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Abstract

As a quantum analogue of classical random walk, quantum walk is widely used in

quantum information theory. In quantum parameter estimation, the measuremen-

t and estimation of parameters by quantum systems is of great significance in both

theory and practice. In this paper, we consider a class of continuous-time abstract

quantum walk acting on square integrable Bernoulli noise functional space. The evolu-

tion equation of the quantum walk is given. In view of this kind of quantum walk, the

corresponding quantum state estimation problem is discussed, a specific parameter

estimation scheme is proposed, and the unbiased and compatible estimation scheme

of the estimation scheme is proved.
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1. Úó

þfi��Vg�Ð´d Aharonov �<u 1993 c3©z [1] pÄgJÑ. �Xþf&EnØ

Cc5�¯�uÐ±9Ù�'Eâ�?Ú, þfi��­�5FÃwy, Ïd§¤�þf&E+�

ïÄ�9:ØK��. þfi��a.©�lÑ�mþfi��ëY�mþfi�. þfXÚ��

þfåÆnØ�Ä�ïÄé�, eÙ3üzL§¥Ø�±��¸u)�p�^K�¡��µ4þf

XÚ½�ÅþfXÚ. �l¢SÑu, �ÅþfXÚ´n�z�XÚ, y¢�þfXÚþ�m�þ

fXÚ. 3d�µe, þf Bernoulli D(����A�êÆµe5£ã,
m�þfXÚ��¸.

© [2] u2016 cÄgòþf Bernoulli D(A^uþfi�. © [3] $^þf Bernoulli D(�{�

x
ÄuëY�mþfi���{�=£y�.

þfëê�O´þfÚOÆ���­�A^, §ÏLþfXÚ½þfåÆ��'A5éëê?

1�O, �ª8�´Jpþfëê�O�O(Ý. Konno u2005 c3© [4] ¥JÑþfi�XÚë

êéþfi��üz1��K��JwÍ. 2019 c, Singh �<3© [5] ¥�Ñ�a¹ëþfi��
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�O�Y�éT�Y�°Ýþ�?1µ�. Äuþfi���OnØÏÙ¢S¿ÂÉ��5�õÆ

ö�'5. �©�éëY�mÄ�þfi�, ?ØÙ�A�þf��O¯K, JÑäN��O�Y,

¿y²
d�O�YäkÃ 5Ú�Ü5.

2. ý��£

2.1. þf Bernoulli D(

�!{�£�'uþf Bernoulli D(�7�VgÚ¯¢, �[SN�ëw© [6]9Ùë�©z.

±e, N L«�K�ê8, C L«Eê8, Γ � N �k��8, = Γ = {σ | σ ⊂ N,#σ <∞}, Ù
¥ #σ �8Ü σ �Äê. e T ´ Hilbert �m¥�È½�5�f, K DomT L«Ù½Â�, 
 T ∗

L«Ù�Ý�f.

� (Ω,F ,P) ´���½�VÇ�m, Z = (Zn)n≥0 ´ (Ω,F ,P) þ���Õá��ÅCþ, ÷

v^�:

P
{
Zn = εn

}
= θn, P

{
Zn = − 1

εn

}
= 1− θn, n ≥ 0,

Ù¥ (θn)n≥0 ´���½��ê, ÷v 0 < θn < 1, εn =
√

1−θn
θn

, AO/ F = σ(Zn, n ∈ N), = F
´�ÅCþS� Z = (Zn)n≥0 )¤� σ-�ê. �â©z [2], Z = (Zn)n≥0 ¡� (Ω,F ,P) þ� (l

Ñ�m) Bernoulli D(, 
VÇ�m (Ω,F ,P) þ�E��ÅCþK�� Bernoulli D(�¼. � h

L«²��È Bernoulli D(�¼�m, =

h = L2(Ω,F ,P). (2.1)

± 〈·, ·〉 L«�m h ¥�Ï~SÈ, ¿�½ 〈·, ·〉 'u1�Cþ�Ý�5, 'u1�Cþ�5, ‖ · ‖ �
�A��ê. �â©z [7], Z äk·bL«5�, l
 {Zσ | σ ∈ Γ} �¤ h �IO��Ä, Ù¥

Z∅ = 1,

Zσ =
∏
j∈σ

Zj , σ ∈ Γ, σ 6= ∅. (2.2)

ùL² h ´��Ã¡��E Hilbert �m. e¡ {Zσ | σ ∈ Γ} � h �;KIO��Ä.

�â©z [6], éz��K�ê k ≥ 0, 3�m h þ�3k.�f ∂k : h→ h, ÷v ‖∂k‖ = 1 �

∂kZσ = 1σ(k)Zσ\k, ∂∗kZσ = [1− 1σ(k)]Zσ∪k, σ ∈ Γ, (2.3)

Ù¥ ∂∗k L« ∂k ��Ý�f, σ \ k = σ \ {k}, σ ∪ k = σ ∪ {k}, 
 1σ(k) L« σ ��8Ü N �f8
��«5¼ê.

©z¥ò ∂∗k Ú ∂k ©O¡�O)�fÚ�«�f, 
ò�fx {∂k, ∂∗k | k ≥ 0} ¡�þf
Bernoulli D(. �±y²þf Bernoulli D(÷v�«��;K���'X (CAR), =

∂k∂l = ∂l∂k, ∂∗k∂
∗
l = ∂∗l ∂

∗
k , ∂∗k∂l = ∂l∂

∗
k (l, k ≥ 0, k 6= l), (2.4)
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�

∂k∂k = ∂∗k∂
∗
k = 0, ∂k∂

∗
k + ∂∗k∂k = I, (2.5)

Ù¥ I ´ h þ�ü �f.

2.2. þfëê�O

�!{�£�'uþfëê�O���nØ, �[SN�ëw© [7] 9Ùë�©z.

þf��O{¡��O, Ù8�3uÏL�½�ª�ÿþ5(½þfXÚ��. �uÿþ(J

��Å5, �kÏLõgÿþâU¼�¤I��&E. ��²;ÿþØÓ, þfÿþ¬¦þf�u)

Cz, �)��ÚÐ���ØÓ�þf�, ´Ø�_�, ¤±I��þfXÚ���ðÓ���XÚ

±Buegÿþ. þf��O¥�­��¯K´�½Ü·��O�Y.

��þfXÚ��Ï~�¹,
­����ëê, d�/e, ré���O{z�é�¤�¹

� �ëê��O. ù«�O¯K¡�þfëê�O¯K.

� H ´��E Hilbert �m, ^5£ã��þfXÚ, Ùþ��Ý�f ρ �^5L«TþfX

Ú H ��. � {ρθ | θ ∈ Θ} �H þ��, Ù¥ θ ��, Θ ∈ R � �ëê θ �Cz��. y�é 

�ëê θ ?1�O. �d, I�k�A��O�Y.

� n ≥ 2 ´���ê, KÜþÈ�m H⊗n �@�´XÚ H �/n-­ðÓ��XÚ0, KH⊗n

þ�� ρ⊗n �À� ρ �/n-­ðÓ��0. �â,a�f�5�, ρ�Ù/n-­ðÓ��0 ρ⊗nkX

e'Xµ

Tr[ρn] = [Trρ]n. (2.6)

±e B(H⊗n) L« H⊗n þ��Nk.�f�¤� Banach �m.

½Â2.1. � n ≥ 1, Xn ´��� n �éX�k�8½�êÃ�8, ¡��N� M(n) : Xn →
B(H⊗n) � H⊗n þ���f�ÿÝ. XJ§÷ve��¦:(1) é ∀ x ∈ Xn, k M(n)(x) ≥ 0, =

M(n)(x) ���f; (2)
∑

x∈XnM(n)(x) = I. Ù¥ I � H⊗n ¥�ü �f, X�à�Ã¡?êK

¿�XrÂñ.

��f�ÿÝ3þfÿþnØ¥�üöÿþóä��Ú, Ù½Â�L«¤k�U�ÿþ�. w

,, ÝK�f�ÿÝ´�aAÏ���f�ÿÝ, Ï
£ã�aAÏ�ÿþ. 3©z [7] ¥, ÝK�

f�ÿÝ¤£ã�ÿþ¡� Von Neumann ÿþ.

�½ H þ�� ρ 9��f�ÿÝM(n) : Xn → B(H⊗n). XJé H �/n-­ðÓ��0H⊗n

¢��A�ÿþ, @o�â Bohr 5K [4], ÿþ(J´�� Xn ��ÅCþ, ÿþ�á\8Ü S �
VÇ�

Pn,ρ(S) =
∑
x∈S

Tr[ρ⊗nM(n)(x)], (2.7)

Ù¥ S ⊂ Xn. AO/, e x ∈ Xn, KPn,ρ(x) = Tr[ρ⊗nM(n)(x)] Ò´ÿþ�TÐ� x �VÇ.

��N� θ̂n : Xn → Θ ���ëê θ ∈ Θ ����Oþ. �½�Oþ θ̂n, e3� ρ(θ) e�ÿ

þ�� x ∈ Xn, K�íä θ = θ̂n(x), l
�íäÿþcþfXÚ��� ρ(θ̂n(x)).

½Â2.2. ¡S� {M(n), θ̂n}, n ≥ 1 ��é��ëê θ ��O�Y, Ù¥M(n) : Xn → B(H⊗n) �
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��f�ÿÝ, θ̂n : Xn → Θ ��Oþ.

���Y {M(n), θ̂n}, n ≥ 1 e÷ve�'uþ���¦∑
x∈Xn

θ̂n(x)Pn,ρθ(x) = θ, n ≥ 1, θ ∈ Θ. (2.8)

K¡�O�Y�Ã �. Ù¥ Pn,ρθd Pn,ρθ(x) = Tr[ρ⊗nM(n)(x)] ½Â.

�O�Y {M(n), θ̂n}, n ≥ 1 ¡��Ü�. =éz� θ ∈ Θ Ñk

lim
n→∞

∑
x∈Xn

eitθ̂n(x)Pn,ρθ(x) = eitθ, t ∈ R, (2.9)

Ù¥ i �Jêü .

3. Ì�(J

�!|^þf Bernoulli D(�{ïÄ
�aëY�mÄ�þfi�, ?Ø
Ù�AA�. d

	, éÙþf��O¯K?1
&Ä, JÑäN�ëê�O�Y, ��y²
d�O�YäkÃ 5

Ú�Ü5.

3.1. ëY�mÄ�þfi�

� L ≥ 0 , ·�k

hL = Span
{
Zσ | σ ∈ ΓL

}
, (3.1)

Ù¥hL ´ 2L+1 �E Hilbert �m, 8Ü
{
Zσ | σ ∈ ΓL

}
´ hL ���IO��Ä, �Ä¹k��ë

ê θ ⊂ [0, 2π] ��f AL
(θ). Ù3 hL þ�±ØC, Ïd AL

(θ) �±w� hL þ����f, Ù¥

AL
(θ) =

L∑
k=0

(e−iθk∂∗k + eiθk∂k). (3.2)

w,, AL
(θ) ´ hL þ���k.g��f.

ëY�mþfi���dXÚ�m¥�ü �þL«, ÷vXe Schrödinger �§

i~
d

dt
ξt = AL

(θ)ξt, (3.3)

Ù¥ i ´Jü , AL
(θ) ´XÚ� Hamiltonian, ~ ´ Planck ~ê(Ï~� ~ = 1), ξt ´ t ����.

Ï
þã�§�)�

ξt = e−itAL
(θ)

ξ0. (3.4)

ùp ξ0 L«þfi��Ð©�, §´XÚ�m¥�ü �þ.

du�f AL
(θ) �À�þfXÚ� Hamiltonian , Ïd�±)¤ëY�mÄ�þfi�. e¡

�Ñ
ùaþfi��äN½Â.
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½Â3.1. [8] d AL )¤�ëY�mÄ�þfi�k±eA�µ

(1)i����m´ hL �Ù�d hL ¥�ü �þL«;

(2)i��üz�§�

ξt
(θ) = eitAL

(θ)

ξ0, t ∈ R, (3.5)

Ù¥ ξt
(θ)L« t ����, ξ0 ´§�Ð©�.

(3)i�3 t �� u!: σ ?�VÇ�

Pt(σ) = |〈Zσ, ξt(θ)〉|2, t ∈ R, σ ∈ ΓL. (3.6)

3ù«�¹e, 8Ü
{
ξt

(θ)|t ∈ R
}
¡�Ð©� ξ0 �i�;,, d�é t ∈ R, ΓL þ�¼ê

σ 7−→ Pt(σ) ¡� t ��3 σ ?i��VÇ©Ù.

3.2. ëY�mÄ�þfi��ëê�O

¯K�J{:$^þfëê�O����n,ïá�édþã�fAL
(θ) =

∑L
k=0 (e−iθk∂∗k + eiθk∂k)

°Ä�ëY�mÄ�þfi� (e¡��Oi�) �� ξt
(θ) ¥��ëê θ ��O�Y, ¿y²T�

O�Y�Ã 5Ú�Ü5. �d, ·�k��
O�.

·K3.1. ± B(hL) L« hL þ��Nk.�f�¤�8Ü, NL ��K�ê. ½ÂN� π : NL →
B(hL) Xe

π(k) =
∑
](σ)=k

|Zσ〉〈Zσ|, k ∈ NL, σ ∈ Γ, (3.7)

K π ´��ÝK�f�ÿÝ.

y². éz� σ ∈ Γ, du Zσ ´ hL ¥�IO��Ä�Ä�þ, ¤± |Zσ〉〈Zσ| ´ hL ¥�ÝK�f.

u´, éu?¿ k ∈ NL , π(k) ´ hL ¥�ÝK�f. � ξ ∈ hL, σ1, σ2, · · · , σn �ÄêÑ� k, K∑
k∈NL

π(k)ξ =
∑
k∈NL

∑
](σ)=k

|Zσ〉〈Zσ|ξ =
∑
k∈NL

|〈Zσ1
, ξ〉Zσ1

+ 〈Zσ2
, ξ〉Zσ2

+ · · ·+ 〈Zσn , ξ〉Zσn | = ξ.

ù`²3rÂñ¿Âe¤á ∑
k∈NL

π(k) = I,

Ù¥ I � hL þ�ü �f. nþ, π ´��ÝK�f�ÿÝ.

·K3.2. ��Oi�3 t ���� ξ
(θ)
t �ÝK�f�ÿÝ π ÷ve�'X

Tr[|ξt(θ)〉〈ξt(θ)|π(k)] = 〈ξt(θ), π(k)ξt
(θ)〉 =

∑
](σ)=k

|〈Zσ, ξt(θ)〉|2 =
∑
](σ)=k

Pt(σ), k ∈ NL, (3.8)

Ù¥ |ξt(θ)〉〈ξt(θ)| ´� ξt �'� Dirac �f.
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y². � k ∈ NL, d,a�f�,�$�5���1���ª¤á, |^ÝK�f π(k) �½ÂÚ

úª (3.6)��O��

〈ξt(θ), π(k)ξt
(θ)〉 = 〈ξt(θ),

∑
](σ)=k

|Zσ〉〈Zσ|ξt(θ)〉 =
∑
](σ)=k

|〈Zσ, ξt(θ)〉|2 =
∑
](σ)=k

Pt(σ), k ∈ NL,

Ïd·K¤á.

½n3.1. � n ≥ 1, B(hL
⊗n) L«ÜþÈ�m hL

⊗n þ�Nk.�f�¤��ê, ½ÂN�

Mn : NnL → B(hL
⊗n) Xe

Mn(k) = π(k1)⊗ π(k2)⊗ · · · ⊗ π(kn), k = (k1, k2, · · · , kn) ∈ NnL, (3.9)

KMn ´��ÝK�f�ÿÝ.

y². éz� k = (k1, k2, · · · , kn) ∈ NnL, d·K 3.1 9ÝK�fÜþÈ�5���, Mn ´ÜþÈ

�m B(hL
⊗n) ¥���ÝK�f. � k(1), k(2) ∈ NnL � k(1) 6= k(2). Kk�I j ∈ {1, 2, · · · , n} ¦

� k
(1)
j 6= k

(2)
j , l
 π(k

(1)
j )π(k

(2)
j ) = 0. �

Mn(k(1))Mn(k(2)) = π(k
(1)
1 )π(k

(2)
1 )⊗ · · · ⊗ π(k

(1)
j )π(k

(2)
j )⊗ · · · ⊗ π(k(1)n )π(k(2)n ) = 0.

� ξj
(θ) ∈ hL, 1 ≤ j ≤ n. K

∑
k∈NnL

Mn(k)(
n⊗
j=1

ξj
(θ)) =

∑
k∈NnL

n⊗
j=1

[π(kj)ξj
(θ)] =

n⊗
j=1

∑
kj∈NL

π(kj)ξj
(θ) =

n⊗
j=1

ξj
(θ),

du {
⊗n

j=1 ξj
(θ) | ξj(θ) ∈ hL, 1 ≤ j ≤ n} ´ h⊗nL ���8, ¿�ÝK�f?êÜ©ÚS�´��

k.�. l
3rÂñ¿Âek
∑

k∈NnL
Mn(k) = I, Ù¥ I � h⊗nL þ�ü �f. nþ,Mn ´�

�ÝK�f�ÿÝ.

²��È Bernoulli �¼�mþd AL
(θ) °Ä�ëY�mÄ�þfi�3 t ≥ 0 ���VÇ©

Ù� Pt : σ 7→ |〈Zσ, ξt(θ)〉|2. éu n ∈ NL, Ù�A�þ��

γ =
∑
k∈NL

k
∑
]σ=k

|〈Zσ, ξt(θ)〉|2. (3.10)

ùL², ��Oi�3 t ��VÇ©Ù�þ�´��ëê θ �¼ê. u´, é��ëê θ ��O�

=z�éÙ¼ê γ =
∑

k∈NL k
∑

]σ=k |〈Zσ, ξt
(θ)〉|2 ��O.

�O�Y: �O��ëê θ �¼ê γ =
∑

k∈NL k
∑

]σ=k |〈Zσ, ξt
(θ)〉|2. �Ä��Oi�3 t = 1

���Ý�f¿ÂeðÓ����� ργ = |ξ1(θ)〉〈ξ1(θ)|. éz���ê n ≥ 1, 3� ργ
⊗n e¢�Ý

K�f�ÿÝMn ¤£ã�þfÿþ, ÿþ(J� NnL–��Å�þ. éAuþãÿþ, À��é γ

��Oþ γ̂n(k) Xe

γ̂n(k) =
1

n

n∑
j=1

kj , (3.11)
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Ù¥ k = (k1, k2, · · · , kn) � γ̂n(k) �ÿþ(J.

½n3.2. �O�Y {Mn, γ̂n(k)}, n ≥ 1 ´Ã �, �´�Ü�.

y². d,�$�5�, ·K 3.2 Úúª (3.9) �

∑
k∈NnL

γ̂n(k)Tr[ρ⊗nγ Mn(k)] =
∑
k∈NnL

(
1

n

n∑
j=1

kj)Tr[
n⊗
j=1

(ργπ(kj))]

=
1

n

n∑
j=1

∑
k∈NnL

kj

n∏
j=1

Tr(ργπ(kj))

=
1

n

n∑
j=1

∑
k∈NnL

kj

n∏
j=1

∑
]σ=kj

|〈Zσ, ξ1(θ)〉|2

=
1

n

n∑
j=1

∑
kj∈NL

kj
∑
]σ=kj

|〈Zσ, ξ1(θ)〉|2

=
1

n

n∑
j=1

γ

= γ

�þã�O�Y´Ã �, eyÙ�Ü5. �Ä n-��Å�þ (η1, η2, · · · , ηn), Ù©Ù�

P{η1 = k1, η2 = k2, · · · , ηn = kn} =

n∏
j=1

∑
]σ=kj

|〈Zσ, ξt(θ)〉|2, (k1, k2, · · · , kn) ∈ NnL.

´�, �ÅCþ η1, η2, · · · , ηn ´ÕáÓ©Ù�. d	, ��� η1 �Ï"Ú��©O� Eη1 = γ Ú

Var η1 = Eη21 − (Eη1)
2 = 1− γ2.

d�ê½n�, 3�VÇÂñ¿Âek 1
n

∑n
j=1 ηj → γ, ?�Ú��

∑
k∈NnL

eitγ̂n(k)Tr[ρ⊗nγ Mn(k)] =
∑
k∈NnL

e
it
n

∑n
i=1 ki

n∏
j=1

∑
]σ=kj

|〈Zσ, ξ1(θ)〉|2

= Ee
it
n

∑n
j=1 ηj → eitγ , ∀ t ∈ R.

�þã�O�Yäk�Ü5.

þã�O�Y¢Sþ´�é��ëê θ �¼ê γ =
∑

k∈NL k
∑

]σ=k |〈Zσ, ξ1
(θ)〉|2 ��O�Y.

�´du θ � γ �¼ê'X, ¤±þã�O�À�é θ �m��O.
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