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Abstract

Physics-Informed Neural Networks (PINNs) are regarded as a general approximator for solving
partial differential equations because of their good interpretability and generalization ability.
Traditional PINNs compile the physical prior information carried by the equation into the network
by introducing the residual of the equation into the loss function. However, when solving practical
problems, it often requires a large number of training datasets to achieve better network perfor-
mance and solution accuracy. For one-dimensional weak noise random Burgers equation, Gra-
dient-enhanced Physics-Informed Neural Networks (G-PINNs) are proposed. The residual of the
derivative of the equation is used as an optimization soft constraint to guide the iterative updating
of the network. The ability of PINNs and G-PINNs network architectures to find the optimal solu-
tion in the computational domain of the equation is analyzed theoretically. The noise ratio and the
number of configuration points of the dataset were changed to evaluate the performance differ-
ence of the two network architectures in fitting the solution structure of the one-dimensional Burg-
ers equation. Numerical examples show that the accuracy of G-PINNs in solving one-dimensional
Burgers equation with no noise, 1%, 3% and 5% weak noise is improved by about 80%, 44%, 31%
and 20%, respectively. Compared with traditional PINNs, G-PINNs can fit the solution structure of
one-dimensional Burgers equation on fewer datasets with no noise and weak noise, and obtain a
more accurate predictive solution with the same number of iterations.
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1. 5]

Burgers 75 F& A2 A 77 2%t R i AL B Y — SR AR A BTG AL I B w43 U7 72 (Partial - Dif-
ferential Equation, PDE), ) V2 NH Tk 1%, R85, Ziliis) /155 91k[1]. Burgers J5f2f%
G BUE FVEAEBAR AR B 7 AR I TH AR 1 B3, A PRI R 905 2 75 B 1) AL AS ELIEAT AT
1h[2]. 7ESERR TREN A, BTl E & BRE] . R R AR, SRR TR s —
SEREFEMISS MRS, 3 EUBUE MEAEE T o) 77 FE 0 FHUE I 72 A AN PT AL i 22, 520 fe 2% IR SRR RS FE

RS SIE TREEOR, AR D)%, 5 A3 U 7 HoA S e 48 5 S TR N HAME
[3]. BEAEVHENLEIE B Re S, WA IR N T PDE MR 9T . 1R i G kg8 1 B 07
W, PR N 2% R M ey 2 JE 2 M 2 (8] v 2 B AE IR AIRRAE , 00549 2460 N 5 %0 HH 22 1] ) bR 5 56
A[4]

ARSI T Kriging SRR BRI A5, 1T DUE RO A T Bk . E st =T
AR ). PG EE (6] HH v B R [l U D7 vt XU B [0 2 B33k A7 T, AL ik BB 47 i B s M Roska
ST 7] 4 H 5 A 22 )9 % (Convolutional Neural Network, CNN), CKrAEZR A s 70 7 FE B Bk ik g 8 o
FEREI CNN 257 . Long %5([8] [914 Hi ki 7> 77 #2 % 2% (Partial Differential Equation-Net, PDE-Net) Fl

ik
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W J7 FE M 4% 2.0 (Partial Differential Equation-Net2.0, PDE-Net2.0), ML ) 5 2 B v & 3wt 3 5 7
(5556 %0iH . Regazzoni %5 [10]# FI N\ 22 (4 2% (Artificial Neural Network, ANN) AT F % A\ % %6 115
ZEAT G, DA SRR AR

SR _Ed o 22 DX % K 22 3 T Al B SR BN R R 2 2 S A Y, A B (il 23 7 R I A A B G i N
fih, THEREMBIEEN TR HBIGEE TGS, 2N 2 YIRS i e S FR 2 — it
>, ROR AR AR I Zrid A2 rh i HERA AN AL e

N T R B R A 1 P R I B2, Schaeffer 5 Mccalla [11]5R A 143 7 2 AOAR 3 T QAL 24 A 1 7
A, R BETE— @ R by e 75 B 10 T30 . BRPCERSE[12] AR A A O, IRIEEGESE B 51
IIATRE SN AR R HEAT R PRAC TR o PRAG SE[13]4 HH — 285 T H BV SA 0 2 M B 2 SR R, (BN
TR B IE RS S A A ) 4025 A, 2019 4F Raissi Z5[14]42 H MBS B4 W 2% (Physics-Informed
Neural Networks, PINNS)E M 75 $dfs % il 73 75 F2 00 1E il JEUFH S 1) kAT SR o #8175 PINNS £E fift 1R 52 B
e RS ) T s FEE M LIS BT 45 R, B3I TN SR I B r B, e 2 I 2 1 kS B A TR
TR 2R M LA SR i N R [15] o o B 5 AN AR [16] 7] ] PINNS HE 2SR i TR b 1) )25 5 A8, 45
FHH PINNSs HE84A] DL 2 950/ I 7 2008 B0V [, (FDR BB S 28 RS BE A IR - Cai [L7]56 45 G B3]
AL BB AVECERE AL, B0IUE T PINNS 758 5 S AN A2 47 = 25 300 S5 AH DT AAR 77 25 306 1) R b A 200
Majid Z£[18]3& ] PINNs SR AR IR Eh 572, #1 PINNSs 7E Sy ER M) HE I sR A 2%, 82 PINNSs AL B [H]
FRPE M B 2540 B 2 VERI RE 77, 45 3 HH PINNS 7E 2%t s B & R 5 B RS 3. R FIRifF i3k
B PINNS EAH S 73 77 R 14 s i Bt 1) 38 F B e 3 AR s v, {HL I R A B F8%F PINNS
T 5] SRR AH 9% i Ik 2 77 2 1) v kG T BB 4 R AT 4R D 2 # e

ASCHEHIE T PINNs [ B 36 56 1 40 B 45 JE 44 48 WX 4% (Gradient-enhanced  Physics-Informed Neural
Networks, G-PINNs), 51 A 75 F2 5 £ 1) 5k 2 10 Y G B2 Hp AN W7 2% ) R R L S H0E 0, FRR A
G-PINNs % T5451 K (BCEE I b, 38 58 0] i ok 73 07 A PR P 240 o DA v 00000 45 R PR R 8 R0 A IR 28 8 4
K HI PINNs 5 G-PINNs 5 RU%f — 4k Burgers J5 2 (BB 45 R BEAT 1 R PSR A%, XF EE PINNS AT G-PINNs
FETC M 7E 5 G5 75 N SR — 4k Burgers J7 R IR0 1R 72 , IR 73BT 00 2% BEAL) 5 M S BREE T R 8 14 A1 oK A
PEREMIEETE, R A EOR SRR BRI L N IR 20 7 FR IR R AR B it T BEAR 228 AN S0 AR A

2. Burgers 512

Burgers J5 R SRR YE Burgers Jr 2, JER 1R B HORHRIUNIY HIOR MR 5, AR 0 22 sk
AR AR L M T TT R — o IR — 3 (R 4 52 ) Burgers 752, H— oAt~ [19]:

ou ou  dl
—+U—-u—=0 1
a ox Mo @

S, R, BRI, G, xR, e, o2 i,
2

#%%?fﬁ&lﬁo
SR B Q1< x<10<t<1, G Burgers FELN:

2
a_”+ua_u_(%ja_l;=0 @)
ot OX T ) OX
WG AN
u(x,0)=-sin(nx),-1<x<1 )
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1 F Dirichelet iU 7 4 1F
u(-Lt)=u(Lt)=0,0<t<1 ()

20 40 50 4EA%, Hopf [20]1#&HH T —FkEH R ff Burgers 77 F2/771%, Rl Hopf-Cole 484, %75k
VFIEAEREWIAA 264 T 3K 43 Burgers JTFEMIME. 16 x e [-1,1] WEFAIFREL 256 4~ i, te[0,1] PEERIFEHE 100
ANRE, KR 25,600 AN AL R sAE A R B EAL R R vE . FI A Hopf-Cole 284 G BR 0545 3 ks FE 1)
BAEAME, ZBUEMRAUERR LIS % JAE . ARG ER 2R SRR, AR B LG
BRI R R A, B OR A 28 I 25 AR TR B 5 0] 32 RO N A% PR a3 A T v e T

3. BELLLE

AN PINNs 55 G-PINNs BEATVE4H R L, X PINNs A1 G-PINNSs f J5UH M K27 £ B 047 #E
YOIk B S 4T, 0 ZE PR AT 79 ol O 8% 404 1 452 % BR B L R e i S v i RE T I3, 78 G-PINNS 5]
NG ML 0G50, 56 A THT B9AIE B G-PINNS ZE K AH T 5 PINNS 14 GE 42 1% — e 34

3.1. PINNSs

PINNSs {3 A JBAER s 225 1 50 555 1) PDE 3% A3 TR A —Fh R 20 3 ik N B 5 1] B 953 2K B
Ko, RIS N 48 SR N 2R 7 RR AR, IR 2 o CREE T A B 77 F2 IR 35 /2 [21] - PINNs 5| A7 F2
(10 240 SRR DARK K R AR 1 23 IR R S A B, DA S Y 7 2% S0 4040 1 [ Bt CR R o A 3 s AR A, R
PINNs 19 45 i tH BE % 55 47 iR L3 7 PDE AR 45 44[22]

L Burgers J7 R 951, & 0N kAL

f =u, +uu, —%uXX (5)
Y
au ou o°u . o I
ﬁqj: Ul:E’ UX:aX’ uxx:a?’ U%@mﬁg, t%@ﬂ?ﬁﬂL[Eﬂ, X%ﬂ—\‘ﬁilm%*ﬂ:o

PINNSs Il Zrid f roi i #5271 22 (Mean Squared Error, MSE) i 2% B B0l 5 3 2%, 6 T
BHEESMEZ MM ZER /M. 75 PINNs H, SR REUE — N2 A G, GRS IE UYL )
Tl B TR B 1 D 24 PO A 5 30 S B IR ) 22 5, T 420 0 24 0 ) 5 ) SB2 SR ) 28 B L 36 V2 4
SEMIPIFE T FE . 58 L PINNS I35 25 BR800 F

MSE = MSE, + MSE, 6)

Arh: MSE, WEHEM G, HTE R SN AR AT SUE 2 (B IS REE s MSE, N REIARZE, R
BAORASE TR 5 2 P SR O B T . B DL 4512k MSE,, S 8 5 FUE R 3 7 1R 22, s LI R

MSE 1 Q4 own (o i|?
u =N_ui2:;“u (Xu)_u ‘ (7)

et Ny WFRVIZRBUIE 5 FUE 2 M B 7R 22 L B AL uP™ (X)) 9 PINNS X R AR 7 5

WAL IO TR, u' AR s L A AR
PINNs TH 5 H PR B (1 K, 2 H 2 Ry, sRG)NMEET 0, mbit RO iz R B
BRI L TR Y B E . T RER T 2

MSE, =,\Iisz\fF"NNS(x;)—o\2 ®)

foi=l
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b N AT IR R ZE M EC B AN £ (%)) 9 PINNS J 2 F A 2 3 S 4k iRt
(5)Z J ) R KA -

PINNs 7EYIZRIERE it SEPIAK, JLRHR S A M4 SHRIEAE R, ERIFIENTA RIZ Ry
i TSP AR B I ZRER A B R PR, B SRARATIAME mTHS MSE, R MSE PR K s 5
CIGRNEI R, EREARZTTRRAR, R E I RN ZE MSE, o I FEIIRZE MSE, BTS2
2% (Y TIN5 0 AR 4 SE IR R T AR, TR SRR G SRAT S T RE ROV B U 5 T Adp PO W B — B0
B AE Gk = SRS DL T, PINNs AEUIZRIEAE A 75 n] DU /MU T AR R ZE R B 46 S8, AT RERY
ik fEIr T 0, SEHLARME 52 5] SRS .

3.2. G-PINNs

PINNs x5 75 FE IR SR A3 205 AT AR IR AR AL, R AE SE BRI 2o A% rh fp 28 (R 38 1 K FE AT A3 3 LA
LB E KA. BEAh, MR SE R R IR B L B S BCRBON R R,  ESERAA T TR K B A2 AR
A, T 2 A R ST A e R A v A A A 0 I A B R I R AR AT SRR
AT A PR . ET RPRYE, T EAEBLA PINNS R 6 Al _E k47 B0, 675 it J5 i PINNS
A LAFE R /DG B IR Rl A5 B TE IS A 1R, AR R B AE SE PR 2 28 s p R I £

PINNs Hi%5| N\ PDE HIFRZENE AR B 320, 7EMLEERL b nT ARt BESR PDE HIGRZE 45
SMEINGRBER REF, 24 PDE FHIFRZ FFE AT DI ol BT A &4 .tk PDE [k %=H
%, YR PDE BREMIBEEthRNE .. BU)E IR % G-PINNs 3] PDE SEUMIL 2= NE, HEMKISUT
TEFR A SERER B LT, RN 45Xt PDE SAUE RIS TR, A fE I Zhid 7 v SERUx 7 FR I U B
SRZVIH . IR FE I R 1) BE 0 A AR TN 28 2RI TE I ZRad FE o R UM A R Re g, L Re 8 78
b2 SRR RS AN B SE IS ENR,  SETHASBYAE T 75 FE AR B3E T B 7 DL B A W ER 2 45 )38
BEAR IR A ) 5 T AR IR BURS W B AR I HE T, IR s B LR s R A mT

L Burgers J5 2 NG, XT f #E4T RS ESF40 T BREL:

0.01

ﬂ:%+q*m+mm—jrwn 9)

f,=u, +u2 +uu, ——Ofluxxx (10)

Aok ft:%ﬂgfxmﬂe@)am@wwﬁ, fx:%ﬁfﬁxijﬁ?y}ﬁﬁ’ﬂ‘?yi&%iﬁﬁo

G-PINNs 7EZrid B2 AL LR (B) A 0, [FIBF LR G) 1 FE Ny 0. AR It R R4t AT
BEFESERT, SR HEr BAA HLIRINH 2 07 72 S SR T, S B A M3 R GeAT NI RE ) .
G-PINNs 72 SR Z 1HE I H PINNs 3 iR Z i, SIS %S, G-PINNs Ffik
B BT I 2 A R LR T 2

MSE = w,MSE, + w; MSE; +w,MSE, +w MSE (11)

A wAARBURIIAERLE, MSE, £HME S FAL R k%, MSE, ATREMIRZE, MSE N
TR R TR REHIIREE, MSE NTTRENS x KT e SEHIRZE .. TSI ERRIE T

LT 2
MSE,, :N—ﬂg‘ft(x;,t;)—o‘
§ (12)

L& (6 of
MSE , == | (X t )-0

fx fx 1 Hix
fx i=1
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A f(xiﬁ,t‘ﬂ)%j G-PINNSs 7E A F5 i (X, t) K% B 500 {8 A e 3 3k ik AR K (9) 5 1) i 204
f (x‘fx,t‘fx)i‘y G-PINNSs 7EAAHR i (X, ) K0 B T 2 e S HER A RN R (L0) 5 s fE, N AR T
H f(x‘f t )Xﬂ‘ t > RGFEFERENRE S, N OVH TR f(x‘fx,t‘fX)XﬂL X K5 FHORZE M E A
N

Kl 1 fros R AR Burgers 77 F2E G-PINNS AL R & &, G-PINNS A 75 I8 4 20 I 26 R Aofs J35 34 5 9
55, WNZR AR AP AR BOE AR A DLSE 7 R0 2 - T 2k, AT S 2R s S 81 B Ay A s ) T e

Y T B BOKE SLRS x R ] 44 51 25600 AN 25 A a5 (X, t) AR U0t L 7 BLAR ) s 42
SR T 87 7 filiRE (Latin Hypercube Sampling, LHS) S A8 %5 s AT BEHLIEEL, LHS X S35 1A HE 4720
RRN5r, REW IR0 5 B A SHCR R, AT DUIE A YOk AR A B I HE AR MR R Al 1. LHS &
B AR AR UL B DA s AT Y R, R G-PINNS PRI AR AR SR

DNN Wi N2 Ahbr st (x,t) , SR EHMRNEEZ, W ABIE TR IR, %38
FIRFER R IR . BRGBUZ B AU IE ) (Tanh) 80 R 20, 51 N AR B aE 1, 2% ) 3 nm &k
LRPEMLI O R B AU SR ARFAE, $R 48 3RIA RE /7. Tanh BRECH N RN T SRR, 387 T
BRI IREE T, RE0E TG RSO AL 3R o 55 (i A 1 507

G-PINNSs ¥ DNN %t B TR AR gy TERMEEEIN,  FIR A SO B AT R T, R
N R SH, 57 R S S AR 5 78 X3 9 I 0 B i BT HERR T B, AR B R sk =
T2 FHI TR ZE[23] 0 5625 FETRINAR 55 BAE (R AR 22, DR & T4 K 43 O AH IBE RIS, ) Jlifie 258 (450 R BR B
G-PINNSs #5855 1 % 77 F2 S 2O HERf A, DRl k)N it A2 AR AL SR 1 4 TR e Sl 28 S EL

ASCIER LA S S HFh i “L-BFGS” ALtk G A7tk . L-BFGS (AL Skt —5
AR, TR H AR R AR, R AL Hessian HE B (10100686 2 HEATAE1E, AN 75 22 0 xQh A7 i B A 40
B, AT DL BB T A7 203, 1 AR BT vy 4 S 400 () AN U A B B R A iU SO R SR, g
% B RSO AE A 2R 7 (R R BB L) R 1) 2 R . 456 G-PINNSs HEAUK % Burgers 75 Fid 12 4
PEEE IR R AR 2 v H AR R B, A B Gk %5k, B 1 H e RAVRIHR/MNREZE, nlter AIERKIE K
WU, WFAE IR SRR, MM ZARWHEARTE R, B 2R ¢ BUXE] n.iter FI¥E K2 —, BhHE
INGEAUIZR, it e 2 R TN u(x‘,t‘) .

Deep Neural Networks Gradient-enhanced Physics-informed Neural Networks
(A2
2N
A\"lh °A\,l¢ e f = e vty — = e
"{"{/ Vé"/ fe =utt+ut*ux+uuxt—0'—::1um

(0 4
i )

YES e L-BFGS
@ = n.lter "/Sf/*——f MSE = w,MSE, + WgMSEs + WpeMSEf; + Wr MSEz, ]

Figure 1. Schematic diagram of G-PINNs model
[E 1. G-PINNs R EREE
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G-PINNs ACHELE BAEC AT R A B K R AL, AR OUAL L AR rp o D 7 FE S B 2R, A
WA I ZROR A, SRAT o 22 0 25 1) B R S BRI AU IR 2% 0 2 B G A3 i B0 i 4R v 1) oA A
PWHALLIA, RIS, AR L S HI 2z, BR T BRI ROR, A3 201 20800 B
NS N2 FH B SR SR Bt (0 RRAS o SNER P24 55 I 1) 0 246 RE B2 vt A 28 TOUIU Ak A AT T ARk, AE /D> R0
YRRC B AR A bt REIUS O B R ROR . G55 SEBR LR 02 3 b B SRR IR ELAE AR M AR Y
B0, G-PINNs BEARLIR AL 1 N6 2 A% R GuAT N AT M RERE /T -

4. BUESCIE

AR T X6 A W 7 5 e M A R %, X EL 20T PINNS R G-PINNS 95 it 0 28 22440 75 4 [7] 9 2% Fic B
TR f# Burgers S ARHIRCHR . S264d A Inter(R) Core(TM) i9-10980XE(CPU)A NVIDIA T600(GPU)1E il
P&, T Python3.10 fil Pytorch1.12.1 #4#SKEG A58 . PINNs 5 G-PINNs e 4t 6 JZam=, &
JZ 20 ANPRETUIITRBE PR N 2%, W2 IRHIAR2: 2] SR BN 1.0, & L-BFGS b 283t AT 1A AL

G-PINNSs BRIl 2t — A 2AT 555 ), AR s BON M 28 I ZRid 72 v 2 T 2k (1 2 G ek 4k [24] . a0
FRGAN R 2 AT 55 A R UL AR N AT B 2 S BON R FE R o EAME S AT 2 5, RIGRE ZEX) G-PINNS
PR Z (A A FE LG AT TR o BT o AL TR 5 1R S AR Z AR L, BY wy, Al wy, (AR5
W =W, =W )o WAL 5 T8 A R F sk P2 i foff P b 20 I 285 B P TN AR5 BE0AE 2 TRD ) L2 YU BRI iR 22 6
SR BT . X IRZE S W R

\/ZL(U(Xi'ti)_Ui)
o=
/ iN=1ui2
ﬁ*:qﬂﬂ%M%ﬁﬂE%ﬁﬁuﬂWM%%ﬁMﬁ,wﬁ%ﬁﬁuﬂwmmgﬁo

2 B TANE wBUE F, G-PINNs 3% 3000, 6000, 9000 F1 12,000 ¢&k3Z:4K 5 375 H T i ) AH
R ZE X EEIG I 11 2 AT AL EE 2 7E w = 1.0 5 w = 0.01 i, G-PINNs A Xf i £ K w = 0.1 5 w = 0.001
B, MSHRZEZ/NTRIPE, HA LB EN %3] w = 0.001 B NI 2t AT w = 0.1 i) BIR Z K

T R, e &R S AR AN/ IN T B BT o WS 5608 G-PINNS A7 PDE S 8507% 2 A S AR 5 B 4 0.001,
HEAUE N G-PINNSs #ERLLE Il Zrid 72 RE iy & 21 2% FE 7 RE SRR 2 2, TR B BB A T AR

(13)

0.5 1 X\”\"\x

0.1
— \-
- — - -
0.0
4000 6000 8000 10000 12000
IR E

Figure 2. Relative error of G-PINNs when PDE derivative resi-
duals weight ratio is different

[# 2. PDE S#%E N ER L A ERT G-PINNs BUAEXHRZE
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4.1. FtREAET PINNs 5 G-PINNs %t Burgers 5 12HR R4 R

PINNs Fl G-PINNs #J7F 1538 P9 R Al LHS 3£ HL 100 4NJ 5 45 10,000 /S8 AT 1 Sk, 4 P Fh
VA 6% R PR TN 7 DA e R ZEAEBE AN I AT X B AT D TS SR, SRERIETL t = 0.5 FFZ
PINNSs F1 G-PINNs F F5 I A S i 22 EAT 500 B 4347 o EH O ek 5 28 A U SR S8ORI R 5 B 220 79 7 T 25 AR
X)W1 )5 2% B AE AT DP9 e 0 28 A 114 1 i 2 T DA B FE I (D 4 FE 1 e e PEARS A, e s
SR MIRRRIEA JI3CHF . SIS RN R A i BB PR BRI PP Al Fa s . AN R 25 B IR BB AR (1
TRIME 5 B 2 IR A RE RS, AT a8 b T Be A7 72 (Rl (8 B A B AR @ v, 7E L SL i = 20 B e
HARSRMIER M, TSR AEM . AV R AR ZE Ay oy VH AT

Aror ot =‘u(x‘,t‘)—u“ (14)

H{rf: u(x‘,t‘)i‘ﬂlﬁl%i‘ﬁﬂﬁ%ﬁﬁ(x,t)ﬁﬁiﬁ?’éﬂ"ﬁ)ﬁiﬂﬂﬁ, U' AT 5 (%, t) XoF R B A8

P4 3 4 PINNSs VIl 10,000 X Ji5 Xt Burgers 77 B2 1504k Py 45 AL bR o5 1 LA« TOUD AR B 2 0t 2 2248
Kl 4 2 G-PINNSs VIl 10,000 5 4 Burgers 75 F2 F 50380 A AR S BUAEL . TR0 S 4o i 24 .
3 /R, PINNs sRf# Burgers J7 F5 £ £ TN MR -5 BLAR IR (RO 26 65 1 25 (O WG AE 20 7F 6%107° A, T 4
1 G-PINNs f5 £ 4055 22 FIEE L) 1.4%107° /iAo 4 Axdsl oy TS 15 B0 Se 2 T T 22— 1
G-PINNS X J7 F2 A 1 T RS B AR T PINNS $2F+ 13 76.7%, 75403 Burgers 7 T2 2 30 H B 5 R 8G FE
FTRI e

True Predict Error of u

0.006
0.004
0.002
N N =} =1
(a) PINNSTETHRI A O BB . T AR B 28 I A 0 iR 22
L6 True when t=0.5 o Predict when t=0.5 0006 Error of u when t=0.5
0.75 0.75
0.005
0.50 0.50
0.004
0.25 025 =
s
k4
= 0.00 = 0.00 £ 0.003
H
—0.25 -0.25 =4
0.002
—0.50 -0.50
—0.75 -0.75 0.001 \/‘\/\,\/’\J V\/\/\/V
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~1.00 -0.75 ~0.50 -0.25 0.00 0.25 050 0.75 1.00 —1.00 ~0.75 ~0.50 —0.25 0.00 025 0.50 0.75 1.00 M s s s 0.00 0.25 0.50 0.75 1.00
X X x

(b) PINNSTE=0.50 [ BB . TR ARAN S & O 48 % 1R 2

Figure 3. Training results of PINNs
[ 3. PINNs BJIIZREE R [E
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Figure 4. Training results of G-PINNs
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Table 1. Absolute error of PINNs and G-PINNs when network configuration points are different
# 1. MK ESTRER PINNs 5 G-PINNs IIZ4aIEIHREE

3000 (Iters) 6000 (Iters) 9000 (lters)

o E_"f(;(;’f,\'f '[\"5\'500) 8.917022*10°2 5.132573*10°2 1.855752%10°
u-— y Nf —

(NEr["{g(‘; ?\I'P_' ':ygo) 3.272040*10°2 2.645900*10 2 7.259635*10°2
u-— y Nf —

N Erlrgg OLPl'\'l'(\)'%OO) 7.268971*10 2 3.792699*10 2 6.582435*10°2

u-— y Nf = )
Error of G-PINNs 6.970254*10°2 1.925936*10°2 1.265518*10°2

(N,= 100, N; = 10,000)

1 LIRSS SRR Y] G-PINNs 76 [F) £ 45 e B A5 00 N M 4a 6% Z M F PINNs BEAE T2
36%~63%. KB E SJE, PINNs 5 G-PINNs (il 2R 288 L8 — @ FEE Bsn. 4R
G-PINNSs 7EAf i — 21t B s I 2RI (352 22 E PINNS AN /b i B A i AR 22 5 /0N, 1245 3 B PINNs A5 7
TEAL3E PDE I LR BETEAR KRR B LA T 3805 B I HE R PE R s e v, 7E B SR B0 v D I 1 O
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Figure 5. Training results of PINNs with 5% noise
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Figure 6. Training results of G-PINNs with 5% noise
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Table 2. Absolute error of PINNs and G-PINNs when network configuration points are different (with 5% noise)
= 2. MEELE SRR PINNs 5 G-PINNS IIZRH0 4B 3R 2 {8 (5%KE )

3000 (Iters) 6000 (Iters) 9000 (lters)
(NUE:"%S”‘C,\'E '2"5\'300) 1.869648*10°! 5.516061*10 4.288181*10°°
(Nlirioigg,ﬁpzlgglc%) 5.468906*10 4.320308*10° 3.192474*10°
N, Erlrggf’l':lfl'\'l'gfooo) 1.015703*10°! 4.789887*10 3.911240*10
Error of G-PINNs 3.728751*10 2.218031*10 2 1.501892*10 2

N,= 100, N; = 10,000)
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Figure 7. Error of PINNs and G-PINNSs with different noises
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