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Abstract

This article draws upon the forward Euler method to discretize a continuous model

with a ratio-dependent functional response function, thereby obtaining a new differ-
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ence equation mode. By using the coincidence degree theorem and some prior esti-

mates, the existence results of positive periodic solutions for differential systems is

obtained. And the relevant theoretical results were verified through numerical simu-

lation.
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1. Úó

Ó öÚ�Ô�ÄåÆ1�´)�Æ�Ì�ïÄ�¡��,ÄåÆXÚ�nØïÄ�±�Ï·

�n)Ô«�?z"1963c, RosenzweigÚMacArthur [1]3 Holling IIõU�A�Ä:þJÑ


Rosenzweig-MacArthur�.,ýÿ
Ó ö-�Ó �p�^�­½5^�"

BrauerÚ Soudack [2]��
«+�.¥'~�ÇÓ¼'ð½�ÇÓ¼éXÚZ6���(

J"Kumar [3]�<y²
Ó ö±ð½��ÇÂ¼�Â¼Ç�L�½�Ý�,­½�­�¬�)

±Ï)"Wei [4]ïÄ
��äk Holling III.õU�AÚÂ¼��±ÏÓ XÚ,y²
±Ï)�

�35"2012c, Chakraborty [5] �<ÏLïÄÓ - �Ó �.,��
3�½ëê��S±Ï

)�LyÑV­�"Marick [6]�<ïÄ
äkü�Ô«ÀJ5��5�ÚÂ¼�Ó -�Ó �.

���ÄåÆ"�õk'�kÂ¼��Ó -�Ó �.�ïÄ(J� [7–12]"

CAc5,äkù«=�6u�Ô��AõU��.��¡�X5g)ÔÆÚ)nÆ.�]Ô

(� [13–18])"Äu�5�õ�)ÔÆÚ)nÆ�â,�
)ÔÆ[@�,3Ãõ�¹e,AO´�Ó

 ö7L©�½¿� Ô�,Ó �.¥�õU�AAT´'~�6�"�Ó ö�êþCz�ú

� (�éu�Ô�Cz),Ó ö�m²~�3¿�,<þÓ Ç�ûu�Ó öÚÓ ö�êþ,é

�U�´�ûu§��'~"�±oÑ/`,Ó ö<þO�ÇAT´�Ô�Ó öêþ�'�¼

ê,ù���
�þ¢�¿¢�Ú*ÿ�kå|± (� [9, 19, 20])"Ïd,äk'Ç�6õU�A¼

êÚÂ¼��Ó -�Ó �.�^±e�§|L«:
dx

dt
= rx

(
1− x

K

)
− αxy

hy + x
− q1e1x,

dy

dt
=

βxy

hy + x
−my − q2e2y,

(1)
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Ù¥ x(t)Ú y(t)©OL«3?¿�m t��Ô«+�ÝÚÓ ö«+�Ý, r´�Ô�S3)�Ç,

K L«�Ô«+��¸NBþ, mL«Ó «+�g,k�Ç, α�LÓ Ç� β = αc,Ù¥ cL«

�Ô)Ôþ�Ó ö)Ôþ�=�Xê, hL«��Ú~ê"q1Ú q2©OL«�ÔÚÓ ö��Ó

5Xê, e1Ú e2©OL«�\3�Ô«+ÚÓ ö«+þ�Â¼å"

du�õêïÄ(JÑ´�éäkð½�¸��.,=¤k�)Ô½ö�¸ëêþ�'u�m

�~ê"�´3¢S)¹¥,Nõ)ÔÚ�¸ëêÑ¬�X�m�í£
Cz"'X`:g,.¥

«+�Cz¬É�G!Ø5KÅÄ�K�,½ödu��S.ÚG!���Ï,·��±b�ù


ëêþ´±Ï�½ö´A�±Ï�,=�.:
dx

dt
= r(t)x

(
1− x

K

)
− α(t)xy

h(t)y + x
− q1e1(t)x,

dy

dt
=

β(t)xy

h(t)y + x
−m(t)y − q2e2(t)y,

(2)

Ù¥ r(t), α(t), β(t), e1(t), e2(t),m(t), h(t)þ� ω−±Ï¼ê,¤k�CþÚëê�XÚ (1)¥�k

�Ó�)ÔÆ¿Â,3dØ�­E)º"

�«+äkØ­U­��,lÑ�m�.'ëY�m�.�äÜn5,lÑ�m�.��±�

ëY�m�.�ê��[Jøk�O�"éu'Ç�6�Ó -�Ó XÚ,ù��ó��Ø´é

õ [21–23]"Ïd,�©òé (2)¤éA�lÑ�.�ÄåÆ1�?1ïÄ"

�©�Ì�µeXe:31�Ü©,ÏL$^�c Euler�{éëY�. (2)?1lÑz,��

�éA�lÑ�."31nÜ©,ÏL­ÜÝnØÚ�'½n��lÑ�.�±Ï)��35^

�"1oÜ©ÏLê��[é�'nØ?1
�y"

2. ý��£

duí�ÄåXÚëY�méA�lÑ�m����{Ø��,¤±é­U­��.?1·

�?U,ÏL©ã~êgCþ�§ïá�­U­�«+�."'u©ã~êgCþ��©�§,ë

� [24]"Äk,b�XÚ (2)¥�²þO�Ç±�½��mm�Cz"Ïd,��±eXÚ:
1

x1(t)

dx1(t)

dt
= r
(
[t]
)(

1−
x1
(
[t]
)

K

)
−

α
(
[t]
)
x2
(
[t]
)

h
(
[t]
)
x2
(
[t]
)

+ x1
(
[t]
) − q1e1([t]),

1

x2(t)

dx2(t)

dt
=

β
(
[t]
)
x1
(
[t]
)

h
(
[t]
)
x2
(
[t]
)

+ x1
(
[t]
) −m([t])− q2e2([t]), (3)

Ù¥ [t]L« t��êÜ©� t ∈ (0,+∞),þãXÚ (3)�¡�äk©ã~êgCþ��©�§"

éuXÚ (3)�),��´� t ∈ (0,+∞)�½Â�¼ê x = (x1, x2)
T ,¿�§äk±e5�:Ä

k,3z�«m [j, j + 1]þ÷vXÚ (3)¥��§,Ù¥ j = 0, 1, 2, ..."Ùg, x3 [0,∞)þ´ëY

�"��, dx1(t)
dt
Ú dx2(t)

dt
�3,Ù¥ t ∈ (0,+∞)"

3 [j, j + 1) , j = 0, 1, 2, ...�¤k«mþ,éXÚ (3)?1È©,¿��� j ≤ t ≤ j + 1, j =
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0, 1, 2, ...��XÚXe:
x1(t) = x1(j) exp

{[
r(j)

(
1− x1(j)

K

)
− α(j)x2(j)

h(j)x2(j) + x1(j)
− q1e1(j)

](
t− j

)}
,

x2(t) = x2(j) exp
{[ β(j)x1(j)

h(j)x2(j) + x1(j)
−m(j)− q2e2(j)

](
t− j

)}
"

(4)

- t→ j + 1,KlXÚ (4)¥��
x1(j + 1) = x1(j) exp

{
r(j)

(
1− x1(j)

K

)
− α(j)x2(j)

h(j)x2(j) + x1(j)
− q1e1(j)

}
,

x2(j + 1) = x2(j) exp
{ β(j)x1(j)

h(j)x2(j) + x1(j)
−m(j)− q2e2(j)

}
"

(5)

þã�.´ëY�. (2)¤éA�lÑ�."

�©òïÄlÑXÚ (5)�±Ï)��35"P

Iω = {0, 1, 2, · · · , ω − 1}"

3XÚ(5)¥,·�ob� h, m, r, α, β, e1, e2 : Z → R+´ ω±Ï�,=:

r(j + ω) = r(j), α(j + ω) = α(j), e1(j + ω) = e1(j), h(j + ω) = h(j),

β(j + ω) = β(j), m(j + ω) = m(j), e2(j + ω) = e2(j),

�½Â

h =
1

ω

ω−1∑
j=0

h(j), β =
1

ω

ω−1∑
j=0

β(j), α =
1

ω

ω−1∑
j=0

α(j),

m =
1

ω

ω−1∑
j=0

m(j), r =
1

ω

ω−1∑
j=0

r(j), ei =
1

ω

ω−1∑
j=0

ei(j), i = 1, 2"

é?¿ j ∈ Z,km > 0, ei > 0, r > 0, h > 0,Ù¥ ω´���½���ê"

XÚ (5)¥�§��ê/ª(�
TXÚéu?ÛÐ©^� x1(0) > 0, x2(0) > 0�c�;,

(x1(j), x2(j))3¤k��mS,Ñ©ª�±3²¡����¥"

�©¤^óä½nXe:

½Â 1.1 [25] �X Ú Y �¢ Banach�m, L : Dom L ⊂ X → Y ´���5N�,e L÷v:

(i) Im L´ Y �4f�m;

(ii) dim Ker L = codim Im L < +∞"
K¡ L´��"�I� FredholmN�"

e L´��"�I� FredholmN�,K�3ëYÝK�f P : X → X Ú Q : Y → Y ,÷v

Im P = Ker L,KerQ = Im L = Im (I−Q)"P LP : Dom L∩Ker P → Im L´ L3Dom L∩Ker P
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þ���,K LP ´�_�,PKP = L−1P "

½Â 1.2 [25] � Ω� X �k.mf8, N : X → Y ´��ëYN�,XJ QN(Ω)k.�

KP (I −Q)N : Ω→ X ´;N�,K¡N� N 3 Ωþ´ L−;�"

Ún 1.1 [25] � L´"�I� FredholmN�, N 3 Ωþ´ L−;�,b�e�^�¤á:

(i) Ly 6= λNy,é ∀y ∈ ∂Ω ∩Dom L, λ ∈ (0, 1);

(ii) QNy 6= 0,é ∀y ∈ Ker L ∩ ∂Ω;

(iii) deg{JQN,Ω ∩Ker L, 0} 6= 0,Ù¥ J : Im Q→ Ker L�ðÓN�"

K�§ Ly = Ny3 Dom L ∩ Ωþ���3��)"

�
y²k��O,·��l [25]¥J�±eÚn"

Ún 1.2 [6] � f : Z → R´ ω±Ï�,= f(j + ω) = f(j),@oé?Û�½� j1, j2 ∈ Iω,�

é?Û j ∈ Z,k


f(j) ≤ f(j1) +

ω−1∑
n=0

|f(n+ 1)− f(n)|,

f(j) ≥ f(j2)−
ω−1∑
n=0

|f(n+ 1)− f(n)|"

½Â

l2 = {y = {y(j)} : y(j) ∈ R2, j ∈ Z}"

éu b = (b1, b2)
T ∈ R2,½Â |b| = max{b1, b2}"� lω ⊂ l2 L«¤käkþ(.�ê ‖ · ‖� ω ±

ÏS�,= ‖ y ‖= max
j∈Iω

| y(j) |,é?¿ y = {y(j) : j ∈ Z} ∈ lω"ØJy² lω ´��k���

Banach�m"

�e5½Â lω �ü�4�5f�m lω0 Ú lωc ,=

lω0 =

{
y =

(
y1(j)

y2(j)

)
∈ lω :

ω−1∑
j=0

y(j) = 0

}
,

lωc =

{
y =

(
y1(j)

y2(j)

)
∈ lω : y =

(
c1

c2

)
∈ R2, j ∈ Z

}
,

¿�k: lω = lω0 ⊕ lωc ,dim lωc = 2"

3. �±Ï)��35

½n 2.1 XJ β > m + q2e2 � r > q1e1 +
α

h
,KXÚ (5)�3��äkî��©þ� ω±Ï

),/X x̃(j) = (x̃1(j), x̃2(j))
T ,¿��3�~ê βiÚ γi, i = 1, 2,¦�:

βi ≤ x̃i(j) ≤ γi, i = 1, 2, j ∈ Z"
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y² Äk,Ø�b�

xi(j) = eyi(j), i = 1, 2"

K (5)�1���§C¤

ey1(j+1) = ey1(j)e
r(j)(1− ey1(j)

K )− α(j)ey2(j)

h(j)ey2(j)+ey1(j)
−q1e1(j)

,

u´ 
y1(j + 1)− y1(j) = r(j)(1− ey1(j)

K
)− α(j)ey2(j)

h(j)ey2(j)+ey1(j) − q1e1(j),

y2(j + 1)− y2(j) = β(j)ey1(j)

h(j)ey2(j)+ey1 (j)
−m(j)− q2e2(j)"

(6)

½Â X = Y = lω"¿�

(Ly)(j) = y(j + 1)− y(j),

�

(Ny)(j) =


r(j)

(
1− ey1(j)

K

)
− α(j)ey2(j)

h(j)ey2(j) + ey1(j)
− q1e1(j)

β(j)ey1(j)

h(j)ey2(j) + ey1(j)
−m(j)− q2e2(j)

"
KXÚ (5)=z��f�§ Ly = Ny"

é ∀y ∈ X, j ∈ Z,�±wÑ L´��k.�5�f�

Ker L = lωc , Im L = lω0 ,

±9

dim Ker L = 2 = codim Im L"

ù¿�XN� L´�I�"� FredholmN�"¿�½Âü�ÝK�f

Py = P

y1(j)
y2(j)

 =


1

ω

ω−1∑
n=0

y1(n)

1

ω

ω−1∑
n=0

y2(n)

 , y ∈ X, j ∈ Z,

Qz = Q

z1(j)
z2(j)

 =


1

ω

ω−1∑
n=0

z1(n)

1

ω

ω−1∑
n=0

z2(n)

 , z ∈ Y,

K

Im P = Ker L,Ker Q = Im L = Im
(
I −Q

)
"
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d	, L�2Â_ KP : Im L→ Ker P ∩Dom L�3¿�deª�Ñ

KP(z) =
ω−1∑
n=0

z(n)− 1

ω

ω−1∑
n=0

(ω − n)z(n)"

K QN �

QN(y) =


1

ω

ω−1∑
j=0

[
r(j)

(
1− ey1(j)

K

)
− α(j)ey2(j)

h(j)ey2(j) + ey1(j)
− q1e1(j)

]
1

ω

ω−1∑
j=0

[ β(j)ey1(j)

h(j)ey2(j) + ey1(j)
−m(j)− q2e2(j)

]
"

w,QN ÚKP (I −Q)N ´ëY�,¿�§�´k.ëY¼ê�k.ëY¼ê�N�"duX

´k�� Banach�m,ÏL¦^Arzela-Ascoli½n,ØJy² QN(Ω)ÚKP (I −Q)N(Ω)éu?Û

m�k.8 Ω ⊂ X Ñ´�é;�"d	, QN(Ω)´k.�"

Ïd, N éu?¿k.m8 Ω ⊂ X 3 Ωþ´ L−;�"

é�f�§ Ly = λNy, λ ∈ (0, 1),k
y1(j + 1)− y1(j) = λ

[
r(j)

(
1− ey1(j)

K

)
− α(j)ey2(j)

h(j)ey2(j) + ey1(j)
− q1e1(j)

]
,

y2(j + 1)− y2(j) = λ
[ β(j)ey1(j)

h(j)ey2(j) + ey1(j)
−m(j)− q2e2(j)

]
"

(7)

b� y = {y(j)} = {(y1(j), (y2(j))T} ∈ X ´éu,� λ ∈ (0, 1)� (7)�?¿),ò (7)'u j

l 0� ω − 1üý¦Ú,��

0 =
ω−1∑
j=0

[
y1(j + 1)− y1(j)

]
= λ

ω−1∑
j=0

[
r(j)

(
1− ey1(j)

K

)
− α(j)ey2(j)

h(j)ey2(j) + ey1(j)
− q1e1(j)

]
,

0 =

ω−1∑
j=0

[
y2(j + 1)− y2(j)

]
= λ

ω−1∑
j=0

[ β(j)ey1(j)

h(j)ey2(j) + ey1(j)
−m(j)− q2e2(j)

]
,

�Ò´`

rω =

ω−1∑
j=0

[r(j)
K

ey1(j) + q1e1(j) +
α(j)ey2(j)

h(j)ey2(j) + ey1(j)

]
, (8)

(m+ q2e2)ω =
ω−1∑
j=0

[ β(j)ey1(j)

h(j)ey2(j) + ey1(j)

]
" (9)
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d (7), (8)Ú (9)��

ω−1∑
j=0

∣∣∣y1(j + 1)− y1(j)
∣∣∣ =

ω−1∑
j=0

∣∣∣λ[r(j)(1− ey1(j)

K

)
− α(j)ey2(j)

h(j)ey2(j) + ey1(j)
− q1e1(j)

]∣∣∣
≤

ω−1∑
j=0

∣∣∣r(j)(1− ey1(j)

K

)
− α(j)ey2(j)

h(j)ey2(j) + ey1(j)

∣∣∣+
ω−1∑
j=0

∣∣∣q1e1(j)∣∣∣
= (R+ r)ω =: B1,

(10)

ω−1∑
j=0

∣∣∣y2(j + 1)− y2(j)
∣∣∣ =

ω−1∑
j=0

∣∣∣λ[ β(j)ey1(j)

h(j)ey2(j) + ey1(j)
−m(j)− q2e2(j)

]∣∣∣
≤

ω−1∑
j=0

∣∣∣ β(j)ey1(j)

h(j)ey2(j) + ey1(j)

∣∣∣+
ω−1∑
j=0

∣∣∣m(j)− q2e2(j)
∣∣∣

= (M +m+ q2e2)ω =: B2"

(11)

b� y = {y(j)} ∈ X,�3 ξi, ηi ∈ Iω,¦�

yi(ξi) = min
j∈Iω
{yi(j)}, yi(ηi) = max

j∈Iω
{yi(j)}, i = 1, 2" (12)

d (8)Ú (12)k

rω =

ω−1∑
j=0

[r(j)
K

ey1(j) + q1e1(j) +
α(j)ey2(j)

h(j)ey2(j) + ey1(j)
]

≥
ω−1∑
j=0

[r(j)
K

ey1(j) + q1e1(j)
]

≥
ω−1∑
j=0

[r(j)
K

ey1(ξ1) + q1e1(j)
]

=
rω

K
ey1(ξ1) + q1e1ω,

=

r ≥ r

K
ey1(ξ1) + q1e1,

z{��

y1(ξ1) ≤ ln
K(r − q1e1)

r
=: P1"

Ïd,dÚn 1.2Ú (10)��,k

y1(j) ≤ y1(ξ1) +
ω−1∑
j=0

∣∣y1(j + 1)− y1(j)
∣∣

≤ ln
K(r − q1e1)

r
+
(
R+ r

)
ω ≤ P1 +B1"

(13)
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,��¡,d (8)Ú (12)k

rω ≤
ω−1∑
j=0

[r(j)
K

ey1(η1) + q1e1(j) +
α(j)

h(j)

]
=
rω

K
ey1(η1) + q1e1ω +

α

h
,

z{��

y1(η1) ≥ ln
(r − q1e1 − α

h
)K

r
=: p1"

Ïd,dÚn 1.2Ú (10)k

y1(j) ≥ y1(η1)−
ω−1∑
j=0

|y1(j + 1)− y1(j)|

≥ ln
(r − q1e1 − α

h
)K

r
− (R+ r)ω ≥ p1 −B1"

(14)

Ïd,(Ü (13)Ú (14)k

|y1(j)| ≤ max{|p1 −B1|, |P1 +B1|} =: A1" (15)

d (9), (12)±9 (13)��

(m+ q2e2)ω ≤
ω−1∑
j=0

[β(j)ey1(j)

h(j)ey2(j)

]

≤
ω−1∑
j=0

[ β(j)ey1(j)

h(j)ey2(ξ2)

]

≤ 1

ey2(ξ2)
(r − q1e1)K

hr
βe(R+r)ωω,

�k

y2(ξ2) ≤ ln
β
(
r − q1e1

)
K

hr
(
m+ q2e2

) +
(
R+ r

)
ω =: P2" (16)

�â (9)Ú (16),¿�ÏL¦^Ún 1.2��

y2(j) ≤ y2(ξ2) +
ω−1∑
j=0

∣∣∣y2(j + 1)− y2(j)
∣∣∣

≤ ln
β(r − q1e1)K
hr(m+ q2e2)

+ (R+ r)ω + (M +m+ q2e2)ω ≤ P2 +B2"

(17)

DOI: 10.12677/pm.2024.1411380 112 nØêÆ

https://doi.org/10.12677/pm.2024.1411380


Û<�

·��±l (9)Ú (14)¥�Ñ

(
m+ q2e2

)
ω =

ω−1∑
j=0

[ β(j)ey1(j)

h(j)ey2(j) + ey1(j)

]

≥
ω−1∑
j=0

[ β(j)ey1(j)

h(j)ey2(η2) + ey1(j)

]

≥
ω−1∑
j=0

[β(j)
( (r−q1e1−αh )K

r

)
e−(M+m+q2e2)ω

h(j)ey2(η2)
+

(
r − q1e1 − α

h

)
K

r
e−(M+m+q2e2)ω

]

≥
ω−1∑
j=0

[(β(j)
( (r−q1e1−αh )K

r

)
h(j)ey2(η2)

+

(
r − q1e1 − α

h

)
K

r

)
e−(M+m+q2e2)ω

]
"

²z{��

y2(η2) ≥ ln
{(
β(j)−m− q2e2

)[(
r − q1e1 −

α

h

)
K
]}{(

m+ q2e2
)
rh
}
−
(
M +m+ q2e2

)
ω

=: p2"

(18)

Ïd

y2(j) ≥ y2(η2)−
ω−1∑
j=0

∣∣y2(j + 1)− y2(j)
∣∣

≥ p2 −
ω−1∑
j=0

∣∣y2(j + 1)− y2(j)
∣∣ ≥ p2 −B2"

(19)

d (17)Ú (19)¥�� ∣∣y2(j)∣∣ ≤ max
{
|p2 −B2|, |P2 +B2|

}
=: A2" (20)

w, A1 Ú A2 Õáu λ, � A = max{A1, A2} + A0, Ù¥ A0 ��v
�, ¦� A0 > |p1| +
|P1|+ |p2|+ |P2|"¿�½Â

Ω =:
{
y = {y(j)} ∈ X : ||y|| < A

}
"

�e5�yÚn 1.1�^�:

(i)l (15)Ú (20)�Ñ,éz� λ ∈ (0, 1)� y ∈ ∂Ω ∩Dom L�k Ly 6= λNy¤á"

(ii)� y =
{

(y1(j), y2(j))
T
}
∈ ∂Ω∩Ker L,� (y1(j), y2(j))

T ´äk ||y|| = max
{
|y1|, |y2|

}
= A

� R2¥�~�þ�,K QN(y) 6= 0"

(iii)�
�yÚn 1.1� (iii),�

J : Im Q→ ker L, Jy ≡ y
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(
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= sgn
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h

ω2
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∗
1 ev

∗
2

(h(j) + ev
∗
1 )2

}
6= 0,

Ù¥ deg(·)´ BrouwerÝ"

�8c��,®²y²
Ún 1.1�¤k^�þ¤á"Ïd, Ly = Ny3Dom L∩Ω¥��k�

�)"�Ò´`,XÚ (7)3DomL∩Ω¥��k��ω±Ï),X y∗ = {y∗(j)} = {(y∗1(j), y∗2(j))T}"
� x∗i (j) = ey

∗
i (j),K x∗ = {x∗(j)} = {(x∗1(j), x∗2(j))T}´XÚ (5)�äkî��©þ� ω±Ï)"

5 2.1 ½n 2.1w�·�,XÚ (5)�3���±Ï),cJ´�Ô�²þO�Ç�u�Ô²

þ�ÑÇ,¿��Ô=z�Ó öÑ)�²þ=zÇ�uÓ ö�²þk�Ç"

4. ê��[9©Û

3�!¥,�Ñ
��ê�~f,ù�~fL²
nØ(J��(5"=÷v β > m + q2e2 Ú

r > q1e1 +
α

h
,`²XÚ (5)�3��äkî��©þ� ω±Ï)"�Ñ÷vþãb��ëê,�T

ëê�±Ï¼ê,�Ä:

m(t) = 0.5
(
0.9 + 0.6sin(πt/4)

)
, r(t) = 0.5

(
3 + 0.84sin(πt/4)

)
,

α(t) = 0.8
(
1 + 0.7sin(πt/4)

)
, e2(t) = 0.03

(
0.8 + 0.5cos(πt/4)

)
,

β(t) = 1.2
(
1 + 0.8cos(πt/4)

)
, e1(t) = 0.04

(
0.6 + 0.7sin(πt/4)

)
,

h(t) = 0.5 + 0.1cos(πt/4),

w, r(t), α(t), β(t), e1(t), e2(t),m(t), h(t)�±Ï¼ê"

Figure 1. The variation of population quantity over time
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