semicontinuity of the uniform attractor when " ! 0+

is achieved.
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8>>>>>><
>>>>>>:

jutj� utt ��utt ��u+
R +1
0

�(s)�u(t� s)ds+ f(u) + ut = g0(x; t) +
1
"�0

g1(x; t=");

x 2 
; t > �;

u(x; t) = 0; (x; t) 2 @
� [�;+1);

u(x; �) = u�0(x); ut(x; �) = u�1(x); u(x; t) = u� (x; t); x 2 
; � 2 R+;

(1.1)

±9 "! 0+��4��§

8>>><
>>>:
jutj� utt ��utt ��u+

R +1
0

�(s)�u(t� s)ds+ f(u) + ut = g0(x; t); x 2 
; t > �;

u(x; t) = 0; (x; t) 2 @
� [�;+1);

u(x; �) = u�0(x); ut(x; �) = u�1(x); u(x; t) = u� (x; t); x 2 
; � 2 R+;

(1.2)

Ù¥ 
 � Rn ´äk1w>. @
�k.«�, " 2 (0; 1], �0 2 [0; 1]. ��utt ´ÚÑ�, �´PÁ

Ø, f ´��5¼ê, ut ´f{Z, g0(x; t) +
1
"�
g1(x; t=")L«ÛÉ��	å, u� (x; t) (u�L�G�)

´é¤k� t � � �¤�½��, jutj��L��5á��Ý,Ù¥ �´¢ê,¿�÷v

� n � 3�, 1 < � � 2
n�2

; � n = 1; 2�, � > 1 .

Ú\\�� L2�m�

M = L2
�

�
R
+; H1

0 (
)
�
=

�
u : (R+ ! H1

0 (
) j
Z +1

0

�(s)kru(s)k2ds < +1
�
;

D�e¡�SÈÚ�ê

(u; v)M =

Z +1

0

�(s)

�Z



ru(s)rv(s)dx
�
ds;

kuk2M =

Z +1

0

�(s)kru(s)k2ds:

é?¿� � 2 R;·�½ÂIO� Hilbert�mx H� := D
�
A�=2

�
;ÙSÈ��ê©O�

(u; v)� =
�
A�=2u;A�=2v

�
L2
;

kuk� :=


A�=2u




L2
;

Ù¥ A = ��´�^u L2(
)þ�î���g��f, D(A) = H2(
) \H1
0 (
),AO�,

H�1 = H�1(
); H = H0 = L2(
); H1 = H1
0 (
); H2 = H2(
) \H1

0 (
):

¿�-H = H1
0 (
)�H1

0 (
)�M:

·�3XÚ¥\\��#�Cþ � = �t(x; s),K

� = �t(x; s) = u(x; t)� u(x; t� s); t � �; (x; s) 2 
� R+;
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��O���

�tt(x; s) = ��ts(x; s) + ut(x; t); t � �; (x; s) 2 
� R+;

¿�k

�� (x; s) = u�0(x)� u�0(x; � � s); (x; s) 2 
� R+;Z +1

0

�(s)�u(t� s)ds =

Z +1

0

�(s)ds�u�
Z +1

0

�(s)��t(s)ds;

òþª�\ (1.1),����#�XÚ

8>>>>>>>>>>><
>>>>>>>>>>>:

jutj� utt �
�
1� R +1

0
�(s)ds

�
�u��utt �

R +1
0

�(s)��t(s)ds

+f(u) + ut = g0(x; t) +
1
"�0

g1(x; t="); x 2 
; t > �;

�tt + �ts = ut;

u = 0; (x; t) 2 @
� R; �t = 0; (x; t; s) 2 @
� R� R+;

u(x; �) = u�0(x); ut(x; �) = u�1(x); �� (x; s) = u�0(x)� u(x; � � s):

(1.3)

·�b�e�^�¤á:

(H1) 'uPÁØ�b�

� � : R+ ! R
+´��k.� C1¼ê,÷v

�(s) < +1; �0 = 1�
Z +1

0

�(s)ds > 0;

¿b��3���~ê �2,¦�

�0(s) � ��2�(s); 8s � 0:

(H2) 'u��5��b�

b���5¼ê f 2 C2(R); f(0) = 0;¿÷ve�^�,

jf(u)� f(v)j � c0 (1 + jujp ++jvjp) ju� vj; 8u; v 2 R; (1.4)

Ù¥

� n � 3�, 0 < p � 4
n�2

; � n = 1; 2�, p > 0.

f(u)u � F (u) � 0; 8u 2 R; (1.5)

Ù¥ F (u) =
R u

0
f(s)ds .

(H3) 'u	å��b�

b�¼ê g0(t) := g0(x; t)±9 g1(t) := g1(x; t)3�m L2
loc (R;L

2(
))¥²£k.,=éu,
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�êM0;M1;k

kg0k2L2
b
:= sup

t2R

Z t+h

t

kg0(s)k2 ds �M2
0 ; (1.6)

kg1k2L2
b
:= sup

t2R

Z t+h

t

kg1(s)k2 ds �M2
1 ; (1.7)

(1.7) �����(J´

Z t+h

t

kg1(s=")k2 ds = "

Z (t+h)="

t="

kg1(s)k2 ds � "(1 + 1=")M2
1 � 2M2

1 ;

�é?¿� " 2 (0; 1];

kg1(�=")k k2L2
b
� 2M2

1 :

-

g"(x; t) :=

(
g0(x; t) +

1
"�0

g1(x; t="); " > 0;

g0(x; t); " = 0;

Ïdéu " > 0;

kg"kL2
b
�M0 +

p
2M1

1

"�0
;

¤±, �

Q" :=

(
M0 +

p
2M1

1
"�0

; " > 0;

M0; " = 0;

@oéu?¿ " 2 (0; 1];Òk

kg"kL2
b
� Q";

ù¿�X, � "! 0+�, kg"kL2
b
�±±�Ç 1

"�0
O�, d	, ·�b�

@tgi 2 L2
b

�
R;L2(
)

�
; i = 0; 1:

2. ý��£

½Â2.1 [3] (L§)� E´ Banach�m,XJVëêx�f fU(t; �)g = fU(t; �) j t � �; � 2 Rg
÷v:

(1) U(t; s)U(s; �) = U(t; �); 8t � s � �; � 2 R,
(2) U(�; �) = I; 8� 2 R,

@o¡ fU(t; �)g´ Eþ�L§.

�ÄL§x fU�(t; �)g�6uëê � 2 �; �´L§ fU�(t; �)g�A�, � ´A��m.5¿, ±
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e�²£ð�ªéu���L§x fU�(t; �)g ; � 2 �´¤á�.XJ�§���), ¿�é²£�

+ fT (s) j s � 0g÷v
T (s)� = �;

@o

U�(t+ s; � + s) = UT (s)�(t; �); 8� 2 �; t � �; � 2 R; s � 0:

½Â2.2 [3] (��k.) ½Â B(E)�k.8 E�8Ü, XJé?¿8Ü B 2 B(E)÷v

U�2�U�2RUt��U�(t; �)B 2 B(E);

@oL§x fU�(t; �)g ; � 2 �´('u � 2 � )��k.�.

½Â2.3 [3] (��áÂ) XJé?¿� � 2 R;±9 B 2 B(E);�3 t0 = t0(�;B) � �;¦�é

¤k� t � t0; k U�2�U�(t; �)B � B0; @o8Ü B0 2 E 'uL§x fU�(t; �)g ; � 2 � ´('u

� 2 �)��áÂ�.

Ún2.4 [14] (Gronwall Ø�ª) � X 2 L1 (0; T ;R+)÷v

X(t) � a(t) +

Z t

0

b(s)X(s)ds; a.e. t 2 (0; T );

Ù¥ a; b 2 L1(0; T ); a(�)�~. Kk

X(t) � a(t)e
R
t

0
b(s)ds:

3. Ì�(J

�§ (1.1)��Û) (u�0 ; u
�
1 ; �

� )��Û�35Ú��5®�éõïÄö¤y²(�ë� [5] [13]).

T)÷v

� (u�0 ; u
�
1 ; �

� ) 2 H (8� 2 R); R� = [�;+1);b� (H1)-(H3)¤á,@o¯K (1.3)�3���

�Û) (u; ut; �
t) 2 C([0; T ];H);¦�

u 2 L1
�
R� ; H

1
0 (
)

�
; ut 2 L1

�
R� ; H

1
0 (
)

�
; utt 2 L2

�
R� ; H

1
0 (
)

�
; �t 2 L1 (R� ;M) :

½n3.1 (��áÚf�35½n) b� 
´ R
n ¥�k.1w«�, ¿� (H1)-(H3)¤á, @

o¯K (1.3) éA�L§x fUg"(t; �)g ; g" 2 H (g") ; t � �; � 2 R; 3 H þ�3;���('u

g" 2 H (g")) áÚf A":

y²T½ny²�©z [5]¥½n 2.3�y²aq,��©z [5].

�e5y²�!Ì�(J,=þ�ëY5�y².�
��þ�ëY5, éu " 2 (0; 1];±9

� 2 R;Äk�ÄXe¯K:
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8>>>><
>>>>:

jvtj� vtt +Av +Avtt +
R +1
0

�(s)A�t(s)ds = k(t=");

�tt = T�t + vt;

(v(�); vt(�); �
� ) = (0; 0; 0);

(3.1)

Ù¥é?¿� � 2 R; k 2 L2
loc (R; H

�) :�

k(t; �) =

Z �

t

k(s)ds; t � �;

KXeSN¤á.

Ún3.2b� l � 0;

sup
t��;�2R

�
kk(t; �)k2��1 +

Z t+1

t

kk(s; �)k2�ds
�
� l2; (3.2)

@o¯K (3.1)k��) V (t) = (v(t); vt(t); �
t)÷v

kV (t)kH��1 � cl"; 8t � �;

Ù¥ c > 0�6u k .

5: ^� (3.2)´¤á�.~X,e k 2 L1 (R; H��1) \ L1
loc (R; H

�)´��±Ï
Q

> 03"?

k¿Â��m±Ï¼ê, K Z �

0

k(s)ds = 0:

Ún3.3 ¯K (3.1)3 " = 1����) V (t) = (v(t); vt(t); �
t)÷vØ�ª

kV (t)k2H� � c

Z t

�

e�z(t�s)kk(s)k2�ds;

éz� t � �;±9�
 z > 0�6uÐ� �:

y²TÚny²�©z [13]¥�y²aq,��©z [13].

y3\\�
^�,5�y�§ (1.1)��áÚf A" ���('u " 2 (0; 1])k.5,ù
^�

�Ú¼ê g1k', Ú\�§�	å� g0(x; t) +
1
"�0

g1(x; t=")¥�ÛÉ��,^�Xe:

�

G1(t; �) =

Z t

�

g1(s)ds; t � �; � 2 R;

éu,
 l � 0;k

sup
t��;�2R

�
kG1(t; �)k2��1 +

Z t+1

t

kG1(s; �)k2� ds
�
� l2; (3.3)

Ù¥ � 2 R.
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Ì�(ØXe:

½n3.4 b� (H1)-(H3)¤á,±9 G1÷v (3.3),@o, é¤k� �0 2 [0; 1];��áÚf A"3

H¥´��('u " 2 (0; 1] )k.�, =

sup
"2(0;1]

kA"kH <1:

y²� " 2 (0; 1]´�½�,� U(t) = (u(t); ut(t); �
t)´�6uáÚf A"�,

ĝ"(t) = ĝ0(t) +
1

"�0
ĝ1(t=") 2 H (g") :

AO/

Ĝ1(t; �) =

Z t

�

ĝ1(s)ds; t � �:

é t > �;� V (t) = (v(t); vt(t); �
t)´Xe9Ï¯K�).�
����áÚf�þ�ëY5,é

u " 2 (0; 1];±9 � 2 R;Äk�ÄXe¯K:

8<
:
jvtj� vtt +Av +Avtt +

R +1
0

�(s)A�t(s)ds = 1
"�0

ĝ1(t=");

�tt = T�t + vt;
(3.4)

äkÐ� v(�) = 0.

�âÚn 3.2, kXeØ�ª

kV (t)kH��1 � cl"1��0 : (3.5)

½Â¼ê

W (t) =
�
!(t); !t(t); �

t
�
= U(t)� V (t):

÷vXeXÚ

8>><
>>:
jutj� utt � jvtj� vtt +A! +A!tt +

R +1
0

�(s)A�t(s)ds+ f(!) + !t

= �[f(! + v)� f(!)] + ĝo(t);

�tt = T�t + !t:

(3.6)

½Â

!t = �tt + �ts

XÚäkÐ�^�

W (�) = U(�):

^ !t + �!��§ (3.6)3Hþ�SÈ,O��\���
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d

dt

�
kr!k2 + kr!tk2 + 2� (A!t; !) + 2(F (!); 1) + �k!k2 + 

�t

2

M

�
+ 2k!tk2

+ 2 (jutj� utt; !t) + 2� (jutj� utt; !)� 2 (jvtj� vtt; !t)� 2� (jvtj� vtt; !)

+ 2�(f(!); !) + 2�

�Z +1

0

�(s)A�t(s)ds; !

�
�
Z



Z 1

0

�0(s)
��r�t��2 dsdx

=2 (�f(! + v)� f(!); !t) + 2 (�f(! + v)� f(!); �!) + 2 (ĝo(t); !t) + 2 (ĝo(t); �!) ; (3.7)

Ù¥ (F (!); 1) =
R !

0
f(y)dy:

-

E� = kr!k2 + kr!tk2 + 2� (A!t; !) + 2(F (!); 1) + �k!k2 + 

�t

2
M
;

k�O�ª (3.7)�à��, � �¿©�, � ��L PoincarW~ê.

2�(f(!); !) � ��kr!k2 � c; (3.8)

2 (jutj� utt; !t)� 2 (jvtj� vtt; !t) � 1

2
�� kr!tk2 ; (3.9)

2� (jutj� utt; !)� 2� (jvtj� vtt; !) � 1

2
��kr!k2; (3.10)

�2�
�Z +1

0

�(s)��t(s)ds; !

�
� �kr!k






Z 1

0

�(s)r�t(s)ds






� ��

4
kr!k2 + �

4



�t

2 : (3.11)

e¡�Omà��.|^ (3.4) 9ëYi\ H1
0 ,! Lp(
);��

2 (ĝo; !t) � � k!tk2 + 1

�
kĝok2 ; (3.12)

2 (ĝo; �!) � 1

4
��kr!k2 + 4���1 kĝok2 : (3.13)

d YoungØ�ª,±9 (1.4)Ú (3.6)k

2 (�f(! + v)� f(!); !t) =

Z



�2f 0(! + v)v!tdx � 2l

Z



v!tdx

� � k!tk2 + ��1��1l2krvk2; (3.14)

2 (�f(! + v)� f(!); �!) =

Z



�2�f 0(! + v)v!dx � 2l�

Z



v!dx

� 1

4
��kr!k2 + 4l2���1krvk2; (3.15)

ò (3.8){(3.15)�\ (3.7),�

d

dt
E� + ��kr!k2 + 2 k!tk2 + 1

2
�� kr!tk2

� ���1��1l2 + 4l2���1
�
cl"1��0 +

�
��1 + 4���1

� kĝok2 + C;
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=

d

dt
E� + ��kr!k2 + 2 k!tk2 + 1

2
�� kr!tk2

�C1

�
1 + kĝok2 + l"1��0

�
;

Ù¥ C1 = max f��1��1l2 + 4l2���1; ��1 + 4���1; Cg ;K

d

dt
E� +

1

2
�� kW!k2H � C1

�
1 + kĝ0k2 + l"1��0

�
:

y3�Ñ, �3ü��~ê �1; �2 > 0;¦�

�1 kW!k2H � C � E� � �2 kW!k2H + C; (3.16)

@o��
d

dt
E� +$E� � C1

�
1 + kĝok2 + l"1��0

�
;

Ù¥ $ = 1
2
�� > 0. Ïdd Gronwall Ún±9 (1.6), ��

E�(t) � E�(�)e
�$(t��) + C1

1

$

�
1 + l"1��0

� �
1� e�$(��t)

�
+ C1

�
1 +

1

$

�
M2

0

� E�(�)e
�$(t��) + C1

1

$

�
1 + l2

�
+ C1

�
1 +

1

$

�
M2

0

� E�(�)e
�$(t��) + C2

�
1 + l2 +M2

0

�
;

Ù¥ C2 = C1

�
1
$
+ 1

�
. d (3.13) ��

kW!(t)k2H � �2 (kW!(�)kH) e�$(t��) + C3

�
1 + l2 +M2

0

�
;

Ù¥ C3 = ��11 C2 + C:duW!(�) =Wu(�);¤±

kW!(t)k2H � �2 (kWu(�)kH) e�$(t��) + C3

�
1 + l2 +M2

0

�
; 8t � �; � 2 R:

d (3.5)��

kWv(t)k2H � cl2"1�� � cl2; 8t � �; � 2 R;

Ïd u(t) = !(t) + v(t)÷v

kWu(t)k2H � �2 (kWu(�)kH) e�$(t��) + C4

�
1 + l2 +M2

0

�
; 8t � �; � 2 R;

ù¿�X, é¤k� " 2 (0; 1]; L§ fUg"(t; �)gPkØ�6u "�áÂ8,

B� =
n
kWu(t)k2H � C4

�
1 + l2 +M2

0

�o
:
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�é¤k� " 2 (0; 1]; k

A" 2 B�:

e¡y², � "! 0+�, ��áÚf�þ�ëY5.

Äk'�¯K (1.1) Ú (1.2) 3Ó�Ð�e�). �d, é�½� " > 0; �L§ fUg"(t; �)g'u

ĝ"(t) = ĝ0(t) +
1

"�0
ĝ1(t=") 2 H (g")

�)�

U"(t) =
�
u"(t); u"t(t); �

t
"

�
;

@oéu?¿�½� � 2 R; �Ä (� " = 0�) )

U0(t) = Uĝ0(t)(t; �)U"(�) =
�
u0(t); u0t(t); �

t
0

�
:

dÚn 3.2, ·��±�O� " = 0���¹. k��k.

sup
"2(0;1]

kU"(t)kH � C; 8t � �; � 2 R: (3.17)

y3½Âù�Ø�

�U(t) = U"(t)� U0(t) =
�
�u(t); �ut(t); ��

t
�
:

�
����áÚfþ�ëY5�y²,·�Äky²e¡��Oª¤á

Ún3.5e¡��Oª¤á

k �U(t)kH � cl"1��0ec(t��); 8t � �;

Ù¥ c > 0�6u "; �; ĝ";±9 U"(t).

y² � V (t) = (v(t); vt(t); �
t)´¯K (3.4) �kÐ� V (�) = 0�), @ok

W (t) = �U(t)� V (t) =
�
!(t); !t(t); �

t
�
;

÷v¯K (3.6)

8>>>><
>>>>:

jutj� utt + jvtj� vtt +A! +A!tt +
R +1
0

�(s)A�t(s)ds+ f(!) + !t

= � [f (u")� f (u0)] ;

�tt = T�t + !t;

äkÐ�W (�) = 0;l
��
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d

dt
kWk2H � k!tk2 + c0 kf (u")� f (u0)k2 :

d (1.7) Ú (3.17) , k

kf (u")� f (u0)k � c0k�uk1 � c0k!k1 + c0kvk1;

du

kV (t)kH � c"1��0 ; 8t � �;

(Ü±þ�O, ��
d

dt
kWk2H � ck!k2H + c"2(1��0):

d Gronwall Ún=�

kWk2H � "2(1��0)cec(t��); 8t � �:

�e5,·��Ñ� "! 0+�, ��áÚfþ�ëY5�y².

½n3.6 � g0(t)Ú gt(t)3 L2
loc(R;H)¥´²£k.�, ¿� G1 ÷v (3.3),@o, é?¿�

�0 2 [0; 1], � "! 0+�, ��áÚf A"3H¥U Hausdor� �ålÂñ� A0, =

lim
"!0+

distH
�A"; A0

�
= 0:

y² é " > 0 , � U"´ A"���?¿��, @o, dÚn 3.5 , � t = 0�,

kU" � Uĝ0(0; �)U"(�)kH � c"1��0e�c� ; 8� � 0:

�dÓ�, 8Ü A0 Ø='u � 2 R��áÂ, �'u ĝ0 2 H (g0)��áÂ,Ïd,� � > 0¿©�,

d (3.17), ·�k � = �(�) � 0,¦�

distH
�
Uĝ0(0; �)U"(�);A0

� � �:

?


distH
�
U";A0

� � c"1��0e�c� + �:

é?¿� U" 2 A"; kXe(Ø

distH
�A";A0

� � c"1��0e�c� + �;

±9

lim sup
"!0

distH
�A";A0

� � �:

��, � � ! 0�, y²�¤.
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