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Abstract

We consider the Cauchy problem of the three-dimensional Boussinesq equations with

Coriolis force in variable exponent Fourier-Besov-Morrey spaces FṄ s(·)
p(·),λ(·),q(·) in this

paper. By using littlewood-Paley decomposition and the Fourier localization argumen-

t, we obtain the unique existence of the global solution for small initial data (u0, θ0).
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1. Úó

�©ïÄn� Boussinesq-Coriolis �§µ
∂tu− ν∆u+ Ωe3 × u+ (u · ∇)u+∇p = gθe3 in R3 × (R+),

∂tθ − κ∆θ + (u · ∇)θ = 0 in R3 × (R+),

divu = 0 in R3 × (R+),

u|t=0 = u0, θ|t=0 = θ0 in R3.

(1)

Ù¥ u = (u1(x, t), u2(x, t), u3(x, t)), θ = (θ1(x, t), θ2(x, t), θ3(x, t)), p = p(x, t) L«6N��Ý

|,�ÝÅÄÚ6N¤ÉØå. �~ê ν, κ, g ©OL«Ê5Xê, 9D�Xê9­å. gθe3 L«2å,

Ωe3 × u � Coriolis å, Ù¥ëê Ω ∈ R �6N7ç�ü �þ e3 = (0, 0, 1) �^=�Ý.

Boussinesq �§�[
�í¹Ú°�ë6�/¥Ôn6N±9 Rayleigh-Benard é6, 3�í

Æ�¥äk­���^ [1]. �§ (1)´l�6�Ý�6N�§¥�)�,ÏL¦^ BoussinesqCq,

Ø
�9­å��, §�Ñ
¤k���Ý�6. ^=Úå
�§¥��pc|å Ωe3 × u, ù��
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6N�R�f5, �X TaylorõProudman ½n¤£ã: 3¯�^=e, Y²�Ý|vkR�}

�, ¤k3Ó�R���þ�âf��$Ä. � Ω 6= 0, Sun, Yang, Cui [2] y²
�§ (1) Ð�¯K

3 Besov �m¥��N·½5. Koba, Mahalov, Yoneda [3] ïÄ
Ð� (u0, θ0) ∈ Ḣ 1
2 (R3)∩ Ḣ1(R3)

� Prandtl � P = 1 �, �§ (1) ��N·½5. �C, Sun, Wu, Xu [4] ïÄ
�§ (1) Ð�¯K

3C�ê Fourier-Besov �m FḂs(·)p(·),q ¥��N·½5. �õ'u Boussinesq-Coriolis �§�(Ø,

ë� [5–8].

Cc5, C�ê�mÉ��5�õÆö'5, òC�ê�m$^�Ø�Ø Navier-Stokes �§�

�N·½5¯K, Ru [9] y²
Ø�Ø Navier-Stokes �§Ð�¯K3C�ê Fourier-Besov �m

FḂs(·)p(·),q þ��N·½5. Abidin, Chen [10] y²
©ê� Navier-Stokes �§Ð�¯K3C�ê

Fourier-Besov-Morrey �m FṄ s(·)
p(·),λ(·),q ¥��N·½5. �õÙ¦�§3C�ê�m¥�·½5

(J, ë� [11–13].

Ï�C�ê Fourier-Besov-Morrey �m FḂs(·)p(·),q �AÏ5, ¦Ù$^��§�ÛÜ, �N·

½5¯K�¬É�é����, �©Ì�ÏL�O�{�Ñùa�m¤É��, òÙA^u

Boussinesq-Coriolis �§��N·½5¯K, l
¼��\��5�(J.

�©$^
�È©), Littlewood-Paley ©)�óä. |^ Banach Ø N��n±9ïák�

�O�Ì��{, ïÄ
�§ (1) 3C�ê Fourier-Besov-Morrey �m FṄ s(·)
p(·),λ(·),q(·) ¥��N·½

5.

½n 1.1. � p(·), λ(·) ∈ C log ∩ P0(R3), 2 ≤ p(·) ≤ 6, 1 ≤ ρ ≤ ∞, 1 ≤ q < 3, K�3��¿©

�� ε > 0, ¦�é Ω ∈ R ÷v

‖u0‖
FṄ

2− 3
p(·)

p(·),λ(·),q

+ ‖θ0‖
FṄ

2− 3
p(·)

p(·),λ(·),q

< ε, (2)

K�3�����)Û)

(u, θ) ∈ L̃∞(R+;FṄ
2− 3

p(·)
p(·),λ(·),q) ∩ L̃

ρ(R+; Ṅ
2
ρ+ 1

2

2,λ(·),q) ∩ L̃
∞(R+; Ṅ

1
2

2,2,q).

AO/, � p1(·) ∈ C log ∩ P0(R3),s1(·) ∈ C log � s1(·) = 2
ρ

+ 2 − 3
p1(·) , XJ�3 c > 0 ¦�

2 ≤ p1(·) ≤ c ≤ p(·), Kþã)�÷v

(u, θ) ∈ L̃∞(R+;FṄ
2− 3

p(·)
p(·),λ(·),q) ∩ L̃

ρ(R+; Ṅ s1(·)
p1(·),λ(·),q).

2. ý��£

�!�ÑC�ê¼ê�m�NÚ©Ûóä��
Ä�Vg. Fourier C�rÔn�mC��

ªÇ�m, �?�©)�f´�éªÇ�m?1ÛÜz���, éªÇ�m��?�©), ù�

Lp(Rn) þ��d�êk'. e¡0� Littlewood-Paley �f.

S(Rn) ´ Schwartz �m, S ′(Rn) ´ S(Rn) �ÿÀéó�m. e ψ,ϕ ∈ S(Rn) ´3«m [0, 1]

DOI: 10.12677/pm.2024.142068 684 nØêÆ

https://doi.org/10.12677/pm.2024.142068


êËõ�

þ����é1w�K¼ê, �|8©O÷v

B =

{
ξ ∈ Rn : |ξ| ≤ 4

3

}
,

C =

{
ξ ∈ Rn :

4

3
≤ |ξ| ≤ 8

3

}
.

Kk

∑
j∈Z

ϕj(ξ) = 1, ∀ξ ∈ Rn\{0},

Ù¥

ϕj(ξ) = ϕ(2−jξ), ψ(ξ) +
∑
j≥0

ϕj(ξ) = 1, ∀j ∈ Z, ∀ξ ∈ Rn.

� h = F−1ϕ, ªÇÛÜz�f½Â�

∆ju = ϕ(2−jD)u = 2nj
∫
Rn
h(2jy)u(x− y)dy,

Sju =
∑
k≤j−1

∆ku, ∀j ∈ Z,

d±þ½Â

∆k∆ju = 0, |j − k| ≥ 2,

∆k(Sj−1u∆ju) = 0, |j − k| ≥ 5.

½Â 2.1. � P0(Rn) := {p(·) : Rn → (0,∞)|p− = essinfx∈Rn p(x), p+ = esssupx∈Rn p(x)}, Ù
¥ p(·) ´�ÿ¼ê. C�ê Lebesgue ¼ê�m½Â�

 Lp(·)(Rn) = {f : Rn → R, ‖f‖Lp(·) <∞},

Ù¥

‖f‖Lp(·) = inf {µ > 0 :

∫
Rn

(|f(x)|/µ)p(x)dx ≤ 1}.

Lp(·)(Rn) ´ Banach �m, �
(� Hardy-Littlewood 4��fM 3 Lp(·)(Rn) þk., b�±e

^�¤á:
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éu�ê Clog(p) Ú p∞, �3��¼ê p(·) : Rn → R, ¦�Ø�ª

|p(x)− p(y)| ≤ Clog(p)

log(e+ |x− y|−1)
, (x, y ∈ Rn, x 6= y)

Ú

|p(x)− p∞| ≤
Clog(p)

log(e+ |x|)
, (x ∈ Rn)

¤á, p(·) ©O÷vÛÜÚ�N log-Hölder’s ëY^�.

½Â 2.2. � p(·), λ(·) ∈ P0(Rn) � 0 < p− ≤ p(·) ≤ λ(·) ≤ ∞, C�êMorrey �m½Â� Rn

þ��ÿ¼ê�m, ��ê�

‖f‖
M
λ(·)
p(·)

:= sup
x0∈Rn,r>0

‖r
n
λ(x)
− n
p(x) fχB(x0,r)‖Lp(·) .

�â Lp(·) �½Â, ‖f‖
M
λ(·)
p(·)
q�±L«�

‖f‖
M
λ(·)
p(·)

:= sup
x0∈Rn,r>0

inf

{
µ > 0 : %p(·)(r

n
λ(x)
− n
p(x)

f

µ
χB(x0,r)) ≤ 1

}
.

e¡0��
3Ì�(Jy²L§¥I��Ún.

Ún 2.1. [14] � p(·), λ(·) ∈ P0(Rn) � p(x) ≤ λ(x). éu?Û�ÿ¼ê f ¤á

‖f‖
M
λ(·)
p(·)

:= inf

{
µ > 0 : sup

x0∈Rn,r>0
%p(·)(r

n
λ(x)
− n
p(x)

f

µ
χB(x0,r)) ≤ 1

}
.

Ún 2.2. [14] e f ´���ÿ¼ê� p(·) ∈ P0(Rn), K

sup
x0∈Rn,r>0

%p(·)(fχB(x0,r)) = %p(·)(f).

Ún 2.3. [14] � p(·) ∈ Pn0 , K ‖f‖
M
λ(·)
p(·)

= ‖f‖Lp(·) .

½Â 2.3. � p(·), q(·), λ(·) ∈ P0(Rn) � p(·) ≤ λ(·), �m `q(·)(M
λ(·)
p(·) ) d Rn þ¤k��ÿ¼

êS� {fj}j∈Z |¤, ½Â�

‖{fj}j∈Z‖lq(·)(Mλ(·)
p(·) )

= inf

{
µ > 0, %

lq(·)(M
λ(·)
p(·) )

({
fj
µ

}
j∈Z

)
≤ 1

}
≤ ∞,

Ù¥

%
lq(·)(M

λ(·)
p(·) )

({fj}j∈Z) =
∑
j∈Z

inf

µ > 0 :

∫
Rn

(
|r

n
λ(x)
− n
p(x) fjχB(x0,r)|
µ

1
q(x)

)p(x)

dx ≤ 1

 .
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,	, e p(x) ≤ q(x) � q+ <∞, K

%
lq(·)(M

λ(·)
p(·) )

({fj}j∈Z) =
∑
j∈Z

sup
x0∈Rn

‖(|r
n
λ(x)
− n
p(x) fj |χB(x0,r))

q(·)‖
L
p(·)
q(·)
.

½Â 2.4. � s(·) ∈ Clog(Rn), p(·), q(·), λ(·) ∈ Clog(Rn) ∩ P0(Rn) � 0 < p− ≤ p(x) ≤ h(x) ≤
∞, àgC�ê Besov-Morrey �m Ṅ s(·)

p(·),λ(·),q(·) �½Â�

Ṅ s(·)
p(·),λ(·),q(·) = {f ∈ S ′(Rn) : ‖f‖Ṅ s(·)

p(·),λ(·),q(·)
<∞},

‖f‖Ṅ s(·)
p(·),λ(·),q(·)

:= ‖{2js(·)∆jf}j∈Z‖`q(·)(Mλ(·)
p(·) )

<∞,

½Â 2.5. � s(·) ∈ Clog(Rn), p(·), q(·), λ(·) ∈ Clog(Rn) ∩ P0(Rn) � 0 < p− ≤ p(x) ≤ h(x) ≤
∞, àgC�ê Fourier-Besov-Morrey �m FṄ s(·)

p(·),λ(·),q(·) ½Â�

FṄ s(·)
p(·),λ(·),q(·) = {f ∈ S ′(Rn) : ‖f‖FṄ s(·)

p(·),λ(·),q(·)
<∞},

‖f‖FṄ s(·)
p(·),λ(·),q(·)

:= ‖{2js(·)ϕj f̂}j∈Z‖`q(·)(Mλ(·)
p(·) )

<∞.

aq�, Chemin-Lerner .àgC�ê Fourier-Besov-Morrey �m Lρ(0, T,FṄ s(·)
p(·),λ(·),q(·)) ´¤k�

O©Ù u �8Ü,�ê½Â�

‖u‖
Lρ(0,T ;FṄ s(·)

p(·),λ(·),q)
:=

∥∥∥∥∥∥
(
∞∑
j=0

‖2js(·)ϕjû‖q
M
λ(·)
p(·)

) 1
q

∥∥∥∥∥∥
LρT

<∞.

·Ü�m L̃ρ(0, T,FṄ s(·)
p(·),λ(·),q(·)) þ��ê½Â�

‖u‖
L̃ρ(0,T ;FṄ s(·)

p(·),λ(·),q)
:=

(∑
j∈Z

‖2js(·)ϕjû‖q
LρTM

λ(·)
p(·)

) 1
q

<∞.

½Â 2.6. � u, v ∈ S ′h, Kk Bony ©)½ÂXe

uv = Tuv + Tvu+R(u, v),

Ù¥

Tuv =
∑
j∈Z

Sj−1u∆jv, Tvu =
∑
j∈Z

Sj−1v∆ju,

R(u, v) =
∑
j∈Z

∆ju∆̃jv, ∆̃jv =
∑
|j−k|≤1

∆kv.
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Ún 2.4. ( [10]) � p(·), p1(·), p2(·), λ(·), λ1(·), λ2(·) ∈ P0(Rn), � 1
p(·) = 1

p1(·) + 1
p2(·) , 1

λ(·) =
1

λ1(·) + 1
λ2(·) . Kéu¤k� f ∈Mλ1(·)

p1(·) Ú g ∈Mλ2(·)
p2(·) , k

‖fg‖
M
λ(·)
p(·
≤ Cp,p1‖f‖Mλ1(·)

p1(·)
‖g‖

M
λ2(·)
p2(·)

.

Ún 2.5. ( [10]) � p0(·), p1(·), λ0(·), λ1(·) ∈ P0(Rn), 0 < q <∞, s0(·), s1(·) ∈ L∞ ∩Clog(Rn)

� s0(·) > s1(·). e 1
q
� s0(x)− n

p0(x)
= s1(x)− n

p1(x)
´ÛÜ log-Hölder ëY, K

N s0(·)
p0(·),λ0(·),q ↪→ N

s1(·)
p1(·),λ1(·),q.

Ún 2.6. ( [14]) éu p(·) ∈ C log(Rn) Ú ψ ∈ L1(Rn), b� Ψ(x) = sup
y/∈B(0,|x|)

|ψ(y)| ´�È�,

Kéu¤k� f ∈ Lp(·)(Rn), k

‖f ∗ ψε‖Mλ(·)
p(·) (Rn)

≤ C‖f‖
M
λ(·)
p(·) (Rn)

‖Ψ‖L1(Rn)

Ù¥ ψε = 1
εn
ψ( 1

ε
) �~ê C =�6u n.

Ún 2.7. ( [10]) � s > 0, 1 ≤ q, ρ, ρ1, ρ2, θ(·), r(·), p(·), λ(·), λ1(·), λ2(·) ≤ ∞, � 1
θ(·) =

1
r(·) + 1

p(·) , 1
λ(·) = 1

λ1(·) + 1
λ2(·) , 1

ρ
= 1

ρ1
+ 1

ρ2
. Kéu¤k� u ∈ L̃ρ1t Ṅ s

p(·),λ2(·),q ∩ L
ρ2
t M

λ1 (·)
r(·) , �

v ∈ L̃ρ1t Ṅ s
p(·),λ2(·),q ∩ L

ρ2
t M

λ1(·)
r , k

‖uv‖L̃ρt Ṅ sθ(·),λ(·),q . ‖u‖L̃ρ1t Ṅ sp(·),λ(·),q‖v‖Lρ2t M
λ1(·)
r

+ ‖v‖L̃ρ1t Ṅ sp(·),λ2(·),q
‖u‖

L
ρ2
t M

λ1 (·)
r(·)

.

3. ½n1.1�y²

�
y²�§ (1) ��N·½5§·��Äe¡��dÈ©�§ (3).{
u(t) = TΩ(t)u0 −

∫ t
0
TΩ(t− τ)P[(u · ∇)u]dτ +

∫ t
0
TΩ(t− τ)Pgθe3dτ,

θ(t) = et(∆)θ0 −
∫ t

0
e(t−τ)(∆)[(u · ∇)θ]dτ,

(3)

Ù¥ P := I −∇(−∆)−1 L«¿0â[ÝK.

TΩ(t)u = F−1

[
cos

(
Ω
ξ3

|ξ|
t

)
e−t|ξ|

2

I + sin

(
Ω
ξ3

|ξ|
t

)
e−t|ξ|

2

R(ξ)

]
∗ u

= F−1

[
cos

(
Ω
ξ3

|ξ|
t

)
I + sin

(
Ω
ξ3

|ξ|
t

)
R(ξ)

]
∗ (et∆u).

ùpÃÑÝ�þ| u ∈ S ′(R3), I ´M3×3(R) ¥�ü Ý
, R(ξ) ´�é¡Ý
�Ù½Â�

R(ξ) :=
1

|ξ|


0 ξ3 −ξ2

−ξ3 0 ξ1

ξ2 −ξ1 0

 , ξ ∈ R3\{0}.
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éu TΩ(·) �wªí�, ë�©z [15].

�
y²�§ (1) ��N·½5, ·�I�é�§ (3) ïáXe�5�O.

Ún 3.1. � p(·), p1(·), λ(·) ∈ Clog ∩ P0(R3), 2 ≤ p1(·) ≤ c ≤ p(·) ≤ 6, s1(·) = 2
ρ

+ 2 − 3
p1(·)

�1 ≤ q, ρ ≤ ∞,Ké?¿� Ω ∈ R, � f ∈ FṄ
2− 3

p(·)
p(·),λ(·),q k

‖TΩ(t)f‖
L̃ρ
(

0,∞;FṄ s1(·)
p1(·),λ(·),q

) . ‖f‖
FṄ

2− 3
p(·)

p(·),λ(·),q

,

y² ÏLÚn 2.4 ±9Fp�¦f TΩ(t)f �k.5§��

‖TΩ(t)f‖
L̃ρ
(
R+;FṄ s1(·)

p1(·),λ(·),q

)
=

∥∥∥∥‖2js1(·)ϕjF [TΩ(t)f ]‖
Lρ(R+;M

λ(·)
p1(·))

∥∥∥∥
lq

.

∥∥∥∥‖2js1(·)ϕje
−t|·|2 f̂‖

Lρ(R+;M
λ(·)
p1(·))

∥∥∥∥
lq

.

∥∥∥∥∥ ∑
l=0,±1

∥∥∥2j(2−
3
c )ϕj f̂

∥∥∥
M
λ(·)
p(·)

∥∥∥r−3(c−p1(·))
cp1(·) 2j(

2
ρ−

3
c−

3
p1(·) )ϕj+le

−t22(j+l)
∥∥∥
Lρ(R+;L

cp1(·)
c−p1(·) )

∥∥∥∥∥
lq

.

∥∥∥∥∥ ∑
l=0,±1

∥∥∥2j(2−
3
p(·) )ϕj f̂

∥∥∥
M
λ(·)
p(·)

∥∥∥∥∥
lq

= ‖f‖
FṄ

s(·)+ 3
p′(·)

p(·),λ(·),q

.

Ù¥·�^�
e¡��O∥∥∥r−3(c−p1(·))
cp1(·) 2j(

2
ρ+ 3

c−
3

p1(·) )ϕj+le
−t22(j+l)

∥∥∥
Lρ(R+;L

cp1(·)
c−p1(·) )

= ‖r
−3(c−p1(·))

cp1(·) 2j
2
ρ e−t2

2(j+l)‖Lρ(R+)‖2j(
3
c−

3
p1(·) )ϕj+l‖

L
cp1(·)
c−p1(·)

. ‖2j(
3
c−

3
p1(·) )ϕj+l‖

L
cp1(·)
c−p1(·)

. inf{λ > 0 :
∫
R3 |2j(

3
c−

3
p1(x)

)ϕj+l|
cp1(x)

c−p1(x) dx ≤ 1}

. inf{λ > 0 :
∫
R3 |ϕj+l|

cp1(x)

c−p1(x) 2−3jdx ≤ 1}

. inf{λ > 0 :
∫
R3 |ϕl|

cp1(2jx)

c−p1(2jx) dx ≤ 1}
. C.

$^Ún 3.1, ±9 Banach Ø N��n, �±���§ (1) ��35Ú��5.

½n 1.1 �y² �M > 0, δ > 0, �k

D =

{
(u, θ) : ‖u‖

L̃ρ(R+;FṄ
2− 3

p(·)
p(·),λ(·),q)

+ ‖θ‖
L̃ρ(R+;FṄ

2− 3
p(·)

p(·),λ(·),q)
≤ L,

‖u‖
L̃ρ(R+;Ṅ

2
ρ
+1

2
2,λ(·),q)∩L̃∞(R+;Ṅ

1
2
2,2,q)

+ ‖θ‖
L̃ρ(R+;Ṅ

2
ρ
+1

2
2,λ(·),q)∩L̃∞(R+;Ṅ

1
2
2,2,q)

≤ δ

}
,
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X = L̃∞(R+;FṄ
2− 3

p(·)
p(·),λ(·),q) ∩ L̃

ρ(R+; Ṅ
2
ρ+ 1

2

2,λ(·),q) ∩ L̃
∞(R+; Ṅ

1
2

2,2,q).

�ÄN�

M : (u, θ)→ (TΩ(t)u0, e
t∆θ0)−

(∫ t

0

TΩ(t− τ)P[(u · ∇)u]dτ,

∫ t

0

e(t−τ)∆[(u · ∇)θ]dτ

)

+

(∫ t

0

TΩ(t− τ)Pgθe3dτ, 0

)
.

Ùä�Ýþ

d((u, θ), (u1, θ1)) = ‖u− u1‖
L̃ρ(R+;FṄ

2− 3
p(·)

p(·),λ(·),q)∩L̃ρ(R+;Ṅ
2
ρ
+1

2
2,λ(·),q)∩L̃∞(R+;Ṅ

1
2
2,2,q)

+ ‖θ − θ1‖
L̃ρ(R+;FṄ

2− 3
p(·)

p(·),λ(·),q)∩L̃ρ(R+;Ṅ
2
ρ
+1

2
2,λ(·),q)∩L̃∞(R+;Ṅ

1
2
2,2,q)

.

�âÚn 3.1, k

‖TΩ(t)u0‖L̃ρ
(
R+;FṄ s1(·)

p1(·),λ(·),q

) . ‖u0‖
FṄ

2− 3
p(·)

p(·),λ(·),q

,

� Ω = 0 �, k

‖et∆θ0‖L̃ρ
(
R+;FṄ s1(·)

p1(·),λ(·),q

) . ‖θ0‖
FṄ

2− 3
p(·)

p(·),λ(·),q

,

�q/, ��

‖TΩ(t)u0‖
L̃ρ

(
R+;Ṅ

2
ρ
+1

2
2,λ(·),q

) . ‖u0‖
FṄ

2− 3
p(·)

p(·),λ(·),q

,

‖et∆θ0‖
L̃ρ

(
R+;Ṅ

2
ρ
+1

2
2,λ(·),q

) . ‖θ0‖
FṄ

2− 3
p(·)

p(·),λ(·),q

,

e ρ =∞ � p1(·) = p(·), �� TΩ(t)u0 Ú et∆θ0 ��OXe

‖TΩ(t)u0‖
L̃∞

(
R+;FṄ

2− 3
p(·)

p(·),λ(·),q

) . ‖u0‖
FṄ

2− 3
p(·)

p(·),λ(·),q

,

‖TΩ(t)u0‖
L̃∞

(
R+;Ṅ

1
2
2,2,q

) . ‖u0‖
FṄ

2− 3
p(·)

p(·),λ(·),q

,

‖et∆θ0‖
L̃∞

(
R+;FṄ

2− 3
p(·)

p(·),λ(·),q

) . ‖θ0‖
FṄ

2− 3
p(·)

p(·),λ(·),q

,

‖et∆θ0‖
L̃∞

(
R+;Ṅ

1
2
2,2,q

) . ‖θ0‖
FṄ

2− 3
p(·)

p(·),λ(·),q

.

� p = 6p1(·)
6−p1(·) , $^Ún 2.3,2.4,2.7, Ú Hausdorff-Young’s Ø�ª, k
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∥∥∥∥∫ t

0

TΩ(t− τ)P[(u · ∇)u]dτ

∥∥∥∥
L̃ρ(R+;FṄ s1(·)

p1(·),λ(·),q)

=

∥∥∥∥∥∥
{∥∥∥∥2js1(·)ϕjF

{∫ t

0

TΩ(t− τ)P[(u · ∇)u]dτ

}∥∥∥∥
Lρ(R+;M

λ(·)
p1(·))

}
j∈Z

∥∥∥∥∥∥
lq

.

∥∥∥∥∥∥
{∥∥∥∥∫ t

0

2js1(·)ϕje
−(t−τ)|·|2 ̂[(u · ∇)u]dτ

∥∥∥∥
Lρ(R+;M

λ(·)
p1(·))

}
j∈Z

∥∥∥∥∥∥
lq

.

∥∥∥∥∥
∥∥∥∥∫ t

0

‖r−
3
p 2j(s1(·)+1)ϕje

−(t−τ)|·|2‖Lp‖ ̂∆j(u⊗ u)‖
M
λ(·)
6

dτ

∥∥∥∥
Lρ(R+)

∥∥∥∥∥
lq

.

∥∥∥∥∥
∥∥∥∥∫ t

0

2j(
5
2 + 2

ρ )‖r−
3
p 2−3j 1

pϕje
−(t−τ)|·|2‖Lp‖∆j(u⊗ u)‖

M
λ(·)
6
5

dτ

∥∥∥∥
Lρ(R+)

∥∥∥∥∥
lq

.

∥∥∥∥∥
∥∥∥∥∫ t

0

2j(
5
2 + 2

ρ )e−(t−τ)22j

‖r−
3
p(·) 2−3j 1

p(·)ϕj‖Lp(·)‖∆j(u⊗ u)‖
M
λ(·)
6
5

dτ

∥∥∥∥
Lρ(R+)

∥∥∥∥∥
lq

.

∥∥∥∥∥
∥∥∥∥2j(

5
2 + 2

ρ−2)‖∆j(u⊗ u)‖
M
λ(·)
6
5

∥∥∥∥
Lρ(R+)

‖e−t2
2j

22j‖L1(R+)

∥∥∥∥∥
lq

. ‖u‖
L̃ρ(R+;Ṅ

1
2
+ 2
ρ

2,λ(·),q)
‖u‖L∞(R+;L3)

. ‖u‖
L̃ρ(R+;Ṅ

1
2
+ 2
ρ

2,λ(·),q)
‖u‖

L̃∞(R+;Ḃ
1
2
2,q)

. ‖u‖
L̃ρ(R+;Ṅ

1
2
+ 2
ρ

2,λ(·),q)
‖u‖

L̃∞(R+;Ṅ
1
2
2,2,q)

.

�q/, ��∥∥∥∫ t0 TΩ(t− τ)Pgθe3dτ
∥∥∥
L̃ρ(R+;FṄ s1(·)

p1(·),λ(·),q)
. ‖θ‖

L̃ρ(R+;Ṅ
2
ρ
+1

2
2,λ(·),q)

,∥∥∥∫ t0 e(t−τ)∆[(u · ∇)θ]dτ
∥∥∥
L̃ρ(R+;FṄ s1(·)

p1(·),λ(·),q)
. ‖u‖

L̃ρ(R+;Ṅ
2
ρ
+1

2
2,λ(·),q)

‖θ‖
L̃∞(R+;Ṅ

1
2
2,2,q)

.

,	, ÏLþ¡��{±9 Plancherel ½n, k∥∥∥∫ t0 TΩ(t− τ)P[(u · ∇)u]dτ
∥∥∥
L̃ρ(R+;Ṅ

2
ρ
+1

2
2,λ(·),q)∩L̃∞(0,∞;Ṅ

1
2
2,2,q)

=
∥∥∥∫ t0 TΩ(t− τ)P[(u · ∇)u]dτ

∥∥∥
L̃ρ(R+;FṄ

2
ρ
+1

2
2,λ(·),q)∩L̃∞(R+;FṄ

1
2
2,2,q)

. ‖u‖
L̃ρ(R+;Ṅ

2
ρ
+1

2
2,λ(·),q)∩L̃∞(R+;Ṅ

1
2
2,2,q)
‖u‖

L̃∞(R+;Ṅ
1
2
2,2,q)

,

∥∥∥∫ t0 TΩ(t− τ)Pgθe3dτ
∥∥∥
L̃ρ(R+;Ṅ

2
ρ
+1

2
2,λ(·),q)∩L̃∞(R+;Ṅ

1
2
2,2,q)

. ‖θ‖
L̃ρ(R+;Ṅ

2
ρ
+1

2
2,λ(·),q)∩L̃∞(R+;Ṅ

1
2
2,2,q)

,∥∥∥∫ t0 e(t−τ)∆[(u ·∆)θ]dτ
∥∥∥
L̃ρ(R+;Ṅ

2
ρ
+1

2
2,λ(·),q)∩L̃∞(R+;Ṅ

1
2
2,2,q)

. ‖u‖
L̃ρ(R+;Ṅ

2
ρ
+1

2
2,λ(·),q)∩L̃∞(R+;Ṅ

1
2
2,2,q)
‖θ‖

L̃∞(R+;Ṅ
1
2
2,2,q)

.
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��, y²�§ (1) �35Ú��5

‖M(u, θ)‖X
= ‖M(u)‖X + ‖M(θ)‖X
. ‖u0‖

FṄ
2− 3

p(·)
p(·),λ(·),q

+ ‖θ0‖
FṄ

2− 3
p(·)

p(·),λ(·),q

+ ‖u‖
L̃ρ(R+;Ṅ

2
ρ
+1

2
2,λ(·),q)

⋂
L̃∞(R+;Ṅ

1
2
2,2,q)
‖u‖

L̃∞(R+;Ṅ
1
2
2,2,q)

+‖u‖
L̃ρ(R+;Ṅ

2
ρ
+1

2
2,λ(·),q)

⋂
L̃∞(R+;Ṅ

1
2
2,2,q)
‖θ‖

L̃∞(R+;Ṅ
1
2
2,2,q)

+ ‖θ‖
L̃ρ(R+;Ṅ

2
ρ
+1

2
2,λ(·),q)

⋂
L̃∞(R+;Ṅ

1
2
2,2,q)

.

- δ = L = 2

(
‖u0‖

FṄ
2− 3

p(·)
p(·),λ(·),q

+ ‖θ0‖
FṄ

2− 3
p(·)

p(·),λ(·),q

)
< 2Cε, XJ ε v
�, k

‖M(u, θ)‖X ≤
δ

2
+
δ

2
= δ.

�q/§k

d(M(u, θ),M(u1, θ1)) ≤ 1

2
d((u, θ), (u1, θ1)).

d Banach Ø N��n��, � ε v
��, �§ (1) �3����N)§�÷v

(u, θ) ∈ L̃∞(R+;FṄ
2− 3

p(·)
p(·),λ(·),q) ∩ L̃

ρ(R+;FṄ
2
ρ+ 1

2

2,λ(·),q) ∩ L̃
∞(R+;FṄ

1
2

2,2,q).

,��¡§-

Y = L̃ρ(R+;FṄ s1
p1(·),λ(·),q) ∩ L̃

ρ(R+; Ṅ
2
ρ+ 1

2

2,λ(·),q)

∩ L̃∞(R+; Ṅ
1
2

2,2,q) ∩ L̃∞(R+;FṄ
2− 3

p(·)
p(·),λ(·),q),

k

‖M(u, θ)‖Y
= ‖M(u)‖Y + ‖M(θ)‖Y
. ‖u0‖

FṄ
2− 3

p(·)
p(·),λ(·),q

+ ‖θ0‖
FṄ

2− 3
p(·)

p(·),λ(·),q

+ ‖u‖
L̃ρ(R+;Ṅ

2
ρ
+1

2
2,λ(·),q)

⋂
L̃∞(R+;Ṅ

1
2
2,2,q)
‖u‖

L̃∞(R+;Ṅ
1
2
2,2,q)

+‖u‖
L̃ρ(R+;Ṅ

2
ρ
+1

2
2,λ(·),q)

⋂
L̃∞(R+;Ṅ

1
2
2,2,q)
‖θ‖

L̃∞(R+;Ṅ
1
2
2,2,q)

+ ‖θ‖
L̃ρ(R+;Ṅ

2
ρ
+1

2
2,λ(·),q)

⋂
L̃∞(R+;Ṅ

1
2
2,2,q)

.

- δ = L = 2

(
‖u0‖

FṄ
2− 3

p(·)
p(·),λ(·),q

⋂
FṄ

2− 3
p1(·)

p1(·),λ(·),q

+ ‖θ0‖
FṄ

2− 3
p(·)

p(·),λ(·),q
⋂
FṄ

2− 3
p1(·)

p1(·),λ(·),q

)
< 2Cε, XJ ε v
�,

K

‖M(u, θ)‖Y ≤
δ

2
+
δ

2
= δ.

�q/, k

d(M(u, θ),M(u1, θ1)) ≤ 1

2
d((u, θ), (u1, θ1)).

d Banach Ø N��n��, � ε v
��, �§ (1) �3����Û)§�÷v

(u, θ) ∈ L̃ρ(R+;FṄ s1(·)
p1(·),λ(·),q) ∩ L̃

∞(R+;FṄ
2− 3

p(·)
p(·),λ(·),q).
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