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Abstract

This study explores the causal relationships between modes in four climate time series (surface
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temperature, sea surface temperature, sunspots and carbon emissions) using Dynamic Mode De-
composition (DMD). By embedding each univariate time series into multidimensional space using
delay coordinates, DMD captures distinct evolutionary features in the climate time series. Dif-
ferent truncations of these features reveal modes at various timescales. Transfer Entropy (TE) is
employed to quantify the causal relationships between modes, revealing the distribution of
causal interactions among different modes. Overall, dominant modes extracted from the maxi-
mum eigenvalue exhibit larger cycles or long-term trends. These dominant modes serve as strong
driving factors, displaying significant associations with fast internal modes and modes of other
climate objects. The long-term trend in sunspots contributes significantly to various cycles and
long-term trends in sea surface temperature, with a greater impact than on surface temperature.
Carbon emissions predominantly influence extremely slow temperature modes, representing ul-
tra-long-term trends, while the influence of temperature on carbon emissions is relatively weak.
The causal framework constructed for the four climate objects illustrates a relatively balanced
transfer of causal information, with sea surface temperature absorbing more information than
surface temperature. The combined use of these methods serves as a flexible tool for extracting
diverse modes from complex systems, analyzing intrinsic properties, and exploring causal rela-
tionships.
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I B] 7 51 2 B 2 R A il %, BEEE R G NAERIBN )RR IR 51 43 A m] DASRECA &
5 R, Ui R FEAAT A, SRR G A R 25 850 DL S e TR EAE F o FRA TR I 1) /7
FIRA—ME S, XAME 5 A HE 0] U B8 o AN R 2 T, WIS S s 5 s i .
F ORI FUAE AN 23 A7 5 THAB B TR 22 TR MERI PR AR s 4 R0 A 4 1 AR A1 A3 2 7 2 [ RS (] | #8 TAL H
ZREWSR . RENRFAERME 7 38 0n] HEEE, (A @EmRBE AR —TORER TIE. AT
PP IX AN e, AT T — R AR SR IR B () v B 4 fif (dynamic mode decomposition,
DMD).

DMD 2R T-THSRAAS) /1% (CFD) S8, S WIp vty — Pk T 23 A0 T 45 K4 5 i o IR
FREFIE TV [L] A0S B R F T iz MU, 7ETHENI+, DMD REB8IG MU b 7y 25 S 1 S Fl
Hise[2]o EAEPIRAR, EA B TR R A G R [3]. ENLEE ABRFMZ R 2408, DMD 1E{h
T AMAE B RS [41F0 IR RS A 2210 3% Hh PR B — BB 2[5 %6 75 T R 4% T SR8 EH . By & DMD
I FH#B DGR FE BEVE NN, B0 DMD AT AAET, B NEARE N TIRE, BNIRERR—
i P

B 7 HAEIR SN, DMD i&A — S A RE Al E RN B RIEAERCR . BE%E 10 DMD M H T A7
I 0] 541 B FL IR (6], K3 T DMD Bef% M ERAR & 7 H1 S B A e iU R /). ASCH A DMD 4b
HARFE R RS S, DAIEIR AR I 040 AR B (8] P A1\ 2 2 4EF R 7 41, BATE 25 DMD
L] A BEARAIK 73 B DMD Anfar b BRIX AN R H R . R — B R 7R M I R SR S I E (R R), AT
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BB E O (W%, 1780 KT 515, DMD 1ERR4ERE, @k i& s, © W KEFN&E
R DHRHE R . 25, DMD REf (5 5 h E 2 AR B PSR T 2 R A
i, Hor AR T B B B R AR A SIS I, 17 SO ph AR A AR ) R R S Bt . DMID e VR RATT H B
HFFAEEUIET AL r SRAS BIA R PR JZ H AR, ZXFERATRE AR — RV FERBA, If— 2 Rk
FELE TR 7 A R A AR ORI . FRATTANKT AR I [A] PP S EAR AT AL 3, — 5 T2 K8 DMD () 43E 3k 3
ATCTT R, AR EHE (5 RT3 FH 2 At AN BR s 53— 7 T R 1E 20 ok T 75 1) [ ) T e 2 S B A 1A
WA R HIHARDER T AL, DMD fRER 15 5 o ) &M Ai 1, X Legs i Ve B — 70,
EATRAT 3B 1), LRI T RFEN— M EARE. A DMD HESZHEM: B 9 ANy AR B 1) 4y
&, EERCAER r, AT IE TAEZ AR, SR & FZ . =, DMD {EN—F
&M, EBRERFATAAE—MIAZHEERE T, 1ERITEF 0 DMD FIECEHE S5 55

AT FERT I8 SEBR g (B P51 . SRV NI I RS, BB &MA R = 15
W), AOREC AR BRI ARG . BRHE O & O NETE SRR IR R 2, B
BRAME AR T EORS s AR AUE S KRR R —H LRSI %, 1E VKRS80 i BRI, KBH
A HE AR AR R 2 SRR S [7] [8] - AR 22 (A UE 4 2 B K FH R IR B o R B A E
LLMERFAE[9] [10], ANA AR I £ B2 AN 7 v A DAFE 42 21 Ba s 7E & Fisi N (R FE 2P ok . Hod 2 it
FUESSANE SR RGP R R, 8 H S A — 5o R N R oG IBG . SFae b, BRI &
P AT A A TARSLIR), @B N R U SGHG,  FRATTRE M B 4 v B A A S5 R B AL
. ANERE BB A PR 2 5+ 2, AT O IR B A PRI FE BE B, SR A e
TN IX L IR AN 73 AT AE 5 A

&SI TR AR MR SR AR B G T T R I H AR ORI I [11], O — TR TR R i Ot 52 70 i 1 R0 56
X FH AN HE B P 1S8R 22 AR R 30 SR s e, HIX T 78 5 5 R S i A, R o ek
FERUT A 25 85 89[12] . #5750 (transfer entropy, TE)VE NAEZRVERIIR S RN &, BMHALETHREKR
(B e P o Bl G BR AR A AN 2 0 K PH BB A AT AT, RO IR AR HE B R AR AR R &R, RS o
PEWM AR ZE 5, TE REFE HE A I 25 B BAT 1A B KA AR (KNIN) At TH 1) TE AL Fivi =2 18] (1) G B [13]
[14].

BATTHY B bR 5 B LR OE R ] A e R i b . FoRTT REFE=APIER. B—, WA DY
FAAR BN (8] 7 41 53 ) FH A SR AR R T VEIR N R 2 4ERT (B PP 91 o 38—, 43 e B o KARFIE T3, H DMID
R — HAIEE. =, H TE A & P X 18] () FE 2t DGR . W %2 DA SR it B AE AN [RI R = T 11 43 A
PR R R AERPIE Z . S A E MR REET T/ BRI I8 R+
SEANEAR, B0 S5 2 R Hoth 3 S U AR E O s K PH B 0 R AR & A g 2 T
PR R DR E R RIS USSR S R RAE SRR, (F B R A
P

2. FFk
2.1 BiEKIE

BATHBOE L5 H 2 15 2 (Global land surface temperature, LST), iR % (sea surface temperature,
SST), K FH 28745 (sunspot) FIEs HEji (carbon) . LST 1 SST 435Ik [ T- Berkeley Earth [15]#1 Met Office
Hadley Centre [16]. X LA 5 5 15 5 57 % 18 (temperature anomalies), ‘&7~ & T30 FE, FH0E
¥k H T 1961~1990. Met Office Hadley Centre /S & A% I SEBRIGE, TRIR 10 5% 2 LA 26 5 Rl 43 o R
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LB, RSB H R LA S A B X s 77 S o B K I XA o e W (L )38, AN e 1 A
RN R Z A L SEPRIR E /M 2 o KB B 30K 3 T SILSO [17]. ik HE/BCK E T Global Carbon Budget
2022, WHEACARRABHOBRREA AL, AKVeFINE BB HER, B E (18] B 1 BB FE I [A]
o, HABECN H R T S RATT BT A BRI B B 2 IR ORI, 4 H P 51~ 35 40 LA TC e 4 5
5. B A0 R 2 8  1850~2022, 3t 173 4,

22. BMANEZYREFS
AT DY A AR I (] Fp 51 AR — SR B n BIAE 5 X,
x=[X, %, %] ,x € {LST,SST,sunspot, carbon}

A A [ A E G, DUSEIRARFR T A AR A A B — N 2 R E 1. S8 Iy L, W/
AR —MNKEEA K =n— L+ 12 4R A5 Xeo ST =ANHER TIPS, JATHL = 144; X T4
AR P81, BOL = 3.

xL:[x'lagl...,ng]
X, o IR IR e X0
Xiag =[Xt’xt+1""'xn—L+t]Tl 1<t<L

AT KA n - L+ 1, UL RAR R ()5 401 x A KE N L fn- L+ 1A EE
. AKPHER X, Xl R ARE M.

X X X

X X X
_ lag lag | _ 2 3 L+1
X'-_[Xi X ]_ : : :
Xe  Xka X

23 FEEAL R
X PR MR IR T R 1, AT AOWIE 10 (™, xS ) thty 5 A e D B At BB A — A
A ST AERIT () x4 ) e
Xig = AX"
ASPREREI (X7, X7 ) HORL, BTAT DAIE A FF FE IR 1 X7 1% 41 95 P/ T SRR X 1 X0 A
X TS X, HEK T XUBTH 0 (X0 -
X, :[xiag,---,x'ﬁ’?l]
X, =[x'§‘9,---,x:ag]
X, = AX,
FATATAIBIL Xy 19 MP Dy d X7 ORI Bedth it 5 A
A=X, X/

Xt Xy BEAT R AT AR (SVD) R B E A A AR PRI A U, V) 2, IR=ANMEREI IR PR3
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AT ELEAS X .
X, 2 UzV = X; =Vvz*U'
SERER/INET A R Xy FIG IR 5 1 X] 43 H
A=X,VziUt eRHHY

A HECMEBIERES I, BIERR, B ARSI RGPS R AT G T8 1 SEbs
R o BAIA BIE A RPRILTL, IXAME AT ARG SRR, EEZ R BA IR B A FHRARLE R
PO A HORAE . U 150 B A K00 HE 2 1 AT SRR Xy i A I, e mT LUK Xy AT B AT 4 -

X, =U"X eR""
U 48 X, 3 KT FIE A7 500 — L>> L) 48 SRS — R KCE b, BRYECR 50 a0, A4
1T SRR R 2 1A A A — MR AR5 T
X, =AX, eR""
U X X AT FIRERIEERE, R A= XX, U ¥ A B EIRYE L x L 7250,
A~U'AU=U'X,Vz*'eR""
I R R r ANMRRAEAE S H RO RHE [ &, FRATTEE AT LS BB r AN BORIRHIE, A BSR4 r
x r (A, FRATIAE R LA r R R AE R AR .
A, ~U'AU, =U/X,V.2 ' eR"™
X‘j‘ Ar q%%ﬁEﬁj\ﬁﬁ Ar@r = Arwl’ ’ /fﬁ)\i:itﬁ
AU ~UA =UoA o' =AU )~(Uwae)A,
XPERRAA R T AT r ANMEAE A I A FRHER R @, =V e, , TRATIETE RS X E[19]
@ = Ap, (EFHER & .
@ =X, V.2 o,
2.4, PR

DMD BB U T2 1) R G5 X8 = A AR ST A HET S SEI 1) 3 )% A FEER IR At REE,
R MES RN 1 R 5

la
ﬁ:Ax'f’Q,A: InA/dt
dt
FATTFH B HA IPVRFHE A, HPHE ) i @ LARHIERIRAS X X RLI R 8 b = @1 5 HUX A RSB

A A

L
%, = Z;CDjﬂ}’lb ,=@A"'b
J=

B L AMRFEARL, BT r DL, A5 BRI ABESIN AL o = In A/AUEAR, 132 tiAT r
ARG FSUITD F] B o, X 24 U 1 X SR r B x|, Al 1
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Figure 1. Mode extraction formula of a X

B 1 3RS HERRERAR

X; TEA X SREA r SR, B MITC A r A0k, (KA SRR T v %), DR T B
P LAE— 5% ™ #0545 HAREABEER,  JRATT 0T AR 30 ol BT X e R B FE QA 0 X o 3 B A%
rRTL FORE R M E N E DKET, B EARAER 8 .

X =[xt x|

ERF] XL & Hankel FRE, & HIEE— 2% SO A 2R B[R] —MRIE, T84 X7 IEE— 2% SO0 1 2t i
W, 2 b, WR R X T Krylov 451,

X, = [xf"g AX - AN ]

SR TR P SRR T — R X, = AX, o Xy BT X 3 T BT I 7, PRIE T AVEH - FARIHE
ik, (HARLRIE X] /& Hankel . FAT X A8 — 26 SO A RREAT BT 1Y, [6]45 2 e (1 2 TR 0
I x] , TERAGHI R LA 2:

x. =Y#(D,) X X{(i.})

i, jeDy
Hrfris j oy XU AT g,
D AR k % X[ ¥ F 2R
#(D,) N D, T RIHE
J1 /2. oo /L
0 i xz /L
4 e
K /: A : éxl
& S :
zr :
: Zh | /2 2 |
B @y & |/

Figure 2. Anti-diagonal weighted average method, where different over lines indicate that samples come from different
x| not necessarily equal

E 2. RMALEMEHERE, TRMENGRRXLEHARETEN X, T—EHE
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AV DMD 325K H Kutz et al. [20] = E 2B 04 1.

Table 1. Dynamic mode decomposition (DMD) algorithm
= 1 SRR HR(DMD)E %

Bk g R ETL

L W X [ SVD, BEMHET A: X, =UZV' = X, =AUV’ = A=X,VZ*U’
2. i ATOHT r MFERCRIEL A A, *UJAU, =UIX,V,Z*

3. X AVRHIESMR: A0 =A e,

4. FJi& r B DMD $#{El & ©, LLEVIIR RE: @, 2 X, V.50, , b, =@;x*

5. BART r AMRFIESRI x IOBERIFFHIML: X[ =) 4 exp(ot)b, = x|

A AR T rp PRI — R A, BRI E R ARSI, e RS A
SRIRHOBEA, IE RAMESL, 15 AT RE 2 I8 S i AR A s A 3 i R B R RHAE O 4 R (075792
& X Xy BEAT SVD, 4 r ANAF AR P75 Rk 3 95911 ST 5 IS, HUGXAS r A5 s K IR AE AT 4
Ro % 2 R85 8 FIANR A o R AL AR IRT A R RIS BIRT r ML EIR IR, KT R FRHIEE,
BUE L — r ML RS S 5 K otk T 5% IR, I AE r AR, sl BR 134> r X R sk
FUUT RS, SRECH AL S S R . AR ERE G S, BT V&, AR TR
— M

Table 2. Extract different numbers of modes for each signal

# 2 MNRESREBMEAEHENERNX
FEMURL A RRAEATE v, T r ANRRIEAE SR

LST r=1R, R=12--96, L=144, Jt 96 Fifsiz{
SST r=1R, R=12,--12, L=144, 3t 12 f=
KBH ¥ r=1:R, R=12,.-12, L=144, 3t 12 fhd
Tk r=R=1, L=3, 17K

FAME S R FAE B R T — MR XR, H B R X T B R AR HE A T r 753
X1 .

25. AEBETEEBERXR

S B S 50 U, VRS 2 4350 DMD JREUEIR, 7 UTRI V. Fi TE HHECE et
SelE, F3E N TE AR IR TE, |, .

TE, ,, ={TE]}y IM<R(U),n<R(V)}
HAHTE], 2TE(UT V'), UmeU™), vrev ¥,

J&IF TE,,, » FEAERHEAMWE r 9390, WA ZA VSRR, W 2T U RGBT .
K 3 NEIFTE, ., Bl
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Figure 3. An example of constructing a transfer entropy matrix, each row or
column is a specific mode, every element in the matrix is the transfer entropy
value under this specific mode pair

B 3. WERBEERERNRE, FE—TH—FMR2—MEIENER, %
FHREETEHSEXNHEER THEBHE

X RTBEAFAER 12 FPEAROC AR (046 =R A BEAURAE 5 IR IR & KRR T AMEAR,
DR B 45 5 AR T REXS Hd i), JATR DIME — A4S TE, L, 4L&E & TE. #% LST, SST,
KPR BT AR, W] LORE TE 3 —A 4 x 4 1973 PR -

TE

TELST»LST TESST»LST TEsunspot»LST carbon—LST

TE _ TELST—»SST TESST—)SST TEsunspot—>SST TEC&rbon—»SST
/ / T Esunspot»sunspot /
TELST—>carbon TESST—>carb0n TEsunspot—>carbon /

o — X0 2 (] ) B R 4B AT LAE Shannon 45 H 25 HH .
TELTﬂV =-H (Vt+1 | utlvt)+ H (Vt+1 |Vt)
=—H (Ve U,V )+ H (U, v )+ H (Vi1 v ) — H (V)
Vt+l|ut'vt)

P(
= P(V,., U,V )log
Vl+§vvl (tl t t) p(vt+llvt)

Hru eU™, vev',
AL vy Jo il B B2 T KNN R THSORER B L R 7 ik e 0 v 5 S kARl i AT J& 2 18] R EE S N Dy
v AR RI LU E ARyt DONEARAIERF AL S s MRIE, T vy £E R AR (R 5 5 vl LA D

St

")~ (v, ,2)

V(B(v,, D, /2)) H9 v, HUBRTE BB AL
TR R B0 s, VI R BT o LAY, B p(DY BRI th B v A8 2,
p AL E I, W)

(D)=, o, P(6)90

VLS N=n - LB EHE t=n %, R {ve IR Z]), B v B4, FIRN -1
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AMRIG IS LFA K ASBAEBRN BOREZ ] DU — T Al i
N-1 N-k-1
2000~ " [p. (0] [1- . (0] a0y (0)

Horb PD) A v 5 HH kK NI BB BB 0 A, B — X DI Th. Py(D)dDy S840 T4 BR A% Dy
BN — MR/ AL dD I, AR S kM ERIERL S AE Dy BN AOBEAR . T4 IR 3R BL logpi(Dy) I-7£(0, o)
BBy, RRIETARIMZREL P(DY)H— T, ¥ logpy KIHIEE[21]:

E(log p,) j P.(D,)log p, (D, )dD,

N-1 —k-1
( ) JI pr (1= p,)" " log p,dp,
~y(k)-y(N)
=B 0 Beta BT H: 0,B(X,y)=B(X.¥)(w(X)-w(x+Yy)), Hrhy Jy digamma %L,

PEIL[22]0 [BIBER T ERTR, pe R v AT A B2 (PR AN s, kNN BB E 5 4RI K/ Dy
be, B v ROMERE R p 55 DJER, BATMASE] T H(v) BT f OB L

p(vt):%, D K55 F 4T H) D, H 5

HFRAMAELY, B¥d=1. Ha RN, &
log p(v,) =w (k) -y (N)-E(log D,
SRR T 4T AR BT ARBE B D A Hl(vt)
=—[p(v,)log p(v
z—ﬁélog p(v,)
:z//(N)—y/(k)Jr%Z’j“loth

CESIBRIE B, T B ARBE B e (0B G K T A (Ve Uy VORI = 2]
2, =[Vea UV, FHRBTE 2, 4351 = 2 HRt )5 51 2.

Vo oo Wy
ul “ee uN

TFIRENE 2,76 Z HEOEIIAE 2, 3 EIROTAREE B ¢
o

4

B PRI H@z)M i S mseh b Hi ()R, e B A MRS Sl =107 R 3
Ron 4% d=3

3 N
H (vm,ut,vt):x//(N)—t//(k)+WZIoget
t=1
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ﬁ‘j‘H—ﬁ H(Vt)’ H(Ut, Vt)7ﬂ] H(Vt+1, Vt)’ Eﬁ%%%%ﬂﬁﬁﬂ% \' *D%/I\EE Z ﬁj\fﬁ:ﬁﬁﬂéﬂ,ﬁiﬁﬁi Zuv’ Zv'v ﬁ'ﬁtﬁ\
*ﬁ’

V:[Vll""VN]

Zv’v :|:v2"“'VN+1:|
Vi, Vy
Bve (U Vs (Ver, WIEe WSS, s, s MR, SHER K, 2 I =42 R R ) e #23
RTBGZE NV, Zys Zp DASERIBEES, s T SOSN8 BT 75 A Sol 4
s =#{v[lvi -w[ <</2)
s =#{(vj,uj)H‘(vj,uj)—(vi,ui)H<q/2}
5" :#{(Vj+l’vj)“‘(vj+1’vi)_(Vi+1’vi)“<€t/2}
Hor#{} A EmscE, j=i.
H(ve)» H(ue VORI Hveer, v)UITR , BN 2 S i o SR #08IE HY ()R i TR A 5%, 8¢5 s
st AR B AR A BOR A T loge (PP TR B LLARTRIBM 4 d = 1802, T s, s, s
KR E B Z AN AR, BT LASBRi R RIS B n—. M HE) Py (k). &

I w (s +1) TEFTA t LRERAE, XA TEZAMRIB R s + 1 MRS TE ¢ 3RO FHRIE -7
Hite.

t N =
1 X W 2N
H (u, Vt)_l//(N)+_Z'7[/(St +1)—=—=>"loge,
N3 N =
13 ) 2
H(VHI,Vt):l//(N)+— ‘//(Stvv +1)__z|09€t
N = N =

XFEFRATR T T B TE, L, BTt
TE, ,, :W(k)+<w(s{ +1)—1//(st”"+1)—(//(st""’+l)>
ACH k=115 TEME, HBRHEIERE Papana [13]. & 3 NFEILIR,

Table 3. Transfer entropy (TE) algorithm
*® 3 BBE(TE)EZX

Bk BRI

1 HAZE YRS F 4 Z, TR RIT AR € o

2. TR A MR B BT p(Vees, Uy V)

3. ¥+ Z, AAEEEBKIANES . s, s HiHagMREE.
4, MR RN R Shannon 45, 53R .

4 ARSI T IR :
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DY s B A B ) 31
sunspot [ST SST carbon
Jin
TR FE BRSO N 22348, Hofth H FE S5 IR AN 1444, 15 D442 4ERT 8] 7 51
SUnSpot LST; 4y SST 144 carbon;

=) / S D M
JIRE B KRBT R
I3 BIKSREA 2 eI (6] /7 51 A4 8 18 S0 e E I SVD MR, LRI 4 T4 4F

FHET T A 5 E9S% A AR B 52 S RS AT R

| DVD#REUSER

o AN 2 A8 & (] 751 FIDMD R BT MRHEE SRS, JERAMEI, 45 104 B =0M i R
LST®= {LST', ..., LST, ..., LST®}, r < R(LST)
SSTR= {SST', ..., SST", ..., SST®}, r < R(SST)
sunspot®= {sunspot!, ..., sunspot’, ..., sunspot®}, r < R(sunspot)
carbon®= {carbon', ..., carbor’, ..., carbon®}, r < R(carbon)
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Figure 4. Flow chart for analyzing causality between climate signals and inter-
nal modes based on DMD
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Figure 5. Distributions of singular values and eigenvalues of DMD linear operator from three monthly signals
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Table 4. The eigenvalues and periods of major modes from three monthly signals
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Figure 6. Several typical fast and slow modes
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Figure 7. Causal intensity among different modes. The horizontal axis represents the cause, while the vertical axis
represents the effect. From left to right, and top to bottom, they respectively represent LST, SST, sunspots, and carbon
emissions. The color bar on the right indicates the magnitude of the TE values, where white regions in the plot indi-
cate insignificant or zero TE values. The numbers on the horizontal and vertical axes represent the modes extracted
by a certain number of eigenvalues for a specific climate variable
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Table 5. Modes corresponding to causal intensity around peak values
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