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Abstract

We consider the Cauchy problem of the three-dimensional Boussinesq equations with
Coriolis force in variable exponent Fourier-Besov-Morrey spaces }'/\'/;((,')) Al in this
paper. By using littlewood-Paley decomposition and the Fourier localization argumen-

t, we obtain the unique existence of the global solution for small initial data (uo,6)).
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1. 515
ARSI 5T = 4E Boussinesq-Coriolis /7 F%:

Ou —vAu+ Qez x u+ (u-V)u+ Vp =ghes in R®x (R,),

00 — kAO+ (u-V)§ =0 in R®x (R,), 1)
divu =0 in R*x (Ry),
uli=0 = uo, Oli=o = 0o in R3.

Hrbu = (uy(z,t), us(z,t),us(x,t)), 0 = (01(x,t),02(x,t),05(x, 1), p = p(w,t) T FARTFIEE
Y, 5 LW B ARAR T 52 IR 0. B8 v, k, g 27 MRS AEPE R4, #u% T 2B E T, gles RIRTF I,
Qes x u A Coriolis /J, HHZH O € R AMALS R HBA R e; = (0,0,1) FIIRFEIESE.
Boussinesq A7 A2 1T RSB  SE U ERY) BE LA DL 2 Rayleigh-Benard X, 75K
SR BEAEEREM (1], 7R (1) /2 WA FE i o7 R = A2 1, il g ff A Boussinesq #1184,
bR 790 DI, RS T BT TR . i I T O AR B R R BRI J) Qe x u, X FEL

DOI: 10.12677/pm.2024.142068 683 Fp R


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.12677/pm.2024.142068

i 55

TRARE BRI, IE40 Taylor - Proudman € BT iR fEPRIEIER: T, /KP8 3 3% A W B 5
DI, T ER— B 7 M LR —30238). 24 Q # 0, Sun, Yang, Cui [2] WEB T HFE (1) YIME A&
7E Besov %% ] v i 8444 3% 52 . Koba, Mahalov, Yoneda [3] BT 78 T ¥ME (uo, 60) € H?2 (R?) N H(R?)
H Prandtl {6 P =1 W, 7% (1) BRI E M. i, Sun, Wu, Xu [4] BFE T 772 (1) HIME A &R

A F5 8 Fourier-Besov 4% 8] F. B; WA IS 5 1. B 2 58T Boussinesq-Coriolis 77 #2458,

Z: I, [5-8].

T AR, AR FEE A [F] 52 IR 22 2 35 00T, AR FR 0% [Alis FH 3 AN AT & Navier-Stokes 77 F& ()
BARE MM, Ru [9] IEM T AR E Navier-Stokes 5 #£ ] {H 7] @ 7E A2 $5 41 Fourier-Besov %= [f]
]:B;E)q I ARGE 2 . Abidin, Chen [10] WEBH T 43 $0F Navier-Stokes J5 F£¥I{H in] 87 28 Fi5 £
Fourier-Besov-Morrey %% [H] .7:./\/‘é DAY FH R R AR . B 22 HAh T RE A AR R A A R R E e T

28, 20 [11-13].

[X 7% 8 24 Fourier-Besov-Morrey 7% [H] }'B;E&q FRE SR 1, 1 Hos F 2 7 R 0 R 8, B KRIE
JE T ) R B 22 52 B AR ORI B ), AR S 3 B I Al v O v v IR IR S A ) P s BRI, R R A T
Boussinesq-Coriolis 77 72 54 IE 5 P ] #, AT 3845 58— M e 45 2R

ARCIEH T iF 4R, Littlewood-Paley 73 fiR4% 1. H.. FJH Banach E%Eﬂ%ﬁf@ﬁu&ij%gA
TR BV, WA T 7 (1) fE42$84L Fourier-Besov-Morrey %% [] .7'-./\/S OAC) EF‘E’J%&Z’-‘ T E
.

FE L1 BWp(), M) € CNPy(R?),2<p(-) <6,1<p<oo,1<q<3, WEFEENDTED
/N e > 0, X Q € R 2

ol a5 +18ll_ amas < (2)

()2 (),a P()k()q
VU A7 — > ME— KT AT A
oo TP T v %Jr% T oo ' %
(u,0) € L (R+,fN ()) )N LP(R%Nz,,\(»),q) ML= (R Ny o)

R, BEpi(-) € CP5NPy(R%),s1(-) € % Hosi() = 2 +2 — WERAFAE ¢ > 0 15

2 <pi() < e < p(), W EIRARIEH 2

p()’

(u,0) € ZOO(R+vFNp< )p>(\() NI RN ))-

2. T EIR

AT gy AR 4R B R K 1) 5 R AT 2 A TR — SE B BE . Fourier A2 44t 47) B 7% (] A% 4 3|
WA AR A), HE) o0 R SE R B0 P A A R BEAT SR AL AT B B, R AR R A B o R, XS
LP(R™) EMEEMIEECA X, FIHA 4 Littlewood-Paley 5.

S(R™) £ Schwartz 7 [d], 8'(R") & S(R™) KX HTE. & o, € S(R™) ZAEX[E [0,1]
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EBUER XD AR TR, H S8 B 2

n . 4
B:{geR .|§|§3},

UES)

=

0i(©) = p(277), VEO+D w(©)=1, VjeZ VEER™

Jj=0

B h = F o, MRS T E SO

Byu= g2 Dy =27 [ h@yuls - y)d.

n

Sju= Z Agu, Vi€ Z,

k<j—1
LB X

ArAju =0, j— k| > 2,

Ak(ijl’uAJ‘U) = 0, |j - k‘| Z 5.

EX 2.1. % Py(R") := {p(-) : R" = (0,00)|p— = essinf,er p(x),p" = esssup, . p(z)}, F
Hop(-) 2R R AL ARFEHL Lebesgue BRI A€ LA

EPORY) = {f :R" = R, [|f]lner < oo},
Hrp
£l =inf >0+ [ (1f@)l /) < 1),
Rn

LPO)(R™) & Banach 28], A T #if# Hardy-Littlewood W K57 M £ LPO(R™) LA 5, BLLF
S AL :
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KT IES Clog(p) M p>, FIE—NEH p(-) : R — R, HHRAER

Clog(p)

Ip(z) — p(y)| < ogle 1 |z — g11)’ (r,y e R,z #y)
P
o Clog(p) T n
Ip(z) — poo| < Togle + [2])’ (z eR")

FOT, p(-) 53950 A2 e S AN EE AR log-Holder’s S5 1F.
EX 2.2, W p(-),A() € Po(R") H 0 <p_ <p(-) <A() < oo, ZFREL Morrey [0 5E LA R®
BT R B ], L%

||f||MM-> ‘= Sup ”Tﬁ_ﬁw)fXB(xo,r)HLP(')-
p() 2o €ER™ 7>0

W LrO) fh5E X, ||f||MA(<_.)) MUK IR N

. n__ _n_ f
||f||M2(<.-)) = sup 1nf{u >0: gp(.)(r*w p(@) ;XB(wow)) <1l,.

zoER™ >0

NS 2E— e S G SLUE B AR TR 5] B
I 2.1. [14] % p(), A(-) € Po(R™) H.p(x) < Ax). XTFALATaI I H £ L

”f”M;((_')) pp— 1nf{,u >0: sup  Qp(r @ r@® ;XB(&,M)) <13.

xoER™ r>0

SIEE 2.2, [14] % f 22— DA EH p() € Po(R™), M

sup  0p() ([ XBzo,r)) = 0p() (f)-

zoER™,7>0

513 2.3. [14] B p(-) € Py, M 1 sz = N fllzoco-
EX 2.3, B p(),q(), () € Po(R™) H p() < A(), & 00 (M) e R LA Tl 8
BFH {f;} ez B, € XH

: fi
H{fj}j€Z||lq(~)(M:((_'>)) = mf{u > 07 qum(Mz?((:))) ({/j . S 1 S 0,
JEZ

=

n n p(iE)
. P37 x|
qu(-)(M;(<_-)>)({fj}jez) = me{u >0: / ( IAB(o.r) de <15,.

1
jez Mq(w)
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Fiob, % p(x) < q(x) H g < oo, M

e (fitiez) = > sup ([P 75 £ B )l L

jez roER™
EX 2.4. B s(-) € C(R), p(-),q(-), A(-) € C9(R") NPy(R™) H 0 <p~ <p(x) < h(z) <
00, FIRAEFEEL Besov-Morrey %¥[H] /\'/';((_')))/\(_)’q(_) 1 A

No sraty = {1F € S ®) [ £ll - <

p(-),A(),q()

8

|2

£l = 208 el o) < oo

SOALI0)
X 2.5. B s(-) € C(R™), p(-),q(-), A ) 6 Clo9(R") N Po(R™) H 0 <p~ <p(z) < h(z) <
00, FHIRAZ 6% Fourier-Besov-Morrey %[H] .7:/\/ MOty EXN

FNy G araey = 1 € S'®) 1 fllggeer < oo},

p (>A<> a()

||f||]—‘/\/s = H{2js(-)‘)0jf}j€Zqu(-)(M;((.'))) < 0.

() AC)sa(s)

AL, Chemin-Lerner 55X 4F 6% Fourier-Besov-Morrey Z¥[f] L°(0, T, ]—"J\/p( T aC)a()) T
oA SRS JEEUE U

1

00 q
u s (. = Z 2500 .. < oo.
H ||LP(0’T;JTN:((~>),%(»),<1) (lj_o ” Pj ||M;‘((‘)>

LG
R4 Le(0, Tf/\/’s Ay EHTEHOE SO
i
”UHLp(QT_FN ) e (z; ||2JS )QOJUHLP MA(())) < 00.
VS

EX 2.6, % u,veS,, WA Bony s X F

wv = Tyv + Tyu + R(u,v),

Hrp
Tu’l) = Z Sj_luAjv, TU’LL = Z Sj_lvAju,
JEL JEZ
R(u,v) = ZAjuAjv, A= Z Ajv.
JEZ lj—k|<1
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A 24 ( UOD &p() pl() p2(> )\<) /\1(> () € PO(Rn>a H ﬁ - pll(-) + p21(-)’ ﬁ =
()+,\() mJﬁ?ﬁﬁﬁE’]f@M)\l()*ﬂgeM&() ﬁ

1£gllyrer < Copillf I 20 gl p2e00-
(- p1(-) pr2(+)

513 2.5. ([10]) B po(-),p1(-)s Ao(-); Ai(+) € Po(R™), 0 < g < 00, so(+), s1() € L N C9(R™)

Hoso() > s1(). #5 L 5 so(x) — 0 = s1(2) — -0 SR log-Holder 4L, ]
Nt e = Mol a0

SIE 2.6. ([14]) XT p(-) € C¥(R™) Ry € LY(R™), & U(2) = S [ (y)| & rTRY,
y¢B(0,|z
WxH-FRAN f € LPORY), F

”f * ¢6||M2((.'>>(Rn) < CHfHM:((l'))(]Rn)”\IjHLl(R")

ot g, = Lop(L) HEH O OURILT .
5138 2.7. ( [10]) i’xls >0, 1 < q,0,01,02,00),7(),p(-); M), A (), Aa(r) < 00, H 55 =
O +p(1), -ty s = s WHTHAER e Lf“/\/;m LN LEMY O H

()
v € LONG ) 0y VEP MM A

lwollze s S llullze e [0l oz ppar + ol zo e

0(),A()a ()A() H HszM:(l.)(')'

()%()

3. EIE1.189EER

N TIERITIRE (1) MEARIEE N, A5 & T ASEM AR 712 (3).

{ u(t) = Tq(t fo To(t — 7)P[(u - V)u]dr + fot To(t — 7)Pglesdr, 3)

0(t) = et(A)Go fo =B [(y - V)0]dr

HApPi=1—-V(-A)"! RREWFEIT.

To(t)yu=F" {cos <Q|£3|t> e " T + sin <Q|€E3|t) €_t|€|2R(f)] *U

=7 oo (050) 1o (080) R+ (20

RHELHEED u e S (R?), T & Msys(R) FHIRAFERE, R(E) RIS R HIHE N

) 0 & —&
R() : m & 0 & |, €eRMN\{o0}.
2 —& 0
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T To() MRS, Z WK [15).
RT B (1) BREAE 2, BATRHEX IR (3) @orin F &M AhiT
SR 3.1 Bp().pi()A0) € s NPO(RY), 2 S pi() Se<p() 6. 81(0) = T 42375

H1<q,p < oo XHMERER Q € R, Efe}—N()p;\())qﬁ

)

Tao(t)fll+ <
L L1 L

WERR IS EE 2.4 LR HRMRT To(t)f BA A%, WS

| Ta(t )fHLp(]R SFN ()x()Q)

= H2J€1()SOJ‘F[TQ(t)f]||L/J(R+1M:1(()))

la

. 2
S szh()%e " f”LP(R%Mﬁf&) l

S D

—3(c=p1(:)) 2_3 3y _ 42200

(2-2) . it 5t
23 SDJ‘?\H %() H Tepi () 2 G p1() pjti€

CPI('())
1=0,%+1 Le(Ry;Le—P1()) y
J(2—5t5)

S E ‘ 27765 @5 f M)

1=0,%+1
= 3 .

Ty

p(-),A(").q

e S
e Y G g et

= [ iR

cp1 ()
Le(RysLTri07)

I (E =50 .
Le®y) |l 10 05l epro)
.3 _ 3 ) Le—pP1()
SN2ETmT ol e

Lec—p1()
. '(é_ 3 ) cpy (=)
<inf{A>0: fRS |27 @ ) g, | de < 1}
ep1 (2) .

Sinf{A > 0: [o, |<p]+l =@ 2-3dy < 1}
231

Sinf{A > 0: [oq ] == P1<2”>dx <1}
SC.

ZH5I# 3.1, LA Banach 4wt R B, nf DA 2N 5 FE (1) MIAFETEHEFInE—M:.
I 1.1 BERE WM >0,0>0 HE

D—{wmw| I A A

PIAC),a) LP R FN,()'X0),q)

lull 244 b el 244 y S0,
LP(R+1 2>\() )ﬂL (]R+7 22q) Lﬂ(R+vN2 A()\q )QLW(RJM 22q)
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FAlle X

US|

M : (u,0) — (To(t)uo, e™6) — </0 To(t — 7)P[(u - V)u|dr

X LOO(R+7]:N p()

)ﬂL (]RJMNP

2 ,\( ) N LOO(R+7 Nz 0.0)

):A()-q

; /0 t =2 (u - V)e}dr>
+<Aﬁb@—ﬂmw@wm>.

HEREE
d((u79>7(u1391)) - ||rUJ—1,L]_||~ _ 21 ~ o
Lﬂ(R+7FNp( )Pi()) )OLP(R“N’:;?)&)QLOO(R+?N2%2~q)
dlo-el .
LP(R+7]-‘N (YAC)a )mLP(RJr’Nz AC- ) )NL>® (R ;N7 2.q)
WRyE5IE 3.1, A

MQ=0Hm,H

FHALAH, P15

#ip=o00 Hp()=

~ . <
IITQ(t)uo\IL,,(RMN;;((_.;MM) < ||u0||m2_% :

p(+), ("), q

le" 6o |

_ _ <6 L,
L”(RJr;]:Npll((,;,)\(,)‘q) ~ || 0“]__]\.[5(‘)1?5()‘)@3

3
FN RO

p(),A().q

[To()uoll . ( 241 >Slluo|
Le P

Res 2,2().q

le0oll_ /2y \ SNl oo
Lp( +3 ;A(-Q),q) ~ ]:Np( )p)<\<>)q

p(), 138 To(t)uo M !0y HyfliiHN T

HTQ(t)Uollzoc <R+;FN§(_)%)> q) S HUOH.FNEE)%'()_)&’
[Ta(t)uoll- (R+;N§2,q> S ||u0||f/\‘f:)’f§i2),q’
||€tA00||ZOO (M ooty q) < (160l o
lle"* o]l _ - (= 5k ) < ||90||f/\‘f§[;7§i2),q
iﬁf?szp; Iz 51 # 2.3,2.4,2.7, fl Hausdorff-Young’s A&, H
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TQ t—7)P[(u- V)uldr

S~

Sl
Lo@®pFNGAE) 3 (.a)

21510 F /Ot To(t —7)P[(u - V)u]dr}

|

PG }
L (R+’Mp1(-)) AT

< ‘/ 2910) g == (0 V)l
0 Lo(Ry ;M) ())) o
t _—
5 /”T.§23(s1(-)+1)@je(tT)|>|2||Lp||Aj(u®U)HMGA(-)dT
0 Le(R4) ||,
t
< /2J‘<2+5>|7«223jé<pje—<t—7>"'2||Lp||Aj(u®u)||MA<>dT
0 g Le(Ry) ||,
t . .
S /2j(g+§)6_(t_7)22j||7"_”<3')2_3j“1')¢j||m<»>||Aj(u®U)||Mé(')d7_
0 3 Le(Ry) ||,
. 2 2 o
< 23(%+572)||Aj(u®u)”Mém €2 2% | 11 g,
5 Le(Ry) 1q
< |lu |ul| Lo (R ;13
[P e
< 2 Ul - s
TR N -y
S llull yez o o o1
LP(R+N2/\()Q) LRy N, )
FEAAHE, FT 4G
Tt—TPHedT‘ <9 F
Hfo ; ) e Lﬂ(R*’}_NS;(())A()q) H ||L0(R+, 2;-2)&)
(= (4 - V)OI ‘ 9 .
e u T u -
Hfo ( )6] ZP(RJr’}'Nsl(())A()q <l ||ZP(R+,N22A+<2> | HLOO R+’N222q)
FAh, sk B LA Plancherel E# A
t
Hfo Tt =7)P|(u- V)u]dT’ ZP(R+'N%+% )NLe>= (0 ooNz%2 )
Vo x().q 100N 2 2 4
t
= To(t — 7)Pl(u- V)uld ‘ 1
| ate = et Dyaar| ey
St ot oo Wl
+3M. 2)\() )NL (R+,/\/22q Ry 22q)

2,1

+ 1
LP(R+5 2 ,\() )mLoo(R+yN2 7q)

< |0
S ||EP(R+,N2‘2’:-<2) YNLo° (Ry i N, ;QQ)’

Ote(t_T)A[(u . A)H]dTH

(t— T)Pgeeng‘

24 ; 1
( N 2,7(-),q )ﬂLOO(R+7 2 2, q)

S llull 2 161l

~ + 1 o .

Lo (RN, 2, >\(2) q)mLm(R+v N2 ) L (R+’N222 )
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5, WEITTRE (1) ARAEVEAIE—

190w, 0) | x
= [ (w)l[x + [M(O) ] x
Sluoll oo 160l s A+ [lull s || [
szi )p>(\()) q j( ), >(\()) q Lp(R*’szA(z) q) an(RJrv 222 q LOO(R+7N222 q)
+ull . H e N [ TR
Lo(Reys 2/\+(2) )ﬂL”(R+ N222 N22,2,q) Le(Ry; 2,\+(2) )ﬂL"’"(RJr NQ%,Z,q)

() ()
p(+),A(),q p(:),A(),q

/—;,\5:L=2<||u0|| a8 +||00|| S ><206, Wk e 2N, H

)
190, 0)1x < 5 + 5 =

NS,

FRAE,

d(M(u, 0), M(uq,01)) < =d((u,8), (u1,0)).

H Banach JEAEMRES JEER O] A, 2 e U/, J7FE (1) fA7EME— BB AR, HIw 2

DO | —

(u,0) € L=(Rys FALAD) ) 0 DR FAY S )N E* (R PN, ).

)A(
H-7i1, 4 .
S ~ . 7+7
Y = (R+,fN ()A()q )N LP(Ry; 2p)\(.2) )
DLOO(RJHNZQ,(;) (R+7'FN())\( ), q)
f
199w, 0)
= (|19 (w)[ly + 19%(0)[lv
S JJw _ s 40 st |ul|. 1
L LS v SRR N S
. s N R e
Lp(RJraNz)\()q)an(RJraszq L (R N LP(R+7N2>\()Q)(\|L (R+7 22q)
2é=L=2 <||U0|| PR —oss H 0ol s e ) < 20, R e BN,
P(-)J(-)(Im N1()>\()f1 7. P(-)J(-)qm]:Nﬂ)/\()q
M 6 6
1998 (u, 0)[|y < 5 + 5= d.

FRALA, A

d(OM(u,0), M(uy,61)) < =d((u, ), (u1,61)).

HH Banach 48 BRER AT AT, 24 e R UE/N, 52 (1) fEEME— 2 mff, Hige

DO —

(u,0) € LP(R,; _/\/'81())\ () )ﬂLOO<R+7]:N )p)(\()),q)
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