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Abstract

Laplacian ratios of graphs were first considered by Brualdi et al. The Laplacian ratio

of π(G) is the permanent of the Laplacian matrix of G divided by the product of

degrees of all vertices. Brualdi and Goldwasser studied systematicly the properties
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of Laplacian ratios of graphs. In this paper, we investigate the Laplacian ratios of all

graphs obtained from complete graphs with 1-3 edges deleted.
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1. Úó

�M = [aij ](i, j ∈ 1, 2, 3, · · · , n)´ n��Ý
. M �ÈÚª½Â�

per(M) =
∑
σ∈Λn

n∏
i=1

aiφ(i),

Ù¥, Λn ´ n�é¡+. Valiant [1]y²
=¦�½3(0,1)-Ý
¥, ÈÚª�O��´ #P -��

�.

� G = (V (G), E(G))´�� n�º:Ú m^>�{üëÏã, di L« V (G)¥º: vi(i =

1, 2, . . . , n)�Ý. -ã G���Ý
ÚÝÝ
©OL«� A(G)Ú D(G). ã G�.Ê.dÝ
P

� L(G) = D(G)− A(G). ã G�.Ê.dÝ
´��1Ú��ÚÑ�u 0�é¡Ý
. .Ê.d

Ý
3ïÄ��ã�E,5(ã�)¤ä�ê8)¥åX­���^. éu��Ý
ØU«©��Ó

�ã, .Ê.dÝ
�±éÐ/«©. Van Dam ÚW. Haemers[2] Lã
�7ã�'éÝ
(2Â

��Ý
). 3ïÄã��
5��, ÃÎÒ.Ê.dÝ
q��\�B, [3, 4]y²
ù�*:´�

(�. 
�, ^ÃÎÒ.Ê.dÝ
�ÌïÄã��
5�'^��Ì�\k�[5–8]. ��, ÃÎÒ

.Ê.dÝ
�8Ü´�a�KÝ
, �z�Ý
Ñäk|Ü¿Â.

3ã�.Ê.dÝ
�Ä:þ, NõÆöm©ïÄã�.Ê.dÝ
ÈÚª. Brualdi Ú

Goldwasser[9]�Ñ
äÚ�Üã�.Ê.dÈÚª��
(J: ¹k n�º:�ä½�Üã�.Ê

.dÈÚª����Ú���. ��
 perL(G)�.. � G´ä�, �â G¥º:�Ý!�»Ú�

����, ��
.Ê.dÈÚª����. �.Ê.dÈÚª�����', �â¥º:�Ý, �

»Ú�����¦�¹k n�º:�ä�.Ê.dÈÚª�����\(J. ¦�JÑ
n�¯

K:

¯K1. ([9]) ¹k n�º:�ä3�»�õ� k�, .Ê.dÈÚª����´õ�?

¯K2. ([9]) ¹k n�º:�ä3��êØ�L k�, .Ê.dÈÚª����´õ�?
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¯K3. ([9]) ¹k n�º:�äk (p, q)-�Üy©�§.Ê.dÈÚª����´õ�?

BrualdiÚGoldwasser[9]�Ñ
ã�.Ê.d'Ç π(G)�½Â, =ä T �.Ê.dÝ
ÈÚª

�Ù¤kº:Ý�¦È.

π(G) =
perL(G)

d1d2 · · · dn
.

ã�.Ê.d'Ç3ÚOÔn, ©fzÆ, Ã�Ï&��¡kX­��/ . ã�.Ê.d'Ç��

±O�ãE,5. Brualdi Ú Goldwasser[9]ÄgïÄ
ã�.Ê.d'Ç, ¦�ïÄ
ä�.Ê.

d'Ç�., ¦�?�Ú31983cJÑ
'uä�.Ê.d'Çn�úm¯K:

¯K4. ([9]) n�º:�»��� k�ä.Ê.d'Ç����´õ�?

¯K5. ([9]) n�º:äk k-���ä.Ê.d'Ç����´õ�?

¯K6. ([9]) n�º:ä.Ê.d'Ç����´õ�? ��»�õ� k�? ����õ� k

�?

3L��o�cp, Goldwasser [10] )û
¯K 5, �e�¯K�vk�)û. 8céã�.Ê

.d'Ç�ïÄÚå
Öö2�'5. ,
, 'u��ã�.Ê.d'Ç�ïÄvk?Ûí?. 3

ù�©Ù¥, ·�ïÄ
��ã�.Ê.d'Ç. ù�©Ù�Ù!SüXe: ©Ù�1�!´cÏO

�, ·��Ñ
�
½ÂÚÚn. 3©Ù�1n!, í�Ñ
��ã.Ê.d'Ç�O�úª. 31

o!¥, '�
��ãíØí 1-2^>�.Ê.d'Ç��
(J. ·�3©Ù1Ê!¥�Ñ
�

�'u��ãí 3^>�.Ê.d'Ç�?Ø.

2. cÏO�

3ù�Ù!, ·�ò�Ñ�
½ÂÚÚn, ^u�¡£ãÚy²·��(J.

�©�Ä�ãÑ´Ã��, k��Ú{ü�. éuã G�fã H , G− E(H)� G´�� n�

º:{üã, eÙ?¿ü�º:Ñ´���, K¡ G´����ã, P�Kn. � G 0
n = Kn´��¹

n ≥ 1���ã�8Ü. ·�3ã1 �x
 1-3^>ã, ¤k�ã|¤8Ü G . éum ≥ 1� n ≥ 2m

, �Rm
n ��ãKn íØm^>��ã�8Ü. éu Rmi ∈ Rm

n Ú Gmi ∈ G , � Rmi = Kn −Gmi .

?
��
ã�8ÜR1
n, R2

nÚR3
n.

Figure 1. The set of all graphs in G

ã 1. G¥¤kã�8Ü
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� B ´�� n× n�¤k�Ñ´ 0½ 1Ý
, ·��±ò B w��� n× n�Ú�, Ù¥ 1�

 �Ø�B�, 0� ��B�. rt(B)L«3 B Ø�B� �{� k�ØÓ1ØÓ����ü�

ê. �
�B, éu?¿Ú� B , ½Â r0(B) = 1 . ,	, XJ t > min{rB, cB} , K r0(B) = 0 , Ù¥

rB ´ B ��"1��ê, cB ´ B ��"���ê.

½Â2.1. B ��õ�ª´��'u {rt(B)}�)¤¼ê.

R(B, x) = 1 + r1(B)x+ r2(B)x2 + · · · =
∑
k≥0

rt(B)xt.

P B ��õ�ª´��gê�õ�min{rB, cB} ≤ n .

Ún2.1. ([11]) XJÚ� B � B
′
´Ø��, K

R(B +B
′
, x) = R(B, x)R(B

′
, x).

Ún2.2. ([11]) - A´�� n× n�(0,1)-Ý
, K

per(A) =
n∑
t=0

(−1)trt(B)(n− t)!,

Ù¥, B = J −A

½n 2.3 5gÈÚª�½Â. ´Í¶�.Ê.dÐm½n.

½n2.3. � A?¿�� n× n�Ý
. i, j ��ê�÷v1 ≤ i ≤ nÚ1 ≤ j ≤ n. K

perA =
∑
i

aijperAij perA =
∑
j

aijperAij ,

Ù¥Aij ´A Ý
íØ1 i1Ú1 j �¤��� (n− 1)× (n− 1)Ý
.

3. ��ã�.Ê.d'Ç

�ãG´��º:8� V = {v1, · · · , vn} ,Ù¥, vi�Ý� di (i = 1, · · · , n) . �K ⊆ {1, · · · , n}
, G¥¤kfã H |¤�8ÜH (K)ke¡ü^5�:

(1)ã H �º:´ {vi : i ∈ K} .

(2) H �z��ëÏÜ©´���á>½�.

éu H ∈H (K) , c(H)L«H¥���ê, c0(H)L«Û��ê8.

Ún3.1. ([9]) éu��äk n�º:�ã G , K

perL(G) =
∑

K⊆{1,··· ,n}

∑
H∈H (K)

(−1)c0(H)2c(H)
∏
i/∈K
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½n3.2. �ã G´ n�º:���ã, K

π(G) =
n∑
s=1

s∑
t=1

(−1)tCsn · Cts(s− t)!
(1− n)s

,

y² ·�òÝ
 L(G)�¤k��Ñ¦± −1 , ���Ý
� L
′
(G) .

L(G) =



n− 1 −1 · · · −1 −1

−1 n− 1 · · · −1 −1
...

...
. . .

...
...

−1 −1 · · · n− 1 −1

−1 −1 · · · −1 n− 1


,

L
′
(G) =



1− n 1 · · · 1 1

1 1− n · · · 1 1
...

...
. . .

...
...

1 1 · · · 1− n 1

1 1 · · · 1 1− n


.

d½n 2.3 ��, perL(G) = (−1)nperL
′
(G) . perL

′
(G)�z�� a1φ(1)a2φ(2)

· · · anφ(n) Ñ´Ý
 L
′
(G)ØÓ1ØÓ����¦È, Ù¥ aiφ(i) ´ L

′
(G)1 i11 j ���, ½Â

P = {a1φ(1)a2φ(2) · · · anφ(n)} . dÚn 3.1 ��, �±ò P �z��©� n + 1 �: é���¹ 1

�, �¹ 2�, · · · , �¹ n�. � L
′
(G)�é����À n��, �k 1�= (1 − n)n ; � L

′
(G)

�é����À n − 1��, �k C1
n �= (1 − n)n−1 perA(K1) = 0 ; � L

′
(G)�é����À

n− 2��, �k C2
n�= (1− n)n−2 perA(K2) ; � L

′
(G)�é����À n− 3��, �k C3

n�=

(1− n)n−3 perA(K3) ; · · · ; � L
′
(G)�é����À 0��, �k 1�= perA(Kn) . ¤±,

perL(G) = (−1)n[C0
n(1− n)n + C1

n(1− n)n−1 perA(K1) + · · ·+ Cnn perA(Kn)]

=

n∑
s=1

(−1)nCsn(1− n)n−s perA(Ks), (1)

Ù¥, perA(K0) = perA(K1) = 0 .

dÚn 2.2 ��, perA(Ks) =
s∑
t=0

(−1)trt(B)(s − t)!. Ï� B = J −Ks = Is, ¤± R(B, x) =

R(Is, x). dÚn 2.1 ��, R(Is, x) = (1 + x)s . d½Â 2.1 ��, rt(B) = Cts , ¤±,

perA(Ks) =
s∑
t=0

(−1)tCts(s− t)!. (2)

ò(2)�\(1)��:

perL(G) =
n∑
s=1

s∑
t=1

(−1)n+tCsn · Cts(1− n)n−s(s− t)!.
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Ï���ã�ÝS�� n− 1, n− 1, . . . , n− 1 , ¤±,

π(G) =
per(G)

(n− 1)n−1
=

n∑
s=1

s∑
t=1

(−1)tCsn · Cts(s− t)!
(1− n)s

.

4. ��ãí>�.Ê.d'Ç

Ún4.1. � Di
n´é����� i� −1Ú n− i� n− 1Ù§��þ� −1� n�Ý
. K

per(D1
n) = (n− 1)!per(D1

2)−
n−2∑
j=1

Aj−1
n−1perA(Kn−j)

per(D2
n) =

(n− 1)!

2!
per(D2

3)−
n−3∑
j=1

Aj−1
n−1perA(D1

n−j)

...

per(Di
n) =

(n− 1)!

i!
per(Di

i+1)−
n−i−1∑
j=1

Aj−1
n−1perA(Di−1

n−j)

y² D1
näke��Ý
/ª:

D1
n =



−1 −1 · · · −1 −1

−1 n− 1 · · · −1 −1
...

...
. . .

...
...

−1 −1 · · · n− 1 −1

−1 −1 · · · −1 n− 1


.

*	Ý
 D1
n, �±�Ñ per(D1

n)− (n− 1)per(D1
n−1) + perA(Kn−1) = 0 . ?�Ú�±�Ñ

per(D1
n) =(n− 1)per(D1

n−1)− perA(Kn−1)

=(n− 1)(n− 2)per(D1
n−2)− (n− 1)perA(Kn−2)− perA(Kn−1)

=(n− 1)(n− 2)(n− 3)per(D1
n−2)− (n− 1)(n− 2)perA(Kn−3)

− (n− 1)perA(Kn−2)− perA(Kn−1)

= · · ·

=per(D1
2)− perA(Kn−1)− (n− 1)perA(Kn−2)

− · · · − (n− 1)(n− 2) · · · 3 perA(K2)

=(n− 1)!per(D1
2)−

n−2∑
j=1

Aj−1
n−1perA(Kn−j).
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aq/,

per(Di
n) =(n− 1)per(Di

n−1)− per(Di−1
n−1)

=(n− 1)(n− 2)per(Di
n−2)− (n− 1)per(Di−1

n−2)− per(Di−1
n−1)

=(n− 1)(n− 2)(n− 3)per(Di
n−3)− (n− 1)(n− 2)per(Di−1

n−3)

− (n− 1)per(Di−1
n−2)− per(Di−1

n−1))

= · · ·

=
(n− 1)!

i!
per(Di

i+1)− per(Di−1
n−1)− (n− 1)per(Di−1

n−2)

− · · · − (n− 1)(n− 2) · · · (n− i+ 1)per(Di−1
n−i)

=
(n− 1)!

i!
per(Di

i+1)−
n−i−1∑
j=1

Aj−1
n−1per(Di−1

n−j).

½n4.2. 3R1
n = {R11}¥, �±�Ñ:

π(R11) =

n−2∑
s=1

s∑
t=1

(−1)s+tCsn · Cts(s− t)!
(n− 1)n+s−2

+
2per(D1

n−2)

(n− 2)(n− 1)n−2
+

per(D2
n−2)

2(n− 2)(n− 1)n−2
.

y² R11�ÝS�� n− 1, n− 1, . . . , n− 1, n− 2, n− 2 , ã R11�.Ê.dÝ
Xe:

L(R1) =



n− 2 0 −1 · · · −1 −1

0 n− 2 −1 · · · −1 −1

−1 −1 n− 1 · · · −1 −1

...
...

...
. . .

...
...

−1 −1 −1 · · · n− 1 −1

−1 −1 −1 · · · −1 n− 1


.

*	Ý
 L(R11)�(�, �â½n 2.3 ��, Uìcü1Ðm��:

per(R11) =

n−2∑
t=0

(n− 2)2perL(Kn−2) + 2(n− 2)per(D1
n−2) + C2

n−2per(D2
n−2).

¤±d½n 3.2 ��

π(R11) =
per(R11)

(n− 2)2(n− 1)n−2

=

n−2∑
s=1

s∑
t=1

(−1)s+tCsn · Cts(s− t)!
(n− 1)n+s−2

+
2D1

n

(n− 2)(n− 1)n−2
+

D2
n

2(n− 2)(n− 1)n−2
.
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½n4.3. 3R2
n = {R21, R22}¥, �±�Ñ:

π(R21) =
(n4 − 8n3 + 27n2 − 48n+ 38)perL(Kn−4)

(n− 3)(n− 2)2(n− 1)n−3

+
(−4n3 + 32n2 − 100n+ 120)per(D1

n−4)

(n− 3)(n− 2)n−2(n− 1)n−3
+

(12n2 − 80n+ 154)per(D2
n−4)

(n− 3)(n− 2)n−2(n− 1)n−3

+
(−24n+ 96)per(D3

n−4)

(n− 3)(n− 2)n−2(n− 1)n−3
+

24per(D4
n−4)

(n− 3)(n− 2)n−2(n− 1)n−3
,

π(R22) =
(n4 − 8n3 + 28n2 − 48n+ 36)perL(Kn−4)

(n− 2)4(n− 1)n−4

+
(−4n3 + 32n2 − 96n+ 112)per(D1

n−4)

(n− 2)4(n− 1)n−4
+

(12n2 − 80n+ 15)per(D2
n−4)

(n− 2)4(n− 1)n−4

+
(−24n+ 96)per(D3

n−4)

(n− 2)4(n− 1)n−4
+

24per(D4
n−4)

(n− 2)4(n− 1)n−4
.

y² R21 �ÝS�� n − 1, n − 1, . . . , n − 1, n − 2, n − 2, n − 3 , R22 �ÝS�� n − 1, n −
1, . . . , n− 1, n− 2, n− 2, n− 2, n− 2 . ã R21Ú R21�.Ê.dÝ
Xe:

L(R21) =



n− 3 0 0 −1 −1 · · · −1 −1

0 n− 2 −1 −1 −1 · · · −1 −1

0 −1 n− 2 −1 −1 · · · −1 −1

−1 −1 −1 n− 1 −1 · · · −1 −1

−1 −1 −1 −1 n− 1 · · · −1 −1

...
...

...
...

...
. . .

...
...

−1 −1 −1 −1 −1 · · · n− 1 −1

−1 −1 −1 −1 −1 · · · −1 n− 1


Ú

L(R22) =



n− 2 0 −1 −1 −1 · · · −1 −1

0 n− 2 −1 −1 −1 · · · −1 −1

−1 −1 n− 2 0 −1 · · · −1 −1

−1 −1 0 n− 2 −1 · · · −1 −1

−1 −1 −1 −1 n− 1 · · · −1 −1

...
...

...
...

...
. . .

...
...

−1 −1 −1 −1 −1 · · · n− 1 −1

−1 −1 −1 −1 −1 · · · −1 n− 1



.
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*	Ý
 L(R21)Ú L(R22)�(�, �â½n 2.3, Uìco1Ðm��:

per(R21) =(n4 − 8n3 + 27n2 − 48n+ 38)perL(Kn−4)

+ (−4n3 + 32n2 − 96n+ 120)per(D1
n−4) + (12n2 − 80n+ 15)per(D2

n−4)

+ (−24n+ 96)per(D3
n−4) + 24per(D4

n−4),

per(R22) =(n4 − 8n3 + 28n2 − 48n+ 36)perL(Kn−4)

+ (−4n3 + 32n2 − 100n+ 120)per(D1
n−4) + (12n2 − 80n+ 154)per(D2

n−4)

+ (−24n+ 96)per(D3
n−4) + 24per(D4

n−4).

¤±d.Ê.d'Ç�½Â��

π(R21) =
per(R21)

(n− 3)(n− 2)2(n− 1)n−3

=
(n4 − 8n3 + 27n2 − 48n+ 38)perL(Kn−4)

(n− 3)(n− 2)n−2(n− 1)n−3

+
(−4n3 + 32n2 − 100n+ 120)per(D1

n−4)

(n− 3)(n− 2)n−2(n− 1)n−3
+

(12n2 − 80n+ 154)per(D2
n−4)

(n− 3)(n− 2)n−2(n− 1)n−3

+
(−24n+ 96)per(D3

n−4)

(n− 3)(n− 2)n−2(n− 1)n−3
+

24per(D4
n−4)

(n− 3)(n− 2)n−2(n− 1)n−3
,

π(R22) =
per(R22)

(n− 2)4(n− 1)n−4

=
(n4 − 8n3 + 28n2 − 48n+ 36)perL(Kn−4)

(n− 2)4(n− 1)n−4

+
(−4n3 + 32n2 − 96n+ 112)per(D1

n−4)

(n− 2)4(n− 1)n−4
+

(12n2 − 80n+ 15)per(D2
n−4)

(n− 2)4(n− 1)n−4

+
(−24n+ 96)per(D3

n−4)

(n− 2)4(n− 1)n−4
+

24per(D4
n−4)

(n− 2)4(n− 1)n−4
.

½n4.4. 3R2
n = {R21, R22}¥, �±�Ñ:

π(R21) < π(R22)
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y²

π(R22)− π(R21)

=
(n4 − 8n3 + 28n2 − 48n+ 36)perL(Kn−4)

(n− 2)4(n− 1)n−4

+
(−4n3 + 32n2 − 96n+ 112)per(D1

n−4)

(n− 2)4(n− 1)n−4
+

(12n2 − 80n+ 15)per(D2
n−4)

(n− 2)4(n− 1)n−4

+
(−24n+ 96)per(D3

n−4)

(n− 2)4(n− 1)n−4
+

24per(D4
n−4)

(n− 2)4(n− 1)n−4

− [
(n4 − 8n3 + 27n2 − 48n+ 38)perL(Kn−4)

(n− 3)(n− 2)n−2(n− 1)n−3

+
(−4n3 + 32n2 − 100n+ 120)per(D1

n−4)

(n− 3)(n− 2)n−2(n− 1)n−3
+

(12n2 − 80n+ 154)per(D2
n−4)

(n− 3)(n− 2)n−2(n− 1)n−3

+
(−24n+ 96)per(D3

n−4)

(n− 3)(n− 2)n−2(n− 1)n−3
+

24per(D4
n−4)

(n− 3)(n− 2)n−2(n− 1)n−3
]

=
1

(n− 2)2(n− 1)n−4
[(4n3 − 26n2 + 56n− 44)perL(Kn−4)

+ (8n3 − 56n2 + 144n− 144)per(D1
n−4) + (−4n2 + 88n− 160)per(D2

n−4)

+ (24n− 96)per(D3
n−4)− 24per(D4

n−4)]

>
1

(n− 2)2(n− 1)n−4
[(12n3 − 96n2 + 312n− 568)(D4

n−4)].

Ï� n > 4 , ¤±

12n3 − 96n2 + 312n− 568 > 0,

¤±
1

(n− 2)2(n− 1)n−4
[(12n3 − 96n2 + 312n− 568)(D4

n−4) > 0.

?�Ú, π(R22) > π(R21) .

5. 5P

©Ùc¡0�
��ã.Ê.d'Ç�O�Ú��ãíØ 1-2>��
(J. éu��ãíØ

3^>, �±$^Ó���{. dÚn 4.1 ��, ·�^ Di
n O�Ñ R3

n ¥¤kã�.Ê.d'Ç

��. ,�æ^½n 4.4 �'��{, '�Ñ R3
n ¥¤kã�.Ê.d'Ç����'X. Brualdi

ÚGoldwasser[9] �Ñ
äÚ�Üã�.Ê.d'Ç��
(J. Ó�JÑ
'uä�.Ê.d'Ç

n�úm¯K. 8céu��ã�.Ê.d'Ç�ïÄ�'��, ��·���ÚïÄ. 'u��ã

�.Ê.d'Ç, ·�JÑ
±en�¯K:

¯K7. ([9]) n�º:�»��� k�ã.Ê.d'Ç����´õ�?

¯K8. ([9]) n�º:äk (p, q)-�Üy©�ã.Ê.d'Ç����´õ�?

¯K9. ([9]) n�º:�ã.Ê.d'Ç����´õ�? ��»�õ� k�, .Ê.d'Ç
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����´õ�? ����õ� k�, .Ê.d'Ç����´õ�?

±þJÑ�n�¯Kéu��ã.Ê.d'Ç�ïÄäk�½�í?�^, ��Öö2�'5.

3c<ïÄ�Ä:þ, �\ïÄã�.Ê.d'ÇkX­��d�. ùØ=��
­�¯K�Ñ),

�´íÄ
.Ê.dÝ
Ú.Ê.dÈÚª�ïÄ. î8��, þã'u.Ê.d'Ç��
­�

¯K�vk�)û, ÷Xù
¯KÐmïÄkX­�¿Â. ·�éã�.Ê.d'Ç?1��\�

ïÄ, éïÄã�E,5k�½�íÄ�^.
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