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Abstract

Let (M, g) and (M>,h) be two Hermitian manifolds, the doubly warped product Her-
mitian manifold (;,M; x;, M,,G) is the product manifold M; x M, endowed with the
warped product Hermitian metric G = f?g + f2h, where f; and f, are positive smooth
functions on M; and M, respectively. In this paper, we obtain the formulae of Bismut
connection, Bismut curvature, Bismut Ricci curvature and Bismut scalar curvature of
doubly warped product Hermitian manifold. The necessary and sufficient condition
for doubly warped product Hermitian manifold to be Bismut Ricci flat is given. Thus,

we provide an effictive way to construct Bismut Ricci flat Hermitian manifold.
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1. 5|5

FH AR 2 A 35 AT R AR Hh 3R AR 1 F LT AL 19694, Bishop M1 O'Neil Jy 1 #4it—K A4
SRR T R 1) B2 2 T 51 NHL T A I ME 5 [1]. 20014F, Kozma, Peter Fil Varga FE 4 H AR &4
B 7SR LA R, JRAIT ST T ARG SO 5 > B b5 RS LA R R (2], 20165,
BB T AL ST iy LTSI N 1 H AR, 153 70 # AR 55 i 2 2 UL RLR IR R 78
FEOAT(3]. 20184, {n] B3 A K R B AT # AR BOME & 4k 2 1 B U op, BEFT 1 XU A R IR K
T [4]. 202245, (UEH BT 55558 N5 1 DU # AR IR ZKORRRRUE B Levi-Civita B4, Levi-Civita
M. Levi-Civita Ricci fZ 1 Levi-Civita Fx & M2 1) 53218, 7521 7 X il AR5 /R KRR
Levi-Civita Ricci *F-3H 24 HAU H 7 EfRUE Levi-Civita Ricci “4H[5].

FESL U, BRICE% YV, Levi-Civita B 4% VEC M Bismut Bk%5 VB 2 4EH 4 it i) =P 4%,
B M 22 TR) A7 5 8 O IR AR S R ZROK R U 2 LB IR I, b3 i = b R 4 AR Ak D[R] — b R 45,
19864F, Bismut Ml Freed %5t J” Bismut BcZ5 I E X [6]. 19894F, Bismut HF 5T 1 Bismut B4 #771E
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PEFIME—PE[7]. 20204, EHFME AN FTA BB FHH Bismut B4 H S8 A 2R KEFRE T T 9
JR[8]. 20224F, A A FEFIAR 7 PHIF L T Bismut B4 BA PATHER 5K &8 15 RORFRIE[9]. 20234F, fth
IR T 4 480 5 4E Bismut Kahler-like 32 /R KFF IR 10 5 #9 25[10]. FI4E, Barbaro W7 1 5
Bismut #5524 52 IR ORRHUE K Yamabe 7] @2[11].

AT HIAER S TUART HROREAS [ B Riced SPIHIRIE 73 2802 — AN EH EE TN 4. 19674F, Tani
YIRAEZL S JLT 4R T Ricei “FHHAIHE&[12]. 20144F, X 70 e fA 28 R G 7L 1 452 /R K
WG L FRERZS, Levi-Civita BZ8 A1 Bismut BEZS, H45 tH T & BRZE AT 5 5 10 i 28 2 1) B RE Ik 1
JR[13]. 20234F, #X 4z BEFNEE U5 BHIE W] T Bismut Ricci *F3H ) Bismut Kéhler-like $2 KEFR I — &
& Bismut “FH[10]. EIRWTFEEE REY], IILE, ARZ EE XS Bismut Riced THIRIORERA ™A TR
JEXGE, FR1R R T V2 BN ISR, L, BF 7S Bismut Ricel “FHEIR OKRKFRTE & JE 5 A 0 211,

52 PA BRI FEI A A, FATTAR 38 XL AR R ZROK R ARUE & 75 02 Bismut Ricei “FIH? Flth, 4
SCREAE FUOUER AR S RKOKRRAUE I Bismut Riced ~F3H .

2. F&FIR

B (M, J,G) &= N8 n BeEBIRRKHRIY, J NEEHK, G ABIRRR R, M THRE M EER
—N i p, BUYIA] 3 il

C _ 71,0 0,1
TM = THM © T M,

Horp T BRI BN £/ -1

E%%Kéé@%*ﬁ‘% z = (21; 227 e 7Zn) _Fv TI}7OM ;FD T](;)’lM %%UEE (%7 %7 R 3(377) ;FD
(e e ) e, Y BIRHEN (20} A {2 ). EATEIRHE AR 4 3 g {dz0} A {dz)

[14].

WE M LR —ADBRIKKES R G AR T RRAG = G pdz* @ dz° , b JElE G5 2 1E
SEM, i GPY 3R G5 HIEHERE(15]. ASCRAZ R B RAIZ) & B GPG, 5 = 6]

RPN VB SR IROK R _EME— B e R IR AR MR [9]. X T VX, Y, Z € TVOM,
Bismut Bt4% VP &8 A4[16]

G(VE Y, 72)=G(V'Y, Z) + %dw(JX, JY,JZ),
Forp Bismut B8 IR 9[16]
H(X,Y,Z)=G(T?(X,Y),Z) = %dw(JX, JY,JZ).

E VIR PR 2 PR, RN 200w = 0, WIFRIRZKOKFFIR Y 2 2 5 IR [13]. 157 #5424l 1)
M E, Bismut Bk2% VE ) RECN[11]
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T, = Gsﬂ%, (2.1)
T, = Gsﬁ(% - 85; ). (2.2)
Bissmut i Z5Kk &4 [13]
B(X,Y)Z =VRVYZ -VyViZ —ViiyvZ,
B(X,Y,Z,W)=G(B(X,Y)Z,W),
Bismut & &8558
s = —8;;35 + 85555 N N Ry (2.3)
Boyss = GegBirs. (2.4)
% — Bismut Ricci HIZ5K & M[13]
BY = v=1B{)dz" ndz”,
Horp
BY = G¥B,.s3. (2.5)
Bismut #r& i1 2 B A4[11]
B=G"BY. (2.6)

EX1. [17) HIRIZAREFRIE (M, G) B15— Bismut Ricci f1#% 40, B B%) = 0, MFRIH Bismut Ricci
S,

W (My,g) 1 (My, h) 5351 RE m EFE n 4ERROREFRIE, W M = M, x My, &2— 418
m+n FEIRIROKFFRIE. By : M — My flmy - M — My REARBE. XHEEIM 2 = (21, 22) € M,
21 = (2. ., 2m) € My Ml zp = (2™FL, L0 2 € Mo, B mi(2) = 20 Ml ma(2) = 20 O

w dmy : TI’O(M) — Tl’oMl, dmy Tl’O(M) — Tl’OMz 43 & T Hl o 7SR A ai U, X
THEER v = (vi,v2) € TFO(M), vy = (v, -+ ,0™) € TLOM;, vy = (0™, - 0™t) € TLOM,,
dmy(z,v) = (21,v1) Ml dmra(2,v) = (29, v9) FEIL.

ENX2. [4] W (M, g) (M, h) ZPIANZRIFKFHRIE. W f1 0 My — (0, +00) F fo : My — (0, +00)
FE WA ETE BR AL UL IR IKORRFIRIE (5, My Xy, My, G) KT TWFBIRKFFEE G M —
(0, +o0) IFRFTE M = My x Ms:

G(2,v) = (f2 0 m2)*(2)g(m1(2), dm1(v)) + (f1 0 m1)* (2) A2 (2), dma(v)), (2.7)
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Kz = (21,22) € M, v = (v1,02) € T}OM, fi M fo FHONH & EL. (M, g) 1 (Mo, h) BFEA
(1, My x4, Mo, G) W53 EIE.

#h=15f=10HCE A0, WER (5, My xp, Mo, G) 52 B3 AR IR FRRUY; 45
fi=1H fo =1L, WFR (5, My X g, Mo, G) RTAIRIKEFII; & f1 1 fo #AJ9H L, WIFR
(M x5, Mo, G) FART RIS I A KA T

AT, W/NE s i BEHERR, NS H T BB, WS /NS R T SRR bR I BUE TG £
FWTF: 1<, 8,700 <m+n,1<i7jkst,pl<mMm+1<i, 5k s,t’,p l’<m+n
5 (M, g) M1 (M, h) B REUTE, 70048 EJ7ndEhs 1 A1 2 DR X a1, 4 bF1 FH bF’,k/ giIES
INBRIROKFFRIE (M, g) F1 (My, h) L1 Bismut B4% R4

B (f2M1 Xf1 Mo, ) G) RIBIRKFFRIE (Mla )*ﬂ (MZ, ) (AU AR N, U

9%g 0*h

5w M purew (28)
M G A SRR 4]
092G f229i3 0
- (o) (5 ) o5
HIBAERE (GP) N [4]
] 270
Bay _ ) . '
(G7) ( 0 fﬁhﬂ"i’) (2.10)

3. FUHFUR/RREF R Bismut FRERZR

AR5 H ST R AR B R KA HY Bismut B5%%, Bismut #%, Bismut Ricci B P& Bismut
2l 2 1) R i AR ik 5
L. W (p, My x5, M3, G) F&— N AR KRR, ) Bismut Be%% brﬁa RKEN

T, = ”F;k, (3.1)
y 2

bl—‘;-/k/ - bF,L'/k./, (32)
¥ af 1

T =2f5" - 5ka (3.3)
i 8

T = 2f ! f ! 5k, (3.4)

bF;/k _ ’T}kf _b F§kf — bp;j’,k —0. (3.5)
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iERR. & )P B=iy=jMa=k &
. . 0G 0G +:0G g
byi ot kS 50 ks 5’ ks
Lj = G570 = G778 + G (3.6)
i (2.9) A1 (2.10) AR (3.6) H, AR (2.1) 12
2 5i0f30s _ i00ks _ br
bi 2 351 2JkS 5@ S _ by
ij - f2 g 323 - 823 - Jjk -
[ 2 AT 5 e 1 ) R A 2L O
RAE (2.2), (2.9) A1 (2.10) 15N 1H f Ay 2.
W2, W (5, My x g, My, G) f— NI IBR SRR, W Bismut BE4% 2% °T2, N
1
T =", (3.7)
2
T ="T%,, (3.8)
8
Th, = 2f; D, (3.9)
c’)
'L = 2f f - 5,€/ (3.10)
i — 54 8f
T = =220 S, (3.11)
1 57,8
T = —2f3"f1g hi S (3.12)
Tt ="T%, =0. (3.13)
ARLS. B (1, My X g, My, G) & DNUHH AR, W Bismut #2424 Bo.s
1
Bja, = Bja, (3.14)
2
B /t/k.l - B’L k/7 (3.15)
i 2,5 0f, Of Tofi | g OPf a0f1 509
B = 2f3 9% 5 hwr 57 = 203 2,20 aza ot S S e, (3.16)
il 2 0f2 Of 8hs " of. o O f
Bja =21 zJQ 0z " =267 fQ( Tj h azs’aij'
’ afZ =/ I 8hl/ U
5’1 _
+h a g/h 8 7 )gktv (317)
B;-/t’k == B;’E’k = Bltk/ = B ’t’k B;/[k/ - B;'/f’k" - 0, (318)
B;t’k == B;t’/k - B;t’k/ - B;:/E/k - B;//t’k/ - ]i.%/k/ - O (319)
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MERA. BEGIEM 3.14). 2 23) Fe=i,a=j,y=tMs=k, H

b1 i
9 ij+abrfk

Bin ="z * 5

bo by bo b
- ij Ffa+ ka Fja

9 brz‘k 9 bF%k
ozt 027

¥(3.1), (3.5), (3.7), (3.11) F1 (3.13) £RN (3.20), FFHRHE (2.3) AT 45

— T4 Ty, — PTYPTy, + TP, + P VT (3.20)

1
9 brj‘k 9 F;k
ozt 077

1 1
i blbz bl by
By = — | T B o B

1
= B;fk'
[F A4 (3.15) =
BTN RIUEM (3.16) . 2 23) Fe=i,a=4,y=t M=k, H

d'Th, 9T,
0z 9z

7 o bpo by bro by
Bipy = — S AL S 0

8br§k' abr%’k’ bl by b’ by bpl by bl b
o+ = T Ty = "D Ty + T Ty + T Ty (3.21)

¥ (3.1), (3.4), (3.5), (3.8), (3.9) 1 (3.12) £/AA (3.21), AJ 75

i ( 2f 2f gSZaflh '/) a 5i
Bjiw = ) 079 e fl 6k’ (=2f%hy fl 53 0t)
8f1 dgis
sl sz
—2f2"hg hk vg 0zI
_ afl szafl 2 3f1 —2r 5 82f1 _
= — f2 321 a Shk’t’ 2f2 fla J 8 shk o 2f2 flg mhk/t/
af sz af S af sz ag S
4S5 ST o e = 205 g g™ S
8f1 szafl 2 afl 5i 2f1 slafl szagls
=2y 520" 5 e = 2z f1( 9 g T 550 g e
[T 45 (3.17) =K.
FHIERH (3.18) I — 1% 2 23) Fe=i,a=j,vy=t M=k H
i abFi"k: 0 FZ o i o i
Bion ==+ 55 — o' Ti + T8 T,
otri,,.  ari , . . A
= gt T T = T T T T T T (3.22)
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¥ (3.3), (3.5), (3.7), (3.11), (3.12) 1 (3.13) 40N (3.22), A3

By = - 220 000 | Dl 2 G g0 O ) e Ot _ Oy
(G - S0 o D2 g
=0
[FIEEATTS (3.18) A ARSEALLK (3.19) thaak. O

EL. fy TR My ERIEEDGH R EL, B f RBEXT 27 RAWSHG FPE, fo RBEX 27 RO FEL grs
& My RIRIRORRERE R, W grs HBERT 27 SRR SHG FHE, hys HAEXE 27" SRIRSHL
ARRA. B (5, My X g, My, G) S DNUHH AR OR R, W Bismut #2525 B, 155

1

Bijirp = [f3 Bjikp, (3.23)
9 2
Bj/t’/k/ﬁ/ = fl Bj'z’k'ﬁ” (324)
B - of1 0f1 ~ 59§i ofi 82f1 Bl ofi agl;ﬁ ~
Biowy =255 gatwr =209 5 55 702 7 921 )T (3.25)
L, Of2 Ofs Ohs" Of, D2 f, v Ofs Ohvg
Byie =25 5 o i = 202lhin 55 5o T vy T g o 19T (3.26)
Bj't'kp = Djt'kp — Djtk'p — ijki)’ = Bj/t"kﬁ = Djtk'pr — 07 (3'27)
Bj/t’k/ﬁ = jf’kﬁ/ = Bj/t’/k/ﬁ = Bj/f’kﬁ' = Bj'{k/ﬁ/ = Bjt’/k/ﬁ/ = 0 (328)

IERR. HGEY (3.23)R. 4 (24) P a=j,y=t, 0=k MM B=p NG
Bjnp = GepBSyy, = GipBlg, + Girp Bl (3.29)

1 (2.9), (3.14) A1 (3.19) I —MEERAN (3.29)H, FFRHE (2.4) AT

1 1
2 pi 2
Bjikg = f39ip By, = 15 Bjingp -

AR 15 (3.24) 2
BEFRAEW (325) .4 24) Fa=4,y=t,6 =K F g =p, NG

ij’k'ﬁ == GEﬁB;f/k/ = GlﬁB;f’k’ + GilﬁB;E/k/' (330)
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¥ (2.9), (3.16) AT (3.19) 48N (3.30) F, 715

3f 6fl 5i 32f1 slafl Szagls
9 2 fl(aaas“’ 97520 9 9z B
99" 0fr | 0*fi | 50f10g,,

7957 050 T 9mrai T 0ap 9w )T

2 szafl

Bjvws =139 202 297 5= e Yhie]

af1 df1
021’ 027

[F AT 45 (3.26) =X
FHER] (3.27) I — 1% 2 24) P a=4,y=t, 6=k M B=p, NEH

=5l — 2f1(g

Bjinp = GepBSry, = GipBlog + GipBlig. (3.31)
¥ (2.9), (3.17) A1 (3.18) ME— AN (3.31), AT1§
Bjirp = 0.

[FEE A1 (3.31) M REEXF (3.32) &= O

5. W (5, My x5, My, G) N UH M AR R KFRATE, M Bismut Ricei H1% 2% BLY Hy

1) _ pO
B} =B, (3.32)
2
(1) _ p)
B =B, (3.33)
B) =0, (3.34)
B} =o. (3.35)

HERR. B E4AH (3.32) BHEBERE. & (2.5) Fa =5 fly =t IEH
B;,l G? Bjis5 = G™* By + GP* By + GP* By + GP'¥ By (3.36)

4 (2.10), (3.23) 1 (3.27) AR (3.36), HARHE (2.5) I3

1
(1) f2 Pkf2 jtkp — B(l) .

R A5 (3.33) 2.
A (3.34) FREMEFE. & 25) Fa=j5 fMy=t NG

B](/f) - GBéBj/t‘(;B = GﬁkBj/fkﬁ + Gﬁ,kBj/t’kﬁ/ + Gﬁk,Bj/t’k/ﬁ + Gﬁ/ IBj/t’k/ﬁ/. (337)
# (2.10), (3.26), (3.27) A1 (3.28) FRN(3.37), Al {5

BY
J’

NN
.O
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[FIPER]AS (3.35). O

EHL. B (5, My x g, My, G) Fe— AU AKERATE, WKL G Wi — AN EZ f i
v=(vf,v") € THOM i) Bismut b5t i %y

Be = f3 *By(v1) + fi *Bp(v2), (3.38)
Hr B, (vy) M By, (vg) 73 MR (My, g) Al (Mg, h) ) Bismut b7 5 # 2.
MERR. R4 (2.6), WA
Bg =GBy =GB\ + G BY) + G"BY) + G"'BY). (3.39)

¥ (2.10) A1 (3.32)-(3.35) 1R (3.39), ATH
1 2
Bg =GYB\Y +G" B\))
1 2
= 52" B + 72077 B)
= f32By(v1) + f1 2 Bn(v2).

ik, O

4. Bismut Ricci 38X phFRIR R KSR

W My MM, 52 A Bismut Ricei ~FIH R KOKRRRTE, B 98 2325 18 XU th AR 32 2K KRR T
(5, My x ¢, My, G) 7215 2 Bismut Ricei “FH ).
FEH2. W (), My x5, M, G) & NI HIARIRIFOKRHRIE, W (5, My x5, M, G) Bismut Ricci *F3H
M HA Y (M, g) A1 (My, h) ¥ Bismut Ricci “F1H.

ERR. ARAEE X1, (5, My X j, M, G) Bismut Ricci P44 B BY = 0, BI&6 T

BY =0, (4.1)
B =0, (4.2)
Bj) =0, (4.3)
B =o. (4.4)

$ (3.32)-(3.35) P AURAE] (4.1)-(4.4) , ERTTRAZN T

1

B =0, (4.5)
2

B =o. (4.6)
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EIS)

w
48

(4.5) F1 (4.6) &M T (My, g) A1 (Ms, k) 435 Bismut Ricci “F3H. O
F2. w225 H T — i Bismut Ricei “FIHIRFOKFRHRIE HIA 07 1.

5. &5t

ASCHEFE T B AR IR ORI 1) Bismut B4, 25 H 17 OSGH f AR 3R 7K KRR LAY Bismut Bk
%%, Bismut 1%, Bismut Ricci HiZ2 1 Bismut A5 & il 52 (1) J5) H A PR 28 20, 1531 7 BGH H AR5 20K
FEAUE Bismut Ricei P32 HAUCY H 4y 8RB Y Bismut Ricel F3H. 3@ SUHLEIAR 7772, $24L T
— P& Bismut Ricei *FHIRFOKFFAIE FUHT ISR, X AW ST Bismut Ricei “FIHIR FOKRERRE 12
fE T — AN R

=S al=

E % HARFHAFE T E (12261088, 11761069).
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