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Abstract

Let {X,;n>0} be asupercritical branching process with immigration and offspring mean m. The

Lotka-Nagaev estimator X, /X, is a common estimator for the offspring mean. In this paper,
we establish some kinds of Cramer moderate deviation results for the Lotka-Nagaev estimator via
TEAEE .
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a martingale method. For our proofs, we use the well-known Cramer method to prove the mod-
erate deviation of the sum of independent variables to satisfy our needs.

Keywords

Moderate Deviation, Supercritical, Galton-Watson Process, Cramer Method

Copyright © 2024 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

1. 531§
X (Z,),, R BIHIMEA 0, 7R o WAL R GBS B8 RATAI L, = 30 7, k&R (Z,),,

=1 =i

HIER o Ail. (BB E exp[c0 |Zl|] <o X FHIAE R C, >0 #on, SFHAHe%MF0<x=0 (n”) i X,
Cramer ZE37 T 40 # A f 22 45 2R

(1.1

In P(tn_;)((j)\m)%zo[l;;]

Hrinoo, ¢(x) =J/x/ﬁj;eXp(—t2/2)dt e M HER IES 00 o b 4S5 Il 4R A Cramer FR 2
BATH0 T 5 XA F B IF) Galton-Watson i F4 :

Xy =1, X, =320 +Y, , AFHAMN=0. 12)
5 m ORI AR SR AR R,
m=EX, . (1.3)
P v RTR X, R 2, T
V2 =E(X,-m)’ =Var(X,). (1.4)

NT HERE, ASCHFTA R v #UZIER . Lotka-Nagaev fliit = X, ,, /X, & kAt G H1ME m 1
WAL AR, BAMER p, =0, N Lotka-Nagaev fiti i15 & & SR 451 P-a.s.

MR A 5 1SR R B, il 22 2 07T Galton-Watson S R (B 7 [z —, Sl T & E &1
2R IVRIFR[LIRFAE T 5 A B8 B LI 50 SO R R AR IR Sl %6 . XA [2]0F 58 T i B B )
LGS SOOI R KA ZE, Sk T BTSN T AR R LI R SO FE R AU SR . IRIK 3] 5T
T RENLIAEE T ) _FIG 5 2 A4 3OS AR K Kesten-Stigum Y HE

ITEEAER,  Lotka-Nagaev filiit &t 512 & E #3172 KiE . 140, Paul Doukhan Fan 1 Gao [4]
FIF#775:45 2] T Lotka-Nagaev 1511 1) Cramer " s % 45 5 . Bercu Al Touati [S]i@ H 10— {b 877445
T Lotka-Nagaev {115 ¥ 15 %0145 X Fleischmann il Wachtel [6]7% & | Lotka-Nagaev fiit &S, /Z,
MOHES, JF EEAESCER[7IR T T LG 5t GW I FE IR W ZE e o JR N = [B1WIF 7L 1 14 B 43 SO F2 1 Lotka-
Nagaev it &z, 53] 7485530 F210 Lotka-Nagaev {5 1 o fi 22 B . TEAMAR9]
WF5E 7 HVH—4k Cramer H1{ % . Ney Al Vidyashanka [10]5 57 T Lotka-Nagaev fifi 15 itk fhi 22 FE R H 5 .
Athreya [11]%15T T Galton-Watson i #2 () Lotka-Nagaev fli i1 & (1) K {2 -

AIRSAE T — T B3 B A 2 R i 7 Galton-Watson i #2(%) Cramer H 2245 3 .

DOI: 10.12677/pm.2024.145163 79 biile e


https://doi.org/10.12677/pm.2024.145163
http://creativecommons.org/licenses/by/4.0/

Wi, T

2. XEFELIKIERR
51H 421 X GWI LR, FATH
P(X,<n)<C,exp(-C,n). (2.2)

HHC,>0.
ICEE

. (22)
SP( ZiSnjgclexp(—Con)
i=1
SEBE 4.2.2 fBH Eexp[Cy|X,|]<oo I, Hxt FHEMHEC, >0, MTHAM X, #HH
O<x=0(n"?), LR
Inp(sn>xm/ﬁ)|: (C1+sz+03x2+x3) 2.3)
1-g(x) | Jn
Ho S, =30 Z,4+Y, s p(x)=Y2n [ exp(~t/2)dt RN EA S
W] RAEEMR AN, RATE
P(s, >XO'\/H)=P( y zi+Yn>xwﬁJ
i=1
=iP(Yn=j)P(izi>fo—jj
j=1 i=1
(2.4)
< . n XG\/_—j
_ép(vn_J)P{ngaﬁ[ " ﬂ
< : i
=3 P(Y,=j)P,| x——~=
S, - )P -1
MR SCRR[4]H I (L.1) 20, FRATAT PSR LT A AEE
j 3
1+ Xx——
i i [ cr\/ﬁj
- C1-g| x——= — OVIJ | 25
O R o 9
j j e e )
S gl x4 | ovNnJ 26
Pn[x O_\/EJ>C{1 ¢(x O_\/ﬁﬂexp 7 (2.6)
s & T AR
r 1 L
\/ﬁ(l+x)e <1 ¢(x)£\/g(1+x)e , X20 2.7

DOI: 10.12677/pm.2024.145163 80 FHIBH 2


https://doi.org/10.12677/pm.2024.145163

Wi, TR

FATAT LA 3
1 exp (X_afj
2
m(m_dﬂ
, (2.8)
- -4
sl—¢[x— \J/_)s ! j exp 26\/5 , X220
a/n
e )
RE.7)F1(2.8), HATH
1-g(x—t) ~2(L1+x) ot o
= 9(x) < Tix 1 exp| xt 5|’ ﬁ;qﬂt_m (2.9)
1-¢(x-t) 1+x ot
1—¢(x) >\/§(1+x—t)eXp{Xt 2} (2.10)
AR (2.5)F1(2.9), FATTHTLATS 2
\/—(1+x 1+(x- t) j?
[ZZ >XO'\/H—jj<C [1 #(x)Jex {
l \/_ 20°n 2.11)
<C4[1—¢(x)]exp(cl+czxjﬁc3x +X ]
PR
P(Zn;zi > xo/n - jj>C5 [1—¢(x)]exp[c1+c2xjﬁcsxz+X3J, 2.12)
%, RAEFRE®,
InP(Sn>X0\/H)|=O[Cl+czx+csx2+x3j
()| N

SECHk
[1] Sun, Q. and Zhang, M. (2017) Harmonic Moments and Large Deviations for Supercritical Branching Processes with
Immigration. Frontiers of Mathematics in China, 12, 1201-1220. https://doi.org/10.1007/s11464-017-0642-3

[2] Liu, J.N. and Zhang, M. (2016) Large Deviation for Supercritical Branching Processes with Immigration. Acta Ma-
thematica Sinica, English Series, 32, 893-900. https://doi.org/10.1007/s10114-016-5437-z

[3] Grama, I., Liu, Q.S. and Pin, EW. (2023) A Kesten-Stigum Type Theorem for a Supercritical Multitype Branching
Process in a Random Environment. The Annals of Applied Probability, 33, 1213-1251.
https://doi.org/10.1214/22-AAP1840

[4] Doukhan, P., Fan, X.Q. and Gao, Z.Q. (2023) Cramér Moderate Deviations for a Supercritical Galton-Watson Process.
Statistics and Probability Letters, 192, 109711. https://doi.org/10.1016/j.spl.2022.109711

[5] Bercu, B. and Touati, A. (2008) Exponential Inequalities for Self-Normalized Martingales with Applications. The An-
nals of Applied Probability, 18, 1848-1869. https://doi.org/10.1214/07-AAP506

[6] Fleischmann, K. and Wachtel, V. (2008) Large Deviations for Sums Indexed by the Generations of a Galton-Watson

DOI: 10.12677/pm.2024.145163 81 IR HF


https://doi.org/10.12677/pm.2024.145163
https://doi.org/10.1007/s11464-017-0642-3
https://doi.org/10.1007/s10114-016-5437-z
https://doi.org/10.1214/22-AAP1840
https://doi.org/10.1016/j.spl.2022.109711
https://doi.org/10.1214/07-AAP506

Wi, T

Process. Probability Theory and Related Fields, 141, 445-470. https://doi.org/10.1007/s00440-007-0090-1

[71 Fleischmann, K. and Wachtel, V. (2007) Lower Deviation Probabilities for Supercritical Galton-Watson Processes.
Annales de I’IHP Probabilites et Statistiques, 43, 233-255. https://doi.org/10.1016/j.anihpb.2006.03.001

[8] Zhu, Y.J. and Gao, Z.L. (2020) Moderate Deviations for Lotka-Nagaev Estimator of a Simple Branching Process. Ma-
thematica Applicata, 33, 240-245.

[9] Fan, X.Q. and Shao, Q.M. (2023) Self-Normalized Cramer Moderate Deviation for a Supercritical Galton-Watson
Process. Journal of Applied Probability, 60, 1281-1292. https://doi.org/10.1017/jpr.2022.134

[10] Ney, P.E. and Vidyashankar, A.N. (2003) Harmonic Moments and Large Deviation Rates for Supercritical Branching
Processes. The Annals of Applied Probability, 12, 314-320. https://doi.org/10.1214/a0ap/1050689589

[11] Athreya, K.B. (1994) Large Deviation Rates for Branching Processes—I. Single Type Case. The Annals of Applied
Probability, 4, 779-790. https://doi.org/10.1214/a0ap/1177004971

DOI: 10.12677/pm.2024.145163 82 HsE


https://doi.org/10.12677/pm.2024.145163
https://doi.org/10.1007/s00440-007-0090-1
https://doi.org/10.1016/j.anihpb.2006.03.001
https://doi.org/10.1017/jpr.2022.134
https://doi.org/10.1214/aoap/1050689589
https://doi.org/10.1214/aoap/1177004971

	带有移民的上临界Galton-Watson过程的Cramer中偏差
	摘  要
	关键词
	Cramer Moderate Deviations for a Supercritical Galton-Watson Process with Immigration
	Abstract
	Keywords
	1. 引言
	2. 主要定理以及证明
	参考文献

