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Abstract

In this paper, we discussed the boundedness of commutator generated by singular

integral operator and Lipschitz function on the p-adic field. We proved that the

commutator is bounded from Lebesgue space to certain Campanato space.
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1. Úó

1897c, Hensel [1]�)ûpgÓ{�§�ÛÜ)¯K, ÄgJÑ
 p-?ê�Vg. éu���

ê p, p-?ê� Qp´knê� Qéu p-?�CÄ���ê | · |p���z. �ê | · |p�½ÂXe: é

u x = 0, K |0|p = 0; éu?¿�"knê x, b� x�±��L«¤ x = pγ(m/n), Ù¥ γ ∈ Z�
mÚ n´Ø� p�Ø��ê, K |x|p = p−γ . | · |p÷v±e5�:

|xy|p = |x|p|y|p, |x+ y|p ≤ max{|x|p, |y|p}.

e |x|p 6= |y|p, K |x+ y|p = max{|x|p, |y|p}. �âIO� p-?©Û [2], z��"� p-?ê x ∈ QpÑ

�±���/L«�

x = pγ
∞∑
j=0

ajp
j , (1)

Ù¥ γ = γ(x) ∈ Z, aj ∈ Z� 0 ≤ aj ≤ p− 1, a0 6= 0. Ï� |ajpj |p = p−j , ¤±?ê (1)3 p-?�ê

eÂñ.

�m Qn
p = Qp × · · · ×Qp = {(x1, x2, · · · , xn), xi ∈ Qp, i = 1, 2, · · · n}. 3 Qn

p þ, p-?�ê½Â
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�: |x|p := max
1≤i≤n

|xi|p. éu γ ∈ Z, ½Â Bγ(a) = {x ∈ Qn
p : |x− a|p ≤ pγ}�± a ∈ Qn

p �¥%, ±

pγ ��»�¥. ½Â Sγ(a) = {x ∈ Qn
p : |x− a|p = pγ}�± a ∈ Qn

p �¥%, ± pγ ��»�¥¡. w

,, Sγ(a) = Bγ(a) \Bγ−1(a)� Bγ(a) =
⋃
k≤γ

Sk(a).

du Qn
p 3\{$�e´��ÛÜ;����+, Ïd3 Qn

p þ�3�� HaarÿÝ dx�±²

£ØC5, ¿÷v ∫
B0(0)

dx = |B0(0)|H = 1,

Ù¥ |E|H L«Qn
p þ��ÿf8 E� HaarÿÝ. Ïd, N´�Ñ, é?¿� a ∈ Qn

p , k |Bγ(a)|H =

pγn, |Sγ(a)|H = pγn(1− p−n).

- 1 ≤ q <∞. p-? Lebesgue�m Lq(Qn
p )½Â�

Lq(Qn
p ) =

{
f : ‖f‖Lq(Qnp ) =

(∫
Qnp
|f(x)|qdx

)1/q

<∞
}
,

¿^ L∞(Qn
p )L« Qn

p þ¤k(¢�)�ÿ¼ê f ��N, Ù÷v

‖f‖L∞(Qnp ) := inf{α : |{x ∈ Qn
p : |f(x)| > α}|H = 0} <∞.

Cc5, p-?©Û®²2�A^uêÆÔnÚnØÔn�+�. ~X, òDÚ�þfåÆnØ

í2� p- ?ê�þ; 3unØ¥, p- ?ê�^5£ã,
Ôny��(� [2] [3]9�'©z). 3d

Ïm, p-?�þ�NÚ©Û®²��
Nõk¿Â�¤J. ~X, ²;È©�f3 p-?�þ�í2;

p-? Lizorkin�m�Ú\l
?�Ú�z
 p-?��©�§�ïÄ�(� [4]- [8]9�'©z).

ÛÉÈ©�fnØ3NÚ©Û+�¥äk­�/ . 1952c, CalderónÚ Zygmund [9]JÑ


Calderón-Zygmund ÛÉÈ©�fnØ. 1956c, CalderónÚ Zygmund [10]?�Ú?Ø
òÈ.Û

ÉÈ©�f, y²
Ù3 Lp(Rn)(1 < p < ∞)þ�k.5. �XnØNX�Øä�õ, ÛÉÈ©�

f�A^��Øä*Ð, ~X��5©Û��Å©Û!E©Û! �©�§�, �© [11] [12].

��f���ÛÉÈ©�f;�'é��a­��f, 3�«¼ê�m(�!©Û�f�K5

±9&Ä �©�§)�5���¡äk­��¿Â. 1976c, Coifman, RochbergÚWeiss [13]Ä

gÚ\
��f�Vg, ¿éÙk.5?1
ïÄ, y²
ÛÉÈ©�fÚ BMO¼ê)¤���

f Tb 3 Lp(Rn)þ�k.5. - T � Calderón-ZygmundÛÉÈ©�f� b ∈ L1
loc(Rn), ��f Tb

½ÂXeµ

Tbf = bT (f)− T (bf),

3d��, ¼ê�mþ��f��f�k.5��2�ïÄ(� [14]- [16]).

1969c, PhillipsÚ Taibleson [17]�Ä
 p-?�þ� Calderón-Zygmund.²;ÛÉÈ©�f.

½Â1.1.[17] - Ω ∈ L∞(Qn
p ), Ω(pjx) = Ω(x), j ∈ Z�

∫
|x|p=1

Ω(x)dx = 0, p-?�þ�ÛÉÈ

©�f½Â�

Tf(x) = lim
z→−∞

∫
|x−y|p>pz

f(y)
Ω(x− y)

|x− y|np
dy, z ∈ Z.
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1975c, Taibleson [18]y²
� Ω÷v1w^�

sup
|y|p=1

∞∑
j=1

∫
|x|p=1

|Ω(x+ pjy)− Ω(x)|dx <∞

�, p-?ÛÉÈ©�f T ´ (q, q).Úf (1, 1).�f, Ù¥ 1 < q <∞.

½Â1.2. - Ω ∈ L∞(Qn
p ), Ω(pjx) = Ω(x), j ∈ Z�

∫
|x|p=1

Ω(x)dx = 0, ½Â p-?ÛÉÈ©�

f Tp�

Tpf(x) = p.v.

∫
Qnp

Ω(x− y)

|x− y|np
f(y)dy.

�Ä Ω÷ve¡^� ∣∣∣∣Ω(x− y)

|x− y|np
− Ω(x)

|x|np

∣∣∣∣ ≤ |y|p
|x|n+1

p

, |x|p > |y|p > 0 (2)

�, éN´�±íÑ sup
|y|p=1

∞∑
j=1

∫
|x|p=1

|Ω(x+ pjy)− Ω(x)|dx <∞.

Ïd, �â© [18]¥�Ì�(J, �±�� Tp´ (q, q).Úf (1, 1).�f, Ù¥ 1 < q <∞.

½½½nnnA. - Ω ∈ L∞(Qn
p ), Ω(pjx) = Ω(x), j ∈ Z,

∫
|x|p=1

Ω(x)dx = 0 � Ω ÷v (2), Kéu

1 < q <∞, �3� f Ã'�~ê C > 0, α > 0¦�

‖Tp(f)‖Lq(Qnp ) ≤ C‖f‖Lq(Qnp ),∣∣∣∣{x ∈ Qn
p : |Tp(f)(x)| > α

}∣∣∣∣
H

≤ C 1

α
‖f‖L1(Qnp ).

2019c, Mo�<3© [19]¥y²
 p-?ÛÉÈ©�f� Lipschitz ¼ê)¤�õ�5��f

3 p-?2Â Morrey �mþ�k.5. 2023c, Shi�<3© [20] ¥��
 p-?ÛÉÈ©�f�

Lipschitz¼ê)¤�õ�5��f3p-?Morrey-Herz�mþ�k.5. p-?�þÛÉÈ©�f�

ïÄ���
éõ¤J, X [21] [22]�.

3î¼�mþ, 1978c, Janson3© [23]¥�é��f [b, T ]ÐmïÄ,�Ñ
��flLp(Rn)

� Lq(Rn)k.�¿�^�y². äN5`, � 0 < β < 1, 1 < p < q < ∞, 1/p− 1/q = β/n�, T

¿�^�� b ∈ Lipβ(Rn). 1995c, Paluszyński3© [24]¥��
ÛÉÈ©�f� Lipschitz¼ê

)¤���f´l Lebesgue�m� Triebel-Lizorkin�mk.�. 2013c, ShiÚ Lu3© [25]¥ï

Ä
ÛÉÈ©�f� Lipschitz¼ê)¤���f3 Morrey�mþ�k.5, ¿ïá
 Lipschitz

�m��«�d�x. 2015c, Zhang�<3© [16]¥�Ñ
 Lipschitz�m��«#��x, y²


ÛÉÈ©�f� Lipschitz¼ê)¤���fl Lebesgue�m� Campanato�m�k.5.

duî¼�m¥�ÛÉÈ©�f� Lipschitz¼ê)¤���f3�
¼ê�mþ®²��


¿©�ïÄ, 
3 p-?�þ, ÛÉÈ©�f� Lipschitz¼ê)¤���f3¼ê�m¥�5�ïÄ

�Ø�õ. Ïd, Éþã©z�éu, �©òïÄ p-?�þÛÉÈ©�f� Lipschitz¼ê)¤��

�f�k.5.
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�Qã�©�(J, Äk£� p-?�þ� Campanato�mÚ Lipschitz�m�½Â.

Campanato [26]3 1963cÄg0�
 Campanato�m. Campanato�mØ=� �©�§

)��35��K5Jø
Ú�µe§�3NÚ©Û��fnØ�AÛÿÝØ¥u�­��^.

p-? Campanato�m½ÂXe:

½Â1.3. � 1 ≤ q <∞, −n/q ≤ β < 1, p-? Campanato�m Cq,β(Qn
p )½Â�

Cq,β(Qn
p ) = {f : ‖f‖Cq,β(Qnp ) <∞},

Ù¥

‖f‖Cq,β(Qnp ) := sup
Qnp3x

sup
γ∈Z

1

|Bγ(x)|
β
n

H

(
1

|Bγ(x)|H

∫
Bγ(x)

|f(y)− fBγ(x)|qdy
)1/q

,

Ù¥ fBγ(x) = 1
|Bγ(x)|H

∫
Bγ(x)

f(y)dy.

Lipschitz�méu�x¼ê1w5!ïÄ�fk.59 �©�§)��K5�¡äkX­

��^. p-? Lipschitz�m½ÂXe:

½Â1.4. (1) - 0<β<1, K p-?à. Lipschitz�m Λβ(Qn
p )½Â�

Λβ(Qn
p ) := {f ∈ L1

loc(Qn
p ) : ‖f‖Λβ(Qnp ) <∞},

Ù¥

‖f‖Λβ(Qnp ) = sup
x,y∈Qnp
x 6=y

|f(x)− f(y)|
|x− y|βp

.

(2) - 1 ≤ q <∞, � 0 < β < 1, K p-? Lipschitz�m Lipqβ(Qn
p )½Â�

Lipqβ(Qn
p ) := {f ∈ L1

loc(Qn
p ) : ‖f‖Lipqβ(Qnp ) <∞},

Ù¥

‖f‖Lipqβ(Qnp ) = sup
γ∈Z
x∈Qnp

1

|Bγ(x)|
β
n

H

(
1

|Bγ(x)|H

∫
Bγ(x)

|f(y)− fBγ(x)|qdy
) 1
q

,

Ù¥ fBγ(x) = 1
|Bγ(x)|H

∫
Bγ(x)

f(y)dy. XJ q = 1, ^ Lipβ(Qn
p )L« Lip1

β(Qn
p ).

w,, � 0 < β < 1, 1 ≤ q <∞, Cq,β(Qn
p ) = Lipqβ(Qn

p ).

�©Ì�(JXe:

½½½nnn1.1. - Ω ∈ L∞(Qn
p ), Ω(pjx) = Ω(x), j ∈ Z,

∫
|x|p=1

Ω(x)dx = 0 � Ω ÷v (2). �

1 < q <∞, −n/q ≤ λ < 0, β = λ+ n/q < 1. XJ b ∈ Λβ(Qn
p ), K Tp,b´l Lq(Qn

p )� Cq,λ(Qn
p )k

.�. =: �3~ê C > 0, ¦�é?¿� f ∈ Lq(Qn
p ), k

‖Tp,b(f)‖Cq,λ(Qnp ) ≤ C‖b‖Λβ(Qnp )‖f‖Lq(Qnp ).

3�©¥, i1 C 3ØÓ�ªf¥òL«ØÓ�~ê.
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2. ý��£

�
y²�©(J, I0�XeÚn.

Ún2.1.[27] XJ f ∈ Lipqβ(Qn
p ), éu 0 < β < 1Ú 1 ≤ q <∞.

(i) �ê ‖f‖Lipqβ(Qnp )��ê ‖f‖Lipβ(Qnp )�d.

(ii) ‖f‖Λβ(Qnp ) ≈ ‖f‖Lipqβ(Qnp ).

d Λβ(Qn
p )�½ÂN´��e¡�:��O. XJ 0 < β < 1, b ∈ Λβ(Qn

p ), @o

|b(x)− b(y)| ≤ ‖b‖Λβ(Qnp )|x− y|βp , ∀x, y ∈ Qn
p , x 6= y. (3)

� Bγ(x)´ Qn
p þ�¥N, Kdþª, k

sup
y∈Bγ(x)

|b(y)− bBγ(x)| ≤ C|Bγ(x)|β/nH ‖b‖Λβ(Qnp ). (4)

d© [28]¥�(Ø, �±��e¡�(Ø.

Ún2.2. � Bk(a), Bj(a) ´ Qn
p þ�¥N, k, j ∈ Z, - Bk(a) ⊂ Bj(a), 0 < β < 1, XJ

b ∈ Λβ(Qn
p ), K

|bBk(a) − bBj(a)| ≤ C‖b‖Λβ(Qnp )|Bj(a)|β/nH .

3. ½ny²

½½½nnn 1.1���yyy²²²é?¿�¥ Bγ(x0) ⊂ Qn
p , f ∈ Lq(Qn

p ), I��O

1

|Bγ(x0)|λ/nH

(
1

|Bγ(x0)|H

∫
Bγ(x0)

∣∣Tp,bf(y)− (Tp,bf)Bγ(x0)

∣∣qdy)1/q

≤ C‖b‖Λβ(Qnp )‖f‖Lq(Qnp ).

- f = f1 + f2, Ù¥ f1 = fχBγ+2(x0), Ké?Û¢ê c, d HölderØ�ª, k

1

|Bγ(x0)|λ/nH

(
1

|Bγ(x0)|H

∫
Bγ(x0)

∣∣Tp,bf(y)− (Tp,bf)Bγ(x0)

∣∣qdy)1/q

=
1

|Bγ(x0)|λ/nH

(
1

|Bγ(x0)|H

∫
Bγ(x0)

∣∣Tp,bf(y)− c+ c− (Tp,bf)Bγ(x0)

∣∣qdy)1/q

=
1

|Bγ(x0)|λ/nH

(
1

|Bγ(x0)|H

∫
Bγ(x0)

∣∣∣∣Tp,bf(y)− c− 1

|Bγ(x0)|H

∫
Bγ(x0)

(Tp,bf(z)− c)dz
∣∣∣∣qdy)1/q

≤ 1

|Bγ(x0)|λ/nH

(
1

|Bγ(x0)|H

∫
Bγ(x0)

|Tp,bf(y)− c|qdy
)1/q
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+
1

|Bγ(x0)|λ/nH

(
1

|Bγ(x0)|H

∫
Bγ(x0)

∣∣∣∣ 1

|Bγ(x0)|H

∫
Bγ(x0)

(Tp,bf(z)− c)dz
∣∣∣∣qdy)1/q

≤ 1

|Bγ(x0)|λ/nH

(
1

|Bγ(x0)|H

∫
Bγ(x0)

|Tp,bf(y)− c|qdy
)1/q

+
1

|Bγ(x0)|λ/nH

1

|Bγ(x0)|H

∫
Bγ(x0)

|Tp,bf(z)− c|dz

≤ 1

|Bγ(x0)|λ/nH

(
1

|Bγ(x0)|H

∫
Bγ(x0)

|Tp,bf(y)− c|qdy
)1/q

+
1

|Bγ(x0)|λ/nH

(
1

|Bγ(x0)|H

∫
Bγ(x0)

|Tp,bf(z)− c|qdz
)1/q

≤ 2

|Bγ(x0)|λ/nH

(
1

|Bγ(x0)|H

∫
Bγ(x0)

|Tp,bf(y)− c|qdy
)1/q

.

� c = −(Tp((b− bBγ(x0))f2))Bγ(x0), 5¿� Tp,bf = Tp,(b−bBγ (x0))f , k

1

|Bγ(x0)|λ/nH

(
1

|Bγ(x0)|H

∫
Bγ(x0)

∣∣Tp,bf(y)− (Tp,bf)Bγ(x0)

∣∣qdy)1/q

≤ 2

|Bγ(x0)|λ/n+1/q
H

(∫
Bγ(x0)

|Tp,bf(y) + (Tp((b− bBγ(x0))f2))Bγ(x0)|qdy
)1/q

≤ 2

|Bγ(x0)|λ/n+1/q
H

(∫
Bγ(x0)

|(b(y)− bBγ(x0))Tpf(y)|qdy
)1/q

+
2

|Bγ(x0)|λ/n+1/q
H

(∫
Bγ(x0)

|Tp((b− bBγ(x0))f1)(y)|qdy
)1/q

+
2

|Bγ(x0)|λ/n+1/q
H

(∫
Bγ(x0)

|Tp((b− bBγ(x0))f2)(y)− (Tp((b− bBγ(x0))f2))Bγ(x0)|qdy
)1/q

:= I1 + I2 + I3.

éu I1, d 1 < q <∞Ú β = λ+ n/q, �â½n A, k

I1 =
2

|Bγ(x0)|β/nH

(∫
Bγ(x0)

|(b(y)− bBγ(x0))Tpf(y)|qdy
)1/q

≤ C‖b‖Λβ(Qnp )‖Tpf‖Lq(Qnp )

≤ C‖b‖Λβ(Qnp )‖f‖Lq(Qnp ).

éu I2, �â½n AÚÚn 2.2, k
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I2 =
2

|Bγ(x0)|β/nH

(∫
Bγ(x0)

|Tp((b− bBγ(x0))f1)(y)|qdy
)1/q

≤ 2

|Bγ(x0)|β/nH

‖Tp((b− bBγ(x0))f1)‖Lq(Qnp )

≤ C

|Bγ(x0)|β/nH

‖(b− bBγ(x0))f1‖Lq(Qnp )

≤ C

|Bγ(x0)|β/nH

(
‖(b− bBγ+2(x0))f‖Lq(Bγ+2(x0)) + ‖(bBγ+2(x0) − bBγ(x0))f‖Lq(Bγ+2(x0))

)
≤ C

|Bγ(x0)|β/nH

(
‖b‖Λβ(Qnp ) · |Bγ+2(x0)|β/nH + ‖b‖Λβ(Qnp ) · |Bγ+2(x0)|β/nH

)
‖f‖Lq(Bγ+2(x0))

≤ C‖b‖Λβ(Qnp )‖f‖Lq(Qnp ).

e¡�O I3, �â p-?�ê�5�, Kéu?¿� w, y ∈ Bγ(x0), z ∈ Bc
γ+2(x0), k |w − z|p >

|w − y|p. Kk

|Tp((b− bBγ(x0))f2)(y)− Tp((b− bBγ(x0))f2)(w)|

≤
∫
Qnp

∣∣∣∣Ω(y − z)
|y − z|np

− Ω(w − z)
|w − z|np

∣∣∣∣∣∣(b(z)− bBγ(x0))f2(z)
∣∣dz

≤
∫
Bcγ+2(x0)

∣∣∣∣Ω(y − z)
|y − z|np

− Ω(w − z)
|w − z|np

∣∣∣∣∣∣b(z)− bBγ(x0)

∣∣∣∣f(z)
∣∣dz

≤
∫
Bcγ+2(x0)

|w − y|p
|w − z|n+1

p

∣∣b(z)− bBγ(x0)

∣∣∣∣f(z)
∣∣dz

≤
∞∑
k=1

∫
pγ+k+1<|x0−z|p≤pγ+k+2

|w − y|p
|w − z|n+1

p

|b(z)− bBγ(x0)||f(z)|dz

≤ C
∞∑
k=1

p−k

|Bγ+k+2(x0)|H

∫
Bγ+k+2(x0)

|b(z)− bBγ(x0)||f(z)|dz.

Ïd

I3 =
2

|Bγ(x0)|λ/nH

(
1

|Bγ(x0)|H

∫
Bγ(x0)

∣∣Tp((b− bBγ(x0))f2)(y)− (Tp((b− bBγ(x0))f2))Bγ(x0)

∣∣qdy)1/q

≤ C

|Bγ(x0)|λ/nH

∞∑
k=1

p−k

|Bγ+k+2(x0)|H

∫
Bγ+k+2(x0)

|b(z)− bBγ(x0)||f(z)|dz

≤ C

|Bγ(x0)|λ/nH

∞∑
k=1

p−k

|Bγ+k+2(x0)|H

∫
Bγ+k+2(x0)

|b(z)− bBγ+k+2(x0)||f(z)|dz

+
C

|Bγ(x0)|λ/nH

∞∑
k=1

p−k

|Bγ+k+2(x0)|H

∫
Bγ+k+2(x0)

|bBγ+k+2(x0) − bBγ(x0)||f(z)|dz

:= I31 + I32.
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éu I31, 5¿� β = λ+ n/q < 1, −n/q ≤ λ < 0, 1/q + 1/q′ = 1, �â HölderØ�ª, k

I31 ≤
C

|Bγ(x0)|λ/nH

∞∑
k=1

p−k

|Bγ+k+2(x0)|H

(∫
Bγ+k+2(x0)

|b(z)− bBγ+k+2(x0)|q
′
dz

)1/q′(∫
Bγ+k+2(x0)

|f(z)|qdz
)1/q

≤ C

|Bγ(x0)|λ/nH

∞∑
k=1

p−k

|Bγ+k+2(x0)|H
|Bγ+k+2(x0)|β/nH · |Bγ+k+2(x0)|1/q

′

H ‖b‖Λβ(Qnp )‖f‖Lq(Qnp )

≤ C
∞∑
k=1

pk(λ−1)‖b‖Λβ(Qnp )‖f‖Lq(Qnp )

≤ C‖b‖Λβ(Qnp )‖f‖Lq(Qnp ).

éu I32, 5¿� β = λ+ n/q < 1, −n/q ≤ λ < 0, �â HölderØ�ªÚÚn 2.2, k

I32 ≤
C

|Bγ(x0)|λ/nH

∞∑
k=1

p−k

|Bγ+k+2(x0)|H
· |Bγ+k+2(x0)|β/nH ‖b‖Λβ(Qnp )

∫
Bγ+k+2(x0)

|f(z)|dz

≤ C

|Bγ(x0)|λ/nH

∞∑
k=1

p−k

|Bγ+k+2(x0)|1/qH

· |Bγ+k+2(x0)|β/nH ‖b‖Λβ(Qnp )‖f‖Lq(Bγ+k+2(x0))

≤ C
∞∑
k=1

pk(λ−1)‖b‖Λβ(Qnp )‖f‖Lq(Bγ+k+2(x0))

≤ C‖b‖Λβ(Qnp )‖f‖Lq(Qnp ).

(Ü I31, I32, ���

I3 ≤ C‖b‖Λβ(Qnp )‖f‖Lq(Qnp ).

Ïd, ½n 1.1y..

4. (Ø

3�©¥, Ì�?Ø
 p-?ÛÉÈ©�f��f�k.5. ïá
� báu p-? Lipschitz�m

�, � p-?ÛÉÈ©�f)¤���fl Lebesgue�m� Campanato�m�k.5(J. ÏLò

¢©Û¥�²;g�í2� p-?�þ, ?�Ú�õ
 p-?�þ���fnØ, ��fïÄJø
#

��{Úg´. ��5¿�´, �c(Ø=�é� −n/q ≤ λ < 0�� Campanato�m Cq,λ(Qn
p ).

3±þ©z�Ä:þ, ·��±UY�Äòü�5��fí2�õ�5�/, ïÄ p-?ÛÉÈ©�

f� Lipschitz¼ê)¤�õ�5��f�k.5¯K.

Ä7�8

ç9ô��á��p�Ä��ï�Ö¤�8(?Ò: 1453ZD031); ç9ô�g,�ÆÄ7éÜÄ

7­:�8(?Ò: ZL2024A001); .ûô��Æ�ïÄ)�§9�U�8(?Ò: KCSZKC-2022026,
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KCSZAL-2022013, XKCSZXM-2023007, 2024-004).
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[1] Hensel, K. (1905) Über eine neue Begründung der Theorie der algebraischen Zahlen. Journal

für die reine und angewandte Mathematik (Crelles Journal), 1905, 1-32.

https://doi.org/10.1515/crll.1905.128.1

[2] Vladimirov, V.S., Zelenov, E.I. and Volovich, I.V. (1994) p-Adic Analysis and Mathematical

Physics. World Scientific. https://doi.org/10.1142/1581

[3] Vladimirov, V.S. and Volovich, I.V. (1989) p-Adic Quantum Mechanics. Communications in

Mathematical Physics, 123, 659-676. https://doi.org/10.1007/bf01218590

[4] Albeverio, S., Khrennikov, A.Y. and Shelkovich, V.M. (2006) Harmonic Analysis in the P-

Adic Lizorkin Spaces: Fractional Operators, Pseudo-Differential Equations, p-Adic Wavelets,

Tauberian Theorems. Journal of Fourier Analysis and Applications, 12, 393-425.

https://doi.org/10.1007/s00041-006-6014-0

[5] Chuong, N.M. (2018) Pseudodifferential Operators and Wavelets over Real and p-Adic Fields.

Springer International Publishing. https://doi.org/10.1007/978-3-319-77473-2

[6] Chuong, N.M. and Duong, D.V. (2013) Wavelet Bases in the Lebesgue Spaces on the Field of

p-Adic Numbers. P-Adic Numbers, Ultrametric Analysis, and Applications, 5, 106-121.

https://doi.org/10.1134/s2070046613020027

[7] Volosivets, S.S. (2013) Maximal Function and Riesz Potential on p-Adic Linear Spaces. P-Adic

Numbers, Ultrametric Analysis, and Applications, 5, 226-234.

https://doi.org/10.1134/s2070046613030059

[8] Volosivets, S.S. (2017) Generalized Fractional Integrals in p-Adic Morrey and Herz Spaces.

P-Adic Numbers, Ultrametric Analysis and Applications, 9, 53-61.

https://doi.org/10.1134/s2070046617010058

[9] Calderon, A.P. and Zygmund, A. (1952) On the Existence of Certain Singular Integrals. Acta

Mathematica, 88, 85-139. https://doi.org/10.1007/bf02392130

[10] Calderon, A.P. and Zygmund, A. (1956) On Singular Integrals. American Journal of Mathe-

matics, 78, 289-309. https://doi.org/10.2307/2372517

[11] ¸[). C�NÚ©Û�{9ÙA^[M]. �®: �ÆÑ��, 1988.

[12] Hirschman, I.I. (1955) The Decomposition of Walsh and Fourier Series. Memoirs of the Amer-

ican Mathematical Society. https://doi.org/10.1090/memo/0015

[13] Coifman, R.R., Rochberg, R. and Weiss, G. (1976) Factorization Theorems for Hardy Spaces in

Several Variables. The Annals of Mathematics, 103, 611-635. https://doi.org/10.2307/1970954

DOI: 10.12677/pm.2025.154138 360 nØêÆ

https://doi.org/10.1515/crll.1905.128.1
https://doi.org/10.1142/1581
https://doi.org/10.1007/bf01218590
https://doi.org/10.1007/s00041-006-6014-0
https://doi.org/10.1007/978-3-319-77473-2
https://doi.org/10.1134/s2070046613020027
https://doi.org/10.1134/s2070046613030059
https://doi.org/10.1134/s2070046617010058
https://doi.org/10.1007/bf02392130
https://doi.org/10.2307/2372517
https://doi.org/10.1090/memo/0015
https://doi.org/10.2307/1970954
https://doi.org/10.12677/pm.2025.154138


Ü>>

[14] Guo, W., Lian, J. and Wu, H. (2019) The Unified Theory for the Necessity of Bounded

Commutators and Applications. The Journal of Geometric Analysis, 30, 3995-4035.

https://doi.org/10.1007/s12220-019-00226-y

[15] Shirai, S. (2006) Necessary and Sufficient Conditions for Boundedness of Commutators of

Fractional Integral Operators on Classical Morrey Spaces. Hokkaido Mathematical Journal,

35, 683-696. https://doi.org/10.14492/hokmj/1285766424

[16] Zhang, L., Shi, S.G. and Huang, H. (2015) New Characterizations of Lipschitz Space via

Commutators on Morrey Spaces. Advances in Mathematics, 44, 899-905.

[17] Phillips, K. and Taibleson, M. (1969) Singular Integrals in Several Variables over a Local Field.

Pacific Journal of Mathematics, 30, 209-231. https://doi.org/10.2140/pjm.1969.30.209

[18] Taibleson, M.H. (1975) Fourier Analysis on Local Fields. Princeton University Press; University

of Tokyo Press.

[19] Mo, H.X., Han, Z., Yang, L. and Wang, X.J. (2019) p-Adic Singular Integrals and Their

Commutators in Generalized Morrey Spaces. Journal of Inequalities and Applications, 2019,

1-13. https://doi.org/10.1186/s13660-019-2009-7

[20] Shi, Y., Li, L. and Shen, Z. (2023) Boundedness of p-Adic Singular Integrals and Multilinear

Commutator on Morrey-Herz Spaces. Journal of Function Spaces, 2023, Article 9965919.

https://doi.org/10.1155/2023/9965919

[21] Ho, K. (2022) Singular Integral Operators for Rearrangement-Invariant Morrey Spaces on

Local Fields. Bolet́ın de la Sociedad MatemStica Mexicana, 29, 1-15.

https://doi.org/10.1007/s40590-022-00474-z

[22] Wu, Q.Y., Lu, S.Z. and Fu, Z.W. (2017) p-Adic Central Function Spaces and Singular Integral

Operators. Chinese Journal of Contemporary Mathematics, 38, 73-90.

[23] Janson, S. (1978) Mean Oscillation and Commutators of Singular Integral Operators. Arkiv

för Matematik, 16, 263-270. https://doi.org/10.1007/bf02386000

[24] Paluszynski, M. (1995) Characterization of the Besov Spaces via the Commutator Operator

of Coifman, Rochberg and Weiss. Indiana University Mathematics Journal, 44, 1-17.

https://doi.org/10.1512/iumj.1995.44.1976

[25] Shi, S. and Lu, S. (2013) Some Characterizations of Campanato Spaces via Commutators on

Morrey Spaces. Pacific Journal of Mathematics, 264, 221-234.

https://doi.org/10.2140/pjm.2013.264.221
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