
Pure Mathematics nØêÆ, 2025, 15(10), 137-155

Published Online October 2025 in Hans. https://www.hanspub.org/journal/pm

https://doi.org/10.12677/pm.2025.1510257

�k�¢Úr{Z�ù�§��m�6
áÚf

��� ààà§§§ëëë©©©���∗

Ü����Æ§êÆ�ÚOÆ�§[�=²

ÂvFÏµ2025c8�28F¶¹^FÏµ2025c9�29F¶uÙFÏµ2025c10�28F

Á �

�©ïÄ
�k�¢Úr{Z�ù�§µ∂2
t u+ ∆2u− γ∆∂tu+ f(u) = g(x, uθ) )�ìC5�"�

��5�÷v�`O��ê 1 6 p < p∗ = N+2
N−4

, N > 5 �§A^ Faedo-Galerkin %C�{!U

þ�OÚ�m²£�{§��
)�·½5"?�ÚA^Â ¼ê�{§�y
L§�ìC;5§

��¼�
�m�6�ÛáÚf3�m�6�m CH ��35"

'�c

�¢§r{Z§�m�6�ÛáÚf§ù�§

The Time-Dependent Attractors
for Beam Equation with
Time Delay and Strong
Damping

Xuan Wang, Wenpei Zhao∗

College of Mathematics and Statistics, Northwest Normal University, Lanzhou Gansu

Received: August 28, 2025; accepted: September 29, 2025; published: October 28, 2025

∗ ÏÕ�ö"

©ÙÚ^: �à,ë©�. �k�¢Úr{Z�ù�§��m�6áÚf[J]. nØêÆ, 2025, 15(10): 137-155.
DOI: 10.12677/pm.2025.1510257

https://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2025.1510257
https://www.hanspub.org
https://doi.org/10.12677/pm.2025.1510257


�à§ë©�

Abstract

In this article, We consider the asymptotic behavior of the solutions to the beam equa-

tion with time delay and strong damping: ∂2
t u+∆2u−γ∆∂tu+f(u) = g(x, uθ). First of all,

when the growth exponent of nonlinear terms satisfies the optimal growth exponent

1 6 p < p∗ = N+2
N−4

, N > 5, by applying Faedo-Galerkin approximation method, energy

estimation and time translation method, we obtain the well-posedness of solutions;

Then, using the contraction function method, the asymptotic compactness of the so-

lution process is verified; Finally, the existence of time-dependent global attractor is

obtained in the time-dependent space CH .
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1. Úó

�©�Ä�k�¢Úr{Z�ù�§

∂2
t u+ ∆2u− γ∆∂tu+ f(u) = g(x, uθ), (x, t) ∈ Ω× [τ,+∞), (1.1)

u|∂Ω = ∆u|∂Ω = 0, (1.2)

u(x, τ) = u0(x), ∂tu(x, τ) = u1(x), (1.3)

u(x, τ + θ) = φ0(x, θ), ∂tu(x, τ + θ) = φ1(x, θ), x ∈ Ω, θ ∈ [−ρ, 0] (1.4)

�m�6�ÛáÚf��35,Ù¥ γ > 0�{ZXê, Ω ∈ RN (N > 5)´äk1w>.�k.«

�, f(u)´��5�, g(x, uθ)´�k�¢�	å�.

� f ∈ C1(R), f(0) = 0,� 1 6 p < p∗ = N+2
N−4

, N > 5�,÷v:

lim inf
|s|→∞

f(s)

s
> −λ1, (1.5)

|f ′(s)| 6 C(1 + |s|p−1), ∀s ∈ R, (1.6)
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Ù¥ λ1 > 0��f −∆÷v Dirichlet>.^��1�A��.

5 1.1 �â (1.5)��,�3��~ê β0,÷v
1
2
< β0 < 1,¦�

〈F (s), 1〉 > −(1− β0)λ1

2
‖s‖2 − Cβ0

,

〈f(s), s〉 > −(1− β0)λ1‖s‖2 − Cβ0
, ∀s ∈ R,

¤á,Ù¥ F (s) =
∫ s

0
f(r)dr.

5 1.2 N > 5d Sobolevi\½n���5�O��ê p��.^��Óû½.

?�Ú,éu�½� T > 0,½Â¼ê u : [τ − ρ, T ] → L2(Ω).éz�� t ∈ [τ, T ],·�^ uθ L

«½Â3 [−ρ, 0]þ��¢¼ê: uθ(t) = u(t+ θ), θ ∈ [−ρ, 0], 0 < ρ <∞.
�
�B�ã¯K,'u�¢��ÑXe½ÂÚb�.

��/,�X´�©�Banach�m,¿�Cρ(X) = {φ ∈ C([−ρ, 0]; X); limθ→−ρ φ(θ)�3uX},ä
k�ê ‖α‖Cρ(X) = sup−ρ6θ60 ‖α(θ)‖X.

b� g : Ω× Cρ(X) −→ L2(Ω)÷v:

(H1)é¤k ξ ∈ Cρ(X),N� x ∈ Ω→ g(x, ξ) ∈ L2(Ω)´�ÿ�;

(H2)é¤k� x ∈ Ω, g(x, 0) = 0;

(H3)�3 Cg > 0,¦�é¤k� x ∈ Ω, ξ, η ∈ Cρ(X),k ‖g(x, ξ)− g(x, η)‖ 6 Cg‖ξ − η‖Cρ(X);

(H4)�3Cg > 0,é¤k� x ∈ Ω, u, v ∈ C((τ−ρ, T ]; X),
∫ t
τ
‖g(x, uθ)−g(x, vθ)‖2ds 6 Cg

∫ t
τ−ρ ‖uθ−

vθ‖2Xds.

5 1.3 ±þ (H1)− (H4)b�^�÷v�ÿ5�å,"{¤"å�å, Lipschitz�å,È©Uþ�å.

C�c5,Ã¡�ÄåXÚnØ�A^ïÄ�É'5.3Ã¡�ÄåXÚ¥,Ï~^áÚf5�

x)���mÄåÆ1�.Ù¥'uÃ¡�ÄåXÚ��ïÄ®kéõ¤J,�ë�©z [1–4].

ù�§���;.�o�©ÙëêXÚ,3�.R5�m(�!�B��ì�^NÅì<:�

ó§¥äk2�A^.�³��Ä
Ú\��Ý�"��£´,duDaìæ�!&ÒDÑ9�Ä

ì�A��kò´,7,3>.½©Ù�!�)�¢.3ïÄ)���m1��,duá�PÁA5

Ú	Ü-y�éÜ�^¬��)�ò¢�A,=�¢y�.�¢y�2�A^uÔnÆ!zÆ!)

ÔÆ!²LÆÚ�¸�Æ�+�.3£ãXÚ)�ìC1��,)Ø=�6u�cG�,��6uL

�,ã�m�G�.

3uÐ�§¥Ú\�¢��±�°(/£ãXÚ)�Ä�1�.~X,�k�¢��ù�§�

±^u�[ù3É�Ä�1Ö���A,Ù¥�¢��N
1Öéxù(��ò´K�.'u�k

�¢�uÐ�§®k�
ïÄ,X© [5]ïÄ
�a	å�¹kk.�¢ÚÃ.�¢¢DA����

g£�ÛÜ�Ô�§.© [6]3�m�6�m CHt(Ω) þïÄ
�a�¹¢DA�Ú�ÛÜ*Ñ��

¢�g£*Ñ�§)�ìC1�.���5�÷v?¿� p − 1(p > 2)�õ�ªO�,¿�	å�

h ∈ L2
loc(R;H−1(Ω))�,�öïÄ
.£áÚf��35Ú�K5.

éuØ�¹�¢�ù�§,© [7]�ö3��5�÷vg�.O�^�e,ïÄk���Ûá

ÚfÚ�êáÚf��35,© [8]��
�k�ÛÜf{Z*Ð.ù�§3g�.^�e�Ûá

Úf��35,© [9]ïÄ
�a�ÛÜ*Ð.ù�§k��;�ÛáÚfÚ�êáÚf��35,

© [10]�Ñ
� f(u)O��ê÷v: 1 6 p < pθ = N+2(2α−θ)
(N−4)+ �,)�·½5,�K5Ú��m1�

LyÑ�Ô��5�.
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â·�¤�,éu�§ (1.1)-(1.4),�	å��k�¢�,�m�6áÚf��35?Ø��.�

dÓ�,�§¥¤�¹��¢Ú��5��)�ÑÑ5�O,k.áÂ8��35±9)L§�ì

C;5�y�5
��(J.·�ÏLA^Â ¼ê,Uþ�OÚ�m²£��{,±9�m�6

áÚf��'nØ,�Ñ
ù
EâJK,¿�y²
��§ (1.1)-(1.4)��5��O��ê÷v

1 6 p < p∗ = N+2
N−4

, N > 5�,�m�6áÚf3�m�6�m CH��35.

�©SNÚ(�SüXe:1�!·�ò£�ý��£ÚÄ�(J;1n!?Øf)�·½5;

1o!ò|^Â ¼ê�{���m�6áÚf��35,1Ê!o(�Ð".

��Ø©¥,^ÎÒ CL«�~ê,e©¥Ñy3ØÓªf¥�z�� CL«�´éA��~

ê,·��^ Ci, i ∈ NL«ØÓ��~ê, C(·, ·)L«�)Ò¥ëêk'�ëê.

2. ý��£

P V0 = L2(Ω), D(A
s
4 ) = Vs, D(A−

s
4 ) = V−s.

� A = ∆2.w, A3½Â� D(A) = H1
0 (Ω) ∩H2(Ω)¥´g��,3 L2(Ω)¥´k.�.

3 D(As)¥�SÈÚ�ê©OL«�: 〈u, v〉s = 〈A s
4u, A

s
4 v〉, ‖u‖s = ‖A s

4u‖, ∀u, v ∈ Vs.
éu s ∈ R,½Â Hilbert�mx Vs = D(A

s
4 ),SÈÚ�ê©OL«�:

〈u, v〉s =

∫
Ω

A
s
4u(x)A

s
4 v(x)dx, ‖u‖2s =

∫
Ω

|A s
4u(x)|2dx, ∀u, v ∈ Vs.

A^ Sobolevi\½n,� s2 > s1�,k;i\ÚëYi\:

Vs2 ↪→↪→ Vs1 , (2.1)

Vs ↪→L
2N
N−2s , s > 0. (2.2)

�¯K (1.1)-(1.4)�±�¤�f/ª:

∂2
t u+Au+ γA

1
2 ∂tu+ f(u) = g(x, uθ), t > τ, (2.3)

u(τ) = u0, ∂tu(τ) = u1, (2.4)

uθ(τ) = φ0, ∂tuθ(τ) = φ1, θ ∈ [−ρ, 0]. (2.5)

½Â Hilbert�mx: H = V2 × L2(Ω), H1 = V3 × V1, CH = CV2
× CL2(Ω), CH1

= CV3
× CV1

.

Ù�ê½ÂXe: ‖z‖2H = ‖u‖22 + ‖∂tu‖2, ‖z‖2H1
= ‖u‖23 + ‖∂tu‖21,

‖z‖2CH = ‖uθ‖2CV2
+ ‖∂tuθ‖2CL2(Ω)

, ‖z‖2CH1
= ‖uθ‖2CV3

+ ‖∂tuθ‖2CV1
.

e¡�Ä�(Jò^ué)�ìC�O.

½Â 2.1 [11, 12] � X ´�xD��m,¡Vëê�fx {U(t, τ) : X → X}´��L§,XJ

1)é?¿� τ ∈ R, U(τ, τ) = Id´ X þ�ð��f;

2)é?¿� σ ∈ RÚ?¿� t > τ > σ, U(t, τ)U(τ, σ) = U(t, σ).

� X ´�xD��m.éz�� t ∈ R,½Â X � R¥� B(R) = {z ∈ X|‖z‖X 6 R}.
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½Â 2.2 [11,12] XJ�3~ê R > 0,¦� C ⊂ B(R),K¡8Ü C ⊂ X �8Üx C = {C}´
k.�.

½Â 2.3 [12] XJé?¿� R1 > 0,8Ü B ⊂ X,�3~ê t0 = t0(R) 6 t,¦� τ 6 t− t0 ⇒
U(t, τ)B(R) ⊂ B(R1),K¡��k.8xB = {B(R1)}´L§ U(t, τ)��m�6áÂ8.

XJL§Pk���m�6áÂ8, @o¡L§´ÑÑ�.

Ún 2.4 [13] � xn ´��k.S�¿� ψ ∈ C(R)´��üN¼ê,K ψ(lim infn→∞ xn) 6

lim infn→∞ ψ(xn).

Ún 2.5 [14, 15] � X,BÚ Y � Banach�m,é T > 0,XJk X ↪→↪→ B ↪→ Y,

W1 = {u ∈ Lp([0, T ];X)|ut ∈ Lr([0, T ];Y )}, 1 6 p <∞,

W2 = {u ∈ L∞([0, T ];X)|ut ∈ Lr([0, T ];Y )}, r > 1,

KW1 ↪→↪→ Lp([0, T ];B), W2 ↪→↪→ C([0, T ];B).

½n 2.6 [12] XJL§ U(t, τ)ìC;,=8Ü K = {K = {K} : K ⊂ X �;8, KáÚ}´�
�;�,K�m�6f K�3���.

½Â 2.7 [16] � {X}´�x Banach�m,� C = {C}´ {X}��xk.f8.½ÂuX ×X
þ�¼ê ϕtτ (·, ·)¡� C × C þ�Â ¼ê.XJé?¿�½� t ∈ RÚ?¿�S� {xn}∞n=1 ⊂ C,

�3��fS� {xnk}∞k=1 ⊂ {xn}∞n=1,¦� limk→∞ liml→∞ ϕ
t
τ (xnk , xnl) = 0, ∀τ 6 t,·�^ C(C)

L« C × C þÂ ¼ê�8Ü.

½n 2.8 [16] � U(·, ·) ´ {X} þ�L§, ¿�k���m�6áÂ8 B = {B(R1)}. X
Jé?¿� ε > 0, �3��fS� T (ε) 6 t, ϕtT ∈ C(B(R)), ¦� ‖U(t, T )x − U(t, T )y‖ 6

ε+ ϕtT (x, y), ∀x, y ∈ B(R),é?¿�½� t ∈ R,K U(·, ·)´ìC;�.

½n 2.9 [13, 17] � U(·, ·)��^u Banach�mx {X}�L§,K U(·, ·)k�m�6�Ûá
Úf A = {A}÷v A =

⋂
s6t

⋃
τ6s

U(t, τ)B,��=�

(i) U(·, ·)�3�m�6áÂ8xB = {B(R1)}; (ii) U(·, ·)´ìC;�.

½Â 2.10 [13, 18, 19] XJé¤k� τ 6 t,k U(t, τ)A = A,K�m�6áÚf A = {A}´Ø
C�.

3. )�·½5

Äk, ·�é¯K (2.3)-(2.5)�)�ÑXe½Â.

½Â 3.1 é?¿� τ ∈ R, τ 6 tÚ?¿ ω ∈ V2, uθ = u(t+ θ), θ ∈ [−ρ, 0],XJ

uθ ∈ L∞([τ + ρ, T ];CV2
) ∩ L2([τ + ρ, T ];CV3

), ∂tuθ ∈ L∞([τ + ρ, T ];CL2(Ω)) ∩ L2([τ + ρ, T ];CV1
),

¿÷v

〈∂2
t u(t), ω〉+ 〈Au, ω〉+ γ〈A 1

2 ∂tu, ω〉+ 〈f(u), ω〉 = 〈g(x, uθ), ω〉, t > τ,

u(x, τ) = u0(x), ∂tu(x, τ) = u1(x),

uθ(τ) = φ0(x, θ), ∂tuθ(τ) = φ1(x, θ), θ ∈ [−ρ, 0].
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K¡��| y = (uθ, ∂tuθ)´¯K (2.3)-(2.5)3«m [τ, T ]þ���f).

½n 3.2 � (1.5)-(1.6)¤á� g(uθ) ∈ L2(Ω),Kéz�� T > τ, θ ∈ [−ρ, 0]¯K (2.3)-(2.5)

�f) (uθ, ∂tuθ) ∈ L∞([τ + ρ, T ];CH) ∩ L2([τ + ρ, T ];CH1
),¿� ∂2

t uθ ∈ L∞([τ + ρ, T ];CL2(Ω)) ∩
L2([τ + ρ, T ];CL2(Ω)),÷v:

‖uθ(t)‖2CV2
+ ‖∂tuθ(t)‖2CL2(Ω)

+

∫ t

τ+ρ

(
‖∂tuθ(s)‖2CV1

+ ‖uθ(s)‖2CV3

)
ds

6 C(R, T, γ, β0, µ0, λ1, φ0, φ1, Cg, Cβ0
, C2), t > τ. (3.1)

d	,f)�÷ve�5�:

(i) (ÑÑ5)�3���~ê R0,¦�

‖(φ0, φ1)‖CH 6 R0, ∀ t > t(R), (3.2)

Ù¥ τ 6 t− t(R)Ú t(R)´Ø�6u R�~ê.

(ii) (Uþ�ª)éz�� τ 6 t, θ ∈ [−ρ, 0]e�Uþ�ª

E(uθ(t), ∂tuθ(t)) + 2γ

∫ t+θ

τ

‖∂tu(r)‖21dr = 2

∫ t+θ

τ

g(uθ)∂tu(r)dr + E(φ0, φ1), (3.3)

¤á,Ù¥ E(uθ, ∂tuθ) = ‖uθ‖2CV2
+ ‖∂tuθ‖2CL2(Ω)

+ 2〈F (uθ), 1〉.

(iii) (f Lipschitz­½5)) (uθ, ∂tuθ), (vθ, ∂tvθ)3�m CV1
× CV−1

þ´ LipschitzëY�,=

‖zθ(t)‖2CV1
+ ‖∂tzθ(t)‖2CV−1

6 µ4(‖zθ(τ)‖2CV1
+ ‖∂tzθ(τ)‖2CV−1

) + C(R, T, δ, γ, β0, λ1, φ0, φ1, Cg, Cβ0
, C2). (3.4)

Ù¥ (zθ, ∂tzθ) = uθ − vθ, (uθ, ∂tuθ), (vθ, ∂tvθ)´¯K (2.3)-(2.5)©O'uÐ� φi0 , φi1(i = 1, 2)�

f).

y²: (i) (f)��35) ·�Äké¯K (2.3)-(2.5)�)��
k��O.^�§ (2.3)� ∂tu

3 L2¥�SÈ,k
d

dt
[E(u(t), ∂tu(t))] + 2γ‖∂tu‖21 = 2〈g(x, uθ), ∂tu〉,

Ù¥

E(u(t), ∂tu(t)) = ‖u‖22 + ‖∂tu‖2 + 2〈F (u), 1〉. (3.5)

éþª3 [s, t]þÈ©¿^ t+ θO� t,�y� (3.3)¤á.

du

2|〈g(x, uθ), ∂tu〉| 6 2‖g(x, uθ)‖‖∂tu‖ 6 2Cg‖uθ‖CV2
‖∂tu‖

6 C2
g‖uθ‖2CV2

+ ‖∂tu‖2. (3.6)
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K

E(u(t), ∂tu(t)) + 2γ

∫ t

τ

‖∂tu(s)‖21ds 6 E(u0, u1) + C2
g

∫ t

τ

‖uθ‖2CV2
ds+

∫ t

τ

‖∂tu‖2ds. (3.7)

3 (3.7)ª¥,^ t+ θO� t��

E(uθ, ∂tuθ) + 2γ

∫ t+θ

τ

‖∂tu‖21ds 6 E(φ0, φ1) + C2
g

∫ t+θ

τ

‖uθ‖2CV2
ds+

∫ t+θ

τ

‖∂tu‖2ds

6 E(φ0, φ1) + C2
g

∫ t

τ

‖uθ‖2CV2
ds+

∫ t

τ

‖∂tuθ‖2CL2(Ω)
ds. (3.8)

Ù¥ E(uθ, ∂tuθ) = ‖uθ‖2CV2
+ ‖∂tuθ‖2CL2(Ω)

+ 2〈F (uθ), 1〉.

d5 (1.1) ,�� 2
∫

Ω
F (uθ)dx > −(1− β0)‖uθ‖2CV2

− 2Cβ0
> (β0 − 1)‖uθ‖2CV2

− 2Cβ0
.

d (1.6)Úi\ V2 ↪→↪→ Lp+1(Ω),��

2〈F (u), 1〉 6 2C1(‖u‖2 + ‖u‖p+1
Lp+1) 6 C2(‖u‖22 + ‖u‖p+1

2 ). (3.9)

KE(φ0, φ1) = ‖φ0‖2CV2
+‖φ1‖2CL2(Ω)

+2〈F (uθ(τ), 1〉 6 ‖φ0‖2CV2
+‖φ1‖2CL2(Ω)

+C2‖φ0‖2CV2
+C2‖φ0‖p+1

CV2

6 µ0(‖φ0‖p+1
CV2

+ ‖φ1‖2CL2(Ω)
),Ù¥ µ0 = 1 + C2.

@o�3 N1 = max{1, C2
g + (1− β0)},¦�

E(uθ, ∂tuθ) 6 E(φ0, φ1) +N1

∫ t
τ
[‖∂tuθ‖2CL2(Ω)

+ ‖uθ‖2CV2
+ 2〈F (uθ), 1〉]ds+ 2Cβ0

,

éþªA^ GronwallØ�ª,��

E(uθ, ∂tuθ) 6 C(R, T, β0, µ0, λ1, φ0, φ1, Cg, Cβ0
). (3.10)

(Ü (3.9)Ú (3.10),�3 µ1 = min{1, β0},¦�

µ1(‖uθ‖2CV2
+ ‖∂tuθ‖2CL2(Ω)

)− 2Cβ0
6 E(uθ, ∂tuθ) 6 C(R, T, β0, µ0, λ1, φ0, φ1, Cg, Cβ0

). (3.11)

(Ü (3.8)Ú (3.10)��∫ t+θ

τ

‖∂tu‖21ds 6 C(R, T, γ, β0, µ0, λ1, φ0, φ1, Cg, Cβ0
). (3.12)

K ∫ t

τ+ρ

‖∂tuθ‖2CV1
ds 6 C(R, T, γ, β0, µ0, λ1, φ0, φ1, Cg, Cβ0

). (3.13)

^ A
1
2u� (2.3) 3 L2¥�SÈ��

d

dt
〈∂tu,A

1
2u〉+ ‖u‖23 +

γ

2
‖u‖22 + 〈f(u), A

1
2u〉 = 〈g(x, uθ), A

1
2u〉+ ‖∂tu‖21. (3.14)

DOI: 10.12677/pm.2025.1510257 143 nØêÆ

https://doi.org/10.12677/pm.2025.1510257


�à§ë©�

?�Ú,©O?n (3.14)�z��:

|〈g(x, uθ), A
1
2u〉| 6 ‖g(uθ)‖‖A

1
2u‖ 6 γ

2
‖u‖22 +

1

2
γ−1C2

g‖uθ‖2CV2
,

|〈∂tu,A
1
2u〉| 6 ‖∂tu‖‖u‖2 6

1

4
‖u‖22 + ‖∂tu‖2,

|〈f(u), A
1
2u〉| 6 C1(

∫
Ω

(|u|+ |u|p) 2N
N+2 dx)

N+2
2N (

∫
Ω

|A 1
2u| 2N

N−2 dx)
N−2
2N

6 C1(‖u‖2 + ‖u‖p2)‖u‖23 6
1

2
‖u‖23 + C2(‖u‖22 + ‖u‖2p2 ), (3.15)

Ù¥¦^
i\ V2 ↪→ L
2Np
N+2 Ú (1.6).

òþã�O�\ (3.14),k d
dt
〈∂tu,A

1
2u〉+ 1

2
‖u‖23 6 C2(‖u‖22 + ‖u‖2p2 ) + 1

2
γ−1C2

g‖uθ‖2CV2
+ ‖∂tu‖21.

3 [τ, t]È©,¿^ t+ θO� t��,

〈∂tuθ, A
1
2uθ〉+

1

2

∫ t+θ

τ

‖u‖23ds 6 C2

∫ t+θ

τ

‖u‖22ds+ C2

∫ t+θ

τ

‖u‖2p2 ds+
1

2
γ−1C2

g

∫ t+θ

τ

‖uθ‖2CV2
ds

+

∫ t+θ

τ

‖∂tu‖21ds+ 〈∂tuθ(τ), A
1
2uθ(τ)〉.

qk |〈∂tuθ(τ), A
1
2uθ(τ)〉| 6 ‖∂tuθ(τ)‖2CL2(Ω)

+ 1
4
‖uθ(τ)‖2CV2

= 1
4
‖φ0‖2CV2

+ ‖φ1‖2CL2(Ω)
.

K 〈∂tuθ, A
1
2uθ〉+ 1

2

∫ t+θ
τ
‖u‖23ds 6 C2

∫ t
τ
‖uθ‖2CV2

ds+ C2

∫ t
τ
‖uθ‖2pCV2

ds+
∫ t
τ
‖∂tuθ‖2CV1

ds

+ 1
2
γ−1C2

g

∫ t
τ
‖uθ‖2CV2

ds+ 1
4
‖φ0‖2CV2

+ ‖φ1‖2CL2(Ω)
.

� ∫ t

τ+ρ

‖uθ(s)‖2CV3
ds 6 C(R, T, β0, µ0, γ, λ1, φ0, φ1, Cg, Cβ0

, C2). (3.16)

d�§ (2.3),�Oª(3.15)Úi\'X L1+ 1
p (Ω) ↪→↪→ V−2, L

2N
N+2 ↪→↪→ V−1��

‖∂2
t uθ(t)‖2CL2(Ω)

6 ‖uθ‖2CV2
+ γ2‖∂tuθ‖2CL2(Ω)

+ ‖f(uθ)‖2CV−2
+ C2

g‖uθ‖2CV2

6 ‖uθ‖2CV2
+ γ2‖∂tuθ‖2CL2(Ω)

+ ‖f(uθ)‖2C
L

1+ 1
p

+ C2
g‖uθ‖2CV2

6 ‖uθ‖2CV2
+ γ2‖∂tuθ‖2CL2(Ω)

+ ‖uθ‖2pCV2
+ C2

g‖uθ‖2CV2

6 C(R, T, β0, γ, µ0, λ1, φ0, φ1, Cg, Cβ0
), (3.17)

‖f(uθ)‖2CV−1
6 C‖uθ‖2C

L
2N
N+2

+ ‖uθ‖2pC
L

2Np
N+2

)

6 C(‖uθ‖2CV2
+ ‖uθ‖2pCV2

)

6 C(R, T, β0, µ0, λ1, φ0, φ1, Cg, Cβ0
), (3.18)

Ïd ∂2
t uθ ∈ L∞([τ + ρ, T ], CL2(Ω)), f(uθ) ∈ L2([τ + ρ, T ], CV−1

).
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d�§ (2.3),�Oª (3.17)Úi\'X V2 ↪→↪→ L
2N
N+2 ↪→↪→ V−1��

‖∂2
t uθ(t)‖2CL2(Ω)

6 ‖uθ‖2CV3
+ γ2‖∂tuθ‖2CV1

+ ‖f(uθ)‖2CV−1
+ C2

g‖uθ‖2CV2

6 ‖uθ‖2CV3
+ γ2‖∂tuθ‖2CV1

+ ‖uθ‖2CV2
+ ‖uθ‖2pCV2

+ C2
g‖uθ‖2CV2

6 C2
g‖uθ‖

2p
CV2

+ ‖uθ‖2CV3
+ γ2‖∂tuθ‖2CV1

, (3.19)

Ïd ∂2
t uθ ∈ L2([τ + ρ, T ], CL2(Ω)).

d (3.5), (3.8), (3.9), (3.10), (3.13)Ú (3.16),�� (3.1)¤á.

�e5,·�y²¯K (2.3)-(2.5)�)3�m C([τ + ρ, T ];CH) ∩ L2([τ + ρ, T ];CH1
)þ��3

5.� ynθ = (unθ , ∂tu
n
θ )´¯K (2.3)-(2.5)�).´��O (3.1)éGalerkin%CS� {ynθ }¤á.Ïd,

�3 (uθ, ∂tuθ) ∈ L∞([τ + ρ, T ];CH) ∩ L2([τ + ρ, T ];CH1
), ∂2

t uθ ∈ L∞([τ + ρ, T ];CL2(Ω)) ∩ L2([τ +

ρ, T ];CL2(Ω)),¦�

(unθ , ∂tu
n
θ )3 L∞([τ + ρ, T ];CV2

× CL2(Ω))¥f*Âñu (uθ, ∂tuθ),

(unθ , ∂tu
n
θ )3 L2([τ + ρ, T ];CV3

× CV1
)¥fÂñu (uθ, ∂tuθ),

∂2
t u

n
θ 3 L∞([τ + ρ, T ];CL2(Ω))¥f*Âñu ∂2

t uθ,

∂2
t u

n
θ 3 L2([τ + ρ, T ];CL2(Ω))¥fÂñu ∂2

t uθ.

A^Ún 2.6,��

� η: 0 < η � 1�, (unθ , ∂tu
n
θ )3 C([τ + ρ, T ];CV2−η × CV−η)¥Âñu (uθ, ∂tuθ), (3.20)

unθ 3 L2([τ + ρ, T ];CV2
)¥Âñu uθ, � unθ (x, t)3 Ω× [τ + ρ, T ]¥A�??Âñu uθ(x, t),

(3.21)

∂tu
n
θ 3 L2([τ, T ];CL2(Ω))¥Âñu ∂tuθ, (3.22)

f(unθ )3 L1+ 1
p ([τ + ρ, T ];C

L
1+ 1

p (Ω)
)¥Âñu f(uθ), (3.23)

é?¿� ξ1 ∈ C∞0 (Ω),k∫ T

τ

〈Aunθ −Auθ, ξ1〉dt 6
∫ T

τ

‖A 1
2 (unθ (t)− uθ(t))‖‖A

1
2 ξ1‖dt 6

∫ T

τ

‖(unθ (t)− uθ(t))‖CV2
‖ξ1‖2dt→ 0.

d	,é?¿� ξ1 ∈ C∞0 (Ω),��∫ T

τ

〈f(unθ )− f(uθ), ξ1〉dt 6 C2

∫ T

τ

(1 + ‖unθ ‖
p−1
2 + ‖uθ‖p−1

2 )‖unθ − uθ‖2‖ξ1‖2dt

6 C(R, T, β0, λ1, φ0, φ1, N1, Cg, Cβ0
)‖unθ − uθ‖L2([τ+ρ,T ],CV2

) → 0.

��,é?¿� ξ1 ∈ C∞0 (Ω),��∫ T

τ

〈g(unθ )− g(uθ), ξ1〉dt 6 Cg

∫ T

τ

‖unθ − uθ‖CV2
‖ξ1‖dt 6 Cg‖unθ − uθ‖L2([τ+ρ,T ],CV2

) → 0.

nþ¤ã,�� y = (uθ, ∂tuθ)´¯K (2.3)-(2,5)÷v (3.1)�).
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?�Ú,y²¯K (2.3)-(2,5)�) y = (uθ, ∂tuθ) ∈ C([τ + ρ, T ];CH).

�â (uθ(t), ∂tuθ(t)) ∈ C([τ + ρ, T ];CV2−η × CV−η) ∩ L∞([τ + ρ, T ];CH),k

(uθ, ∂tuθ) ∈ Cw([τ + ρ, T ];CH), ‖(uθ, ∂tuθ)‖CH 6 lim inf
s→t

‖(uθ(s), ∂tuθ(s))‖CH .

é?¿� t ∈ [τ, T ],�â (3.3),��

lim
s→t

E(uθ(s), ∂tuθ(s)) = E(uθ(t), ∂tuθ(t)). (3.24)

d (3.21),��� s→ t�, u(x, s)→ u(x, t) a.e. x ∈ Ω,A^Ún 2.4,5 1.1Ú FatouÚn,k

lim
s→t

2〈g(uθ), u(s)〉 = 2〈g(uθ), u(t)〉, ‖(uθ(t), ∂tuθ(t))‖2CH 6 lim inf
s→t

(‖(uθ(s), ∂tuθ(s))‖2CH),

∫
Ω

(2F (uθ(t)) + (1− β0)λ1|uθ(t)|2 + C(β0))dx

6 lim inf
s→t

∫
Ω

(2F (uθ(s)) + (1− β0)λ1|uθ(s)|2 + C(β0))dx

6 lim inf
s→t

∫
Ω

2F (uθ(s))dx+ (1− β0)λ1‖uθ‖2 + C(β0)|Ω|,

= ∫
Ω

2F (uθ(t))dx 6 lim inf
s→t

∫
Ω

2F (uθ(s))dx.

dþã�OÚ (3.22),k

lim sup
s→t

‖∂tuθ(s)‖2CL2
+ lim inf

s→t
‖uθ(s)‖2CV2

+ 2〈F (uθ(s), 1〉

6 lim
s→t

[‖∂tuθ(s)‖2CL2
+ ‖uθ(s)‖2CV2

] + 2〈F (uθ(s)), 1〉

= ‖∂tuθ(t)‖2CL2
+ ‖uθ(t)‖2CV2

+ 2〈F (uθ(t)), 1〉

6 lim inf
s→t

‖∂tuθ(s)‖2CL2
+ lim inf

s→t
‖uθ(s)‖2CV2

+ 2〈F (uθ(s)), 1〉,

Ïd

‖∂tuθ(t)‖2CL2(Ω)
= lim

s→t
‖∂tuθ(s)‖2CL2(Ω)

.

Ón��

‖uθ(t)‖2CV2
= lim

s→t
‖uθ(s)‖2CV2

. (3.25)

�â�m CH ���ëY5,(Ü (3.24), (3.25)Ú (ut, ∂tut) ∈ Cw([τ + ρ, T ];CH),�� (ut, ∂tut) ∈
C([τ + ρ, T ];CH).

(ii) ( LipschitzëY5)- u , v´¯K (2.3)-(2.5)÷v (u0, u1), (v0, v1) ∈ H�),K z = u − v,
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÷v

∂2
t z(t) +Az + γA

1
2 ∂tz + f(u)− f(v) = g(uθ)− g(vθ), t ∈ [τ,∞), (3.26)

z(τ) = u0 − v0 = z0, ∂tz(τ) = u1 − v1 = z1, (3.27)

zθ(τ) = uθ(τ)− vθ(τ), ∂tzθ(τ) = ∂tuθ(τ)− ∂tvθ(τ). (3.28)

3e¡��O¥,·�ÀJ δ�?¿���~ê.

^ 2A−
1
2 ∂tz + 2δA−

1
2 z��§ (3.26)�SÈ�

d

dt
K(z, ∂tz) +H(z, ∂tz) = Σ2

i=1Γi + 2δ‖∂tz‖2−1, (3.29)

Ù¥K(z, ∂tz) = 2δ〈∂tz,A−
1
2 z〉+ ‖∂tz‖2−1 + ‖z‖21 + 2δγ‖z‖2, H(z, ∂tz) = 2δ‖z‖21 + 2γ‖∂tz‖2, Γ1 =

−2〈f(u)− f(v), A−
1
2 ∂tz + δA−

1
2 z〉,Γ2 = 2〈g(uθ)− g(vθ), A

− 1
2 ∂tz + δA−

1
2 z〉.

du |2δ〈∂tz,A−
1
2 z〉| 6 2δ‖z‖1‖∂tz‖−3 6 2δλ

− 1
2

1 ‖z‖1‖∂tz‖−1 6 δλ
− 1

2
1 ‖z‖21 + δλ

− 1
2

1 ‖∂tz‖2−1.

�3~ê µ3, µ4,k

µ3(‖z(t)‖21 + ‖∂tz(t)‖2−1) 6 K(z, ∂tz) 6 µ4(‖z(t)‖21 + ‖∂tz(t)‖2−1), (3.30)

Ù¥ µ3 = 1− δλ−
1
2

1 , µ4 = 1 + δλ
− 1

2
1 + 2δγλ

− 1
2

1 .

d��½n,��

|Γ1| 6 2

∫
Ω

|f(u)− f(v)| · |A− 1
2 ∂tz + δA−

1
2 z|dx

6 2C1(

∫
Ω

(1 + |u|p−1 + |v|p−1)
N

2−2εdx)
2−2ε
N · (

∫
Ω

|z|
2N

N−2(1−ε) dx)
N−2(1−ε)

2N

· (
∫

Ω

|A− 1
2 ∂tz + δA−

1
2 z|

2N
N−2(1−ε) dx)

N−2(1−ε)
2N

6 2C1(1 + ‖u‖p−1
2 + ‖v‖p−1

2 )‖z‖1−ε(‖A−
1
2 ∂tz‖1−ε + δ‖A− 1

2 z‖1−ε)

6 δ‖z‖21 + γ‖∂tz‖2 + δλ
−(1+ε)
1 C2(1 + ‖u‖2(p−1)

2 + ‖v‖2(p−1)
2 )‖z‖22

+ γ−1λ
− 1+2ε

2
1 C2(1 + ‖u‖2(p−1)

2 + ‖v‖2(p−1)
2 )‖z‖22,

Ù¥·�^� Sobolevi\: 0 < ε� 1, V1−ε ↪→↪→ Lp+1(Ω).

|Γ2| 6 2‖g(uθ)− g(vθ)‖‖A−
1
2 ∂tz‖+ 2δ‖g(uθ)− g(vθ)‖‖A−

1
2 z‖

6 C2
g‖uθ − vθ‖2CV2

+ ‖∂tz‖2−2 + δ2C2
g‖uθ − vθ‖2CV2

+ ‖z‖2−2

6 δ‖z‖21 + γ‖∂tz‖2 + (γ−1λ−1
1 C2

g + δλ−
3
2C2

g )‖uθ − vθ‖2CV2
.

ò±þ�O�\ (3.29)ª,��

d

dt
K(z(t), ∂tz(t)) 6 δλ

−(1+ε)
1 C2(1 + ‖u‖2(p−1)

2 + ‖v‖2(p−1)
2 )‖z‖22 + γ−1λ

− 1+2ε
2

1 C2(1 + ‖u‖2(p−1)
2

+ ‖v‖2(p−1)
2 )‖z‖22 + (γ−1λ−1

1 C2
g + δλ−

3
2C2

g )‖uθ − vθ‖2CV2
+ 2δλ

− 1
2

1 ‖∂tz‖2.
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þª3 [τ, t]þÈ©,¿^ t+ θO� t��

K(zθ(t), ∂tzθ(t)) 6 K(zθ(τ), ∂tzθ(τ)) + δλ
−(1+ε)
1 C2

∫ t

τ

(1 + ‖uθ‖2(p−1)
CV2

+ ‖vθ‖2(p−1)
CV2

)‖zθ‖2CV2
ds

+ γ−1λ
− 1+2ε

2
1 C2

∫ t

τ

(1 + ‖uθ‖2(p−1)
CV2

+ ‖vθ‖2(p−1)
CV2

)‖zθ‖2CV2
ds

+ (γ−1λ−1
1 C2

g + δλ−
3
2C2

g )

∫ t

τ

‖uθ − vθ‖2CV2
ds+ 2δλ

− 1
2

1

∫ t

τ

‖∂tzθ‖2CL2(Ω)
ds

6 K(zθ(τ), ∂tzθ(τ)) + C(R, T, δ, γ, λ1, β0, φ0, φ1, Cg, Cβ0
, C2). (3.31)

K (3.4)ª¤á.

(iii) (ÑÑ5)^ 2∂tu+ 2δu��§ (2.3)�SÈ��

d

dt
K1(u, ∂tu) + 2δ‖u‖22 + 2γ‖∂tu‖21 + 2δ〈f(u), u〉 − 2δ‖∂tu‖2 = 2〈g(uθ), 2∂tu+ 2δu〉, (3.32)

Ù¥K1(u, ∂tu) = ‖u‖22 + ‖∂tu‖2 + 2δ〈∂tu, u〉+ δγ‖u‖21 + 2〈F (u), 1〉.
d	,d |2δ〈u, ∂tu〉| 6 δλ

− 1
2

1 ‖u‖22 + δλ
− 1

2
1 ‖∂tu‖2Ú (3.1),���3~ê µ5, µ6,k

µ5‖(u, ∂tu)‖2H − 2Cβ0
6 K1(u, ∂tu) 6 µ6‖(u, ∂tu)‖2H, (3.33)

Ù¥ µ5 = min{1 + δλ
− 1

2
1 , β0 + δλ

− 1
2

1 }, µ6 = max{1 + 2δλ
− 1

2
1 + C2, 1 + δλ

− 1
2

1 , C2}.
d (3.1)Ú (3.9),�� 2〈F (u), 1〉 6 2C1(‖u‖2 + ‖u‖p+1

Lp+1) 6 C2(‖u‖22 + ‖u‖p+1
2 ).

d5 (1.1),�� 2δ〈f(u), u〉 > 2δ(β0 − 1)‖u‖22 − 2δCβ0
.

qk

|〈g(x, uθ), 2∂tu+ 2δu〉| 6 2‖g(uθ)‖‖∂tu‖+ 2δ‖g(uθ)‖‖u‖

6 δλ
− 1

2
1 C2

g‖uθ‖2CV2
+ ‖∂tu‖2 + C2

g‖uθ‖2CV2
+ δλ

− 1
2

1 ‖u‖22.

òþã�O�\ (3.32),��

d

dt
K1(u, ∂tu) + 2δ‖u‖22 + 2γ‖∂tu‖21

6 (C2
g + δλ

− 1
2

1 C2
g )‖uθ‖2CV2

+ δλ
− 1

2
1 ‖u‖22 + (1 + 2δ)‖∂tu‖2 + 2δCβ0

, (3.34)

l [τ, t]È©,¿^ t+ θO� t��

K1(uθ, ∂tuθ) + 2δ

∫ t

τ

‖uθ‖2CV2
ds+ 2γ

∫ t

τ

‖∂tuθ‖2CV1
ds 6 K1(φ0, φ1) + δλ

− 1
2

1

∫ t

τ

‖uθ‖2CV2
ds

+ (C2
g + δλ

− 1
2

1 C2
g )

∫ t

τ

‖uθ‖2CV2
ds+ (1 + 2δ)

∫ t

τ

‖∂tuθ‖2CL2(Ω)
ds+ 2δCβ0

(t− τ)

6 C(R, T, δ, γ, λ1, β0, φ0, φ1, Cg, Cβ0
, C2). (3.35)

K�â (3.33)Ú (3.35),�y�¯K (2.3)-(2.5))�ÑÑ5.

�â½n 3.2,�±½Â¯K (2.3)-(2.5)�L§ U(t, τ)Xe: zθ(t) = U(t, τ)zθ(τ) : CH → CH.
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4. �m�6áÚf��35

�m�6áÂ8

�â½n 3.2,���Xe(J.

½n 4.1 �½n 3.2�^�¤á,XJé?¿�Ð� (u0, u1), (v0, v1) ∈ {B(R)} ⊂ H,@o�3

R1 > 0,¦�éAu¯K (2.4)-(2.7)�L§ U(t, τ)Pk�m�6áÂ8,=8xB = {B(R1)}.
e¡é¯K (2.3)-(2.5)�)L§ U(t, τ)?1;5�y.�d,�Xek��O.

� u, v ´¯K (2.3), (2.5)©O'uÐ� (u0, u1), (v0, v1) ∈ {B(R)}�).ü)�� z = u − v
÷v±e�§

∂2
t z(t) +Az + γA

1
2 ∂tz + f(u)− f(v) = g(x, uθ)− g(x, vθ), t ∈ [τ,∞), (4.1)

z(τ) = u0 − v0 = z0, ∂tz(τ) = u1 − v1 = z1, (4.2)

zτ = uτ − vτ , ∂tzτ = ∂tuτ − ∂tvτ . (4.3)

·�ò©�±eoÚ?1k��O.

1�Ú ò(4.1)ª¦± 2∂tz,¿3 [s, t]× ΩþÈ©,��

H(t)−H(s) + 2γ

∫ t

s

∫
Ω

|A 1
4 ∂tz(r)|2dxdr + 2

∫ t

s

∫
Ω

(f(u)− f(v))∂tz(r)dxdr

= 2

∫ t

s

∫
Ω

(g(x, uθ)− g(x, vθ))∂tz(r)dxdr,

Ù¥ H(t) = ‖∂tz(t)‖2 + ‖z(t)‖22,¿� T 6 s 6 t.

du 2
∫ t
s

∫
Ω

(g(x, uθ)− g(x, vθ))∂tz(r)dxdr 6 2Cg
∫ t
s−ρ ‖uθ − vθ‖

2
CV2

∫
Ω
∂tz(r)dxdr,

Kk

H(t)−H(s) + 2γ

∫ t

s

∫
Ω

|A 1
4 ∂tz(r)|2dxdr + 2

∫ t

s

∫
Ω

(f(u)− f(v))∂tz(r)dxdr

6 2Cg

∫ t

s−ρ
‖uθ − vθ‖2CV2

∫
Ω

∂tz(r)dxdr. (4.4)

1�Ú ò (4.1)ª¦± z,¿�3 [T, t]× ΩþÈ©,��∫
Ω

∂tz(t)z(t)dx+
γ

2
‖z(t)‖21 +

∫ t

T

∫
Ω

(f(u)− f(v))z(r)dxdr +

∫ t

T

‖z‖22dr −
∫ t

T

‖∂tz(r)‖2dr

=

∫ t

T

∫
Ω

(g(x, uθ)− g(x, vθ))z(r)dxdr +

∫
Ω

∂tz(T )z(T )dx+
γ

2
‖z(T )‖21dx. (4.5)
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�â (4.4), (4.5),^ t+ θO� t��∫ t+θ

T

H(r)dr =

∫ t+θ

T

(‖∂tz(r)‖2 + ‖z(r)‖22)dr

6 Cg

∫ t+θ

T−ρ
‖uθ − vθ‖2CV2

∫
Ω

z(r)dxdr +

∫
Ω

∂tz(T )z(T )dx+
γ

2
‖z(T )‖21dx− γ

2
‖zθ(t)‖2CV1

−
∫

Ω

∂tzθ(t)zθ(t)dx+ 2

∫ t+θ

T

‖∂tz(r)‖2dr −
∫ t+θ

T

∫
Ω

(f(u)− f(v))z(r)dxdr

6 Cg

∫ t

T−ρ
‖uθ − vθ‖2CV2

∫
Ω

zθ(r)dxdr +

∫
Ω

∂tz(T )z(T )dx− γ

2
‖zθ(t)‖2CV1

−
∫

Ω

∂tzθ(t)zθ(t)dx

−
∫ t

T+ρ

∫
Ω

(f(uθ)− f(vθ))zθ(r)dxdr +
γ

2
‖z(T )‖21dx+ 2

∫ t

T+ρ

‖∂tzθ(r)‖2CL2(Ω)
dr

6 Cg

∫ t

T−ρ
‖uθ − vθ‖2CV2

∫
Ω

zθ(r)dxdr +

∫
Ω

∂tz(T )z(T )dx− γ

2
‖zθ(t)‖2CV1

−
∫

Ω

∂tzθ(t)zθ(t)dx

−
∫ t

T+ρ

∫
Ω

(f(uθ)− f(vθ))zθ(r)dxdr +
γ

2
‖z(T )‖21dx+ 2

∫ t

T

‖∂tzθ(r)‖2CL2(Ω)
dr. (4.6)

1nÚ é (4.4)3 [T, t]þ'u sÈ©,^ t+ θO� t��

Hθ(t)(t+ θ − T ) 6
∫ t+θ

T

H(s)ds− 2

∫ t+θ

T

∫ t+θ

s

∫
Ω

(f(u)− f(v))∂tz(r)dxdrds

+ 2Cg

∫ t+θ

T

∫ t+θ

s−ρ
‖uθ − vθ‖2CV2

∫
Ω

∂tz(r)dxdrds

6 Cg

∫ t

T−ρ
‖uθ − vθ‖2CV2

∫
Ω

zθ(r)dxdr +

∫
Ω

∂tz(T )z(T )dx−
∫ t

T+ρ

∫
Ω

(f(uθ)− f(vθ))zθ(r)dxdr

−
∫

Ω

∂tzθ(t)zθ(t)dx+ 2

∫ t

T

‖∂tzθ(r)‖2CL2(Ω)
dr +

γ

2
‖z(T )‖21dx

− 2

∫ t

T+ρ

∫ t

s+ρ

∫
Ω

(f(uθ)− f(vθ))∂tzθdxdrds+ 2Cg

∫ t

T

∫ t

s−ρ
‖uθ − vθ‖2CV2

∫
Ω

∂tzθdxdrds.

1oÚP

C(M) =
γ

2
‖z(T )‖21 +

∫
Ω

∂tz(T )z(T )dx, (4.7)

¿�

ϕtT ((uθ(T ), ∂tuθ(T )), (vθ(T ), ∂tvθ(T ))) = Ψ1 + Ψ2 + Ψ3, (4.8)

DOI: 10.12677/pm.2025.1510257 150 nØêÆ

https://doi.org/10.12677/pm.2025.1510257


�à§ë©�

Ψ1 =
1

(t+ θ − T )

[
2

∫ t

T

‖∂tzθ‖2CL2(Ω)
dr −

∫
Ω

∂tzθ(t)zθ(t)dx
]
,

Ψ2 = − 1

(t+ θ − T )

[ ∫ t

T+ρ

∫
Ω

(f(uθ)− f(vθ))zθ(r)dxdr + 2

∫ t

T+ρ

∫ t

s+ρ

∫
Ω

(f(uθ)− f(vθ))∂tzθdxdrds
]
,

Ψ3 =
1

(t+ θ − T )

[
Cg

∫ t

T−ρ
‖uθ − vθ‖2CV2

∫
Ω

z(s)dxds+ 2Cg

∫ t

T

∫ t

s−ρ
‖uθ − vθ‖2CV2

∫
Ω

∂tz(r)dxdrds
]
.

Ïd

Hθ(t) 6
1

t+ θ − T
CM + ϕtT ((uθ(T ), ∂tuθ(T )), (vθ(T ), ∂tvθ(T ))). (4.9)

e¡·�ò|^Â ¼ê�{y²¯K (2.3)-(2.5))L§�ìC;5.

½n 4.2 � (1.5)-(1.6) ¤á� g ∈ L2(Ω). éu?¿�½� t ∈ R Ú?¿k.� {τn}∞n=1 ⊂
(−∞, t] (� n → ∞�, τn → −∞)±9éu?¿S� {xn}∞n=1 ⊂ Hn,@oS� {U(t, τn)xn}∞n=1 �

3��Âñf�.

y² é?¿� ε > 0Ú�½� t,�3 T < t,¦� CM
t+θ−T < ε.�â½n 2.8,·��I�y²é

uz���½� t,k ϕtT ∈ C(B(R)).

� (unθ , ∂tu
n
θ ) ´¯K (2.3)-(2.5) 'uÐ� (φ0, φ1) ∈ B(R) �). d½n 3.2, �� ‖unθ ‖2CV2

+

‖∂tunθ ‖2CL2
´k.�.éu?¿�½� tÚ?¿� ζ1 ∈ [T, t].

�â Alaoglu½n,Ún 2.5Ú½n 3.2,é?¿� τ 6 T 6 t,Ø���5,�

unθ 3 L∞([τ + ρ, T ];CV2
)¥f*Âñu uθ, (4.10)

∂tu
n
θ 3 L∞([τ + ρ, T ];CL2(Ω))¥f*Âñu ∂tuθ, (4.11)

∂2
t u

n
θ 3 L∞([τ + ρ, T ];CL2(Ω))¥f*Âñu ∂2

t uθ, (4.12)

unθ 3 L2([τ + ρ, T ];CV3
)¥fÂñu uθ, (4.13)

∂tu
n
θ 3 L2([τ + ρ, T ];CV1

)¥fÂñu ∂tuθ, (4.14)

∂2
t u

n
θ 3 L2([τ + ρ, T ];CL2(Ω))¥fÂñu ∂2

t uθ, (4.15)

unθ 3 Lp+1([τ + ρ, T ];CLp+1(Ω))¥Âñu uθ, (4.16)

unθ 3 L2([τ + ρ, T ];CV2
)¥fÂñu uθ, (4.17)

unθ 3 Lp+1(Ω)¥Âñu uθ ¿� unθ (T )3 Lp+1(Ω)¥Âñu uθ(T ), (4.18)

∂tu
n
θ 3 L2([τ + ρ, T ];CL2(Ω))¥fÂñu ∂tuθ. (4.19)

Ù¥A^ Sobolevi\ V2 ↪→↪→ Lp+1(Ω) .

DOI: 10.12677/pm.2025.1510257 151 nØêÆ

https://doi.org/10.12677/pm.2025.1510257


�à§ë©�

�â (3.40)��

(uθ(s), ∂tuθ(s)) ⊂ C([T, t];CH)´ CauchyS�, (4.20)

¿��3 (uθ(s), ∂tuθ(s)) ∈ C([T, t];CH),¦�

(unθ (s), ∂tu
n
θ (s))3 C([T, t];CH)¥Âñu (uθ(s), ∂tuθ(s)). (4.21)

e¡,?n (4.8)�z��.Äk,�O Ψ1.|^ (4.19),��

lim
n→∞

lim
m→∞

∫ t

T

‖∂tunθ − ∂tumθ ‖2CL2
ds = 0, (4.22)

lim
n→∞

lim
m→∞

∫
Ω

(∂tu
n
θ − ∂tumθ )(unθ − umθ )dx 6 lim

n→∞
lim
m→∞

‖∂tunθ − ∂tumθ ‖‖unθ − umθ ‖

6 lim
n→∞

lim
m→∞

‖∂tunθ − ∂tumθ ‖CL2(Ω)
‖unθ − umθ ‖CV2

= 0, (4.23)

Ü¿ (4.22)-(4.23),��

lim
n→∞

lim
m→∞

Ψ1 = 0. (4.24)

Ùg,�O Ψ2.�â (4.17)��

lim
n→∞

lim
m→∞

∫ t

T+ρ

∫
Ω

(f(unθ )− f(umθ ))(unθ − umθ )dxds

6 C lim
n→∞

lim
m→∞

∫ t

T+ρ

(1 + ‖unθ ‖
p−1
CV2

+ ‖umθ ‖
p−1
CV2

)‖unθ − umθ ‖2CV2
ds

6 C lim
n→∞

lim
m→∞

∫ t

T+ρ

‖unθ − umθ ‖2CV2
ds = 0. (4.25)

´�∫ t

T+ρ

∫
Ω

(f(unθ )− f(umθ ))(∂tu
n
θ − ∂tumθ )dxds

=

∫
Ω

F (unθ (t))dx−
∫

Ω

F (unθ (T + ρ))dx+

∫
Ω

F (umθ (t))dx

−
∫

Ω

F (umθ (T + ρ))dx−
∫ t

T+ρ

∫
Ω

f(umθ )∂tu
n
θdxds−

∫ t

T+ρ

∫
Ω

f(unθ )∂tu
m
θ dxds. (4.26)

|^ (1.6)Úi\V2 ↪→↪→ Lp+1(Ω),��

∣∣ ∫
Ω

(F (unθ (t))− F (uθ(t)))dx
∣∣ 6 ∫

Ω

|f(uθ(t) + ϑ(unθ (t)− uθ(t))||unθ (t)− uθ(t)|dx

6 C(‖unθ (t)‖2CLp+1(Ω)
+ ‖uθ(t)‖2CLp+1(Ω)

+ ‖unθ (t)‖pCLp+1(Ω)
+ ‖uθ(t)‖pCLp+1(Ω)

)‖unθ (t)− uθ(t)‖CLp+1(Ω)

6 Cε. (4.27)
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� n→∞,m→∞�,du f(uθ) ∈ L2([τ + ρ, T ], CV−1
)Ú ∂tu

m
θ ∈ L2([τ + ρ, T ];CV1

),��

lim
n→∞

lim
m→∞

∫ t

T+ρ

〈f(unθ ), ∂tu
m
θ 〉ds = lim

n→∞

∫ t

T+ρ

〈f(unθ ), ∂tuθ〉ds

=

∫ t

T+ρ

〈f(uθ), ∂tuθ〉ds =

∫
Ω

F (uθ(t))dx−
∫

Ω

F (uθ(T + ρ))dx.

Ón�� limn→∞ limm→∞
∫ t
T+ρ
〈f(umθ ), ∂tu

n
θ 〉ds =

∫
Ω
F (uθ(t))dx−

∫
Ω
F (uθ(T + ρ))dx,

Ïd

lim
n→∞

lim
m→∞

∫ t

T+ρ

∫
Ω

(f(unθ )− f(umθ ))(∂tu
n
θ − ∂tumθ )dxds = 0. (4.28)

éuz���½� t,
∣∣ ∫ t
s+ρ

∫
Ω

(f(unθ )− f(umθ ))(∂tu
n
θ − ∂tumθ )dxdr

∣∣´k.�,K�â Lebesgue��

Âñ½n,��

lim
n→∞

lim
m→∞

∫ t

T+ρ

∫ t

s+ρ

∫
Ω

(f(unθ )− f(umθ ))(∂tu
n
θ − ∂tumθ )dxdrds

=

∫ t

T+ρ

lim
n→∞

lim
m→∞

∫ t

s+ρ

∫
Ω

(f(unθ )− f(umθ ))(∂tu
n
θ − ∂tumθ )dxdrds = 0. (4.29)

d (4.25), (4.28)Ú (4.29),��

lim
n→∞

lim
m→∞

Ψ2 = 0. (4.30)

��,·��O Ψ3.�â (4.17) ,(4.19)��

lim
n→∞

lim
m→∞

∫ t

T

∫
Ω

(g(x, unθ )− g(x, umθ ))(∂tu
n
θ − ∂tumθ )dxds

6 Cg lim
n→∞

lim
m→∞

(
sup

s∈[T−ρ,t]
‖unθ − umθ ‖CV2

(

∫ t

T

‖∂tunθ − ∂tumθ ‖2CL2
ds)

1
2

)
= 0. (4.31)

lim
n→∞

lim
m→∞

∫ t

T

∫
Ω

(g(x, unθ )− g(x, umθ ))(unθ − umθ )dxds

6 Cg lim
n→∞

lim
m→∞

(
sup

s∈[T−ρ,t]
‖unθ − umθ ‖CV2

(

∫ t

T

‖unθ − umθ ‖2CV2
ds)

1
2

)
= 0. (4.32)

éuz���½� t,
∣∣ ∫ t
s

∫
Ω

(g(x, unθ )− g(x, umθ ))(∂tu
n
θ − ∂tumθ )dxdr

∣∣ ´k.�,K�â Lebesgue�

�Âñ½n,��

lim
n→∞

lim
m→∞

∫ t

T

∫ t

s

∫
Ω

(g(x, unθ )− g(x, umθ ))(∂tu
n
θ − ∂tumθ )dxdrds

=

∫ t

T

lim
n→∞

lim
m→∞

∫ t

s

∫
Ω

(g(x, unθ )− g(x, umθ ))(∂tu
n
θ − ∂tumθ )dxdrds =

∫ t

T

0 ds = 0. (4.33)
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d (4.31), (4.32)Ú (4.33),��

lim
n→∞

lim
m→∞

Ψ3 = 0. (4.34)

nþ¤ã,�� ϕtT ((uτ (T ), ∂tuθ(T )), (vθ(T ), ∂tvθ(T ))) ∈ C(B(R)).

½n 4.3 � (1.5)-(1.6)¤á� g ∈ L2(Ω),Kd¯K (2.3)-(2.5))¤�L§ U(t, τ) : CH → CH

�3�m�6áÚf A = {A}.

y² d½n 3.2,½n 3.3,½n 4.1Ú½n 4.2�,�3�m�6áÚf A = {A},�TáÚf
A´ØC�.

5. o(�Ð"

�©ïÄ3r{Z��¢�Ó�^e,XÚ��m�6�ÛáÚf��35¯K.du3ù�

§¥\\�¢Úr{Z,Ï~ÄåXÚÚ®k�ïÄEâµeéJ��A^uT�.��m�6�

ÛáÚf�ïÄ,�3�¢��b�^�e,A^ Faedo−Galerkin%C�{!Uþ�OÚ�m²

£�{,��
)�·½5.?�ÚA^Â ¼ê�{,�y
L§�ìC;5,��¼�
�m�

6�ÛáÚf��35.

�¢¯K´C
c�9:ïÄ¯K,ïÄ�'�3u�¢´Ä»�ÑÑ5.Ïd,�a �©�

§�¢¯KïÄ��2,,�±�°(/£ãXÚ)�Ä�1�.�©y²
��5�3g�.�

¹e�m�6�ÛáÚf��35,�YïÄUÄò�¢C��Å�¢½ö��5�3�.�¹e

y²�m�6�ÛáÚf¯KE��·��\ïÄ.

Ä7�8
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[17] Garćıa-Luengo, J. and Maŕın-Rubio, P. (2014) Reaction-Diffusion Equations with Non-

Autonomous Force in H−1 and Delays under Measurability Conditions on the Driving Delay

Term. Journal of Mathematical Analysis and Applications, 417, 80-95.

https://doi.org/10.1016/j.jmaa.2014.03.026

[18] Meng, F., Wang, Y. and Zhao, C. (2021) Attractor for a Model of Extensible Beam with

Damping on Time-Dependent Space. Topological Methods in Nonlinear Analysis, 57, 365-393.

https://doi.org/10.12775/tmna.2020.037

[19] Yang, B., Qin, Y., Miranville, A. and Wang, K. (2025) Pullback Attractors for Nonclassical

Diffusion Equations with a Delay Operator. Studies in Applied Mathematics, 154, e70039.

https://doi.org/10.1111/sapm.70039

DOI: 10.12677/pm.2025.1510257 155 nØêÆ

https://doi.org/10.1007/s00245-023-09981-5
https://doi.org/10.1016/j.jde.2013.02.008
https://doi.org/10.3934/dcdsb.2019197
https://doi.org/10.3934/dcds.2015.35.985
https://doi.org/10.1016/j.jmaa.2020.124785
https://doi.org/10.1016/j.nonrwa.2014.02.002
https://doi.org/10.3934/dcdsb.2016.21.205
https://doi.org/10.1016/j.na.2009.01.053
https://doi.org/10.1186/s13661-015-0513-3
https://doi.org/10.1016/j.jmaa.2019.06.028
https://doi.org/10.1016/j.jmaa.2014.03.026
https://doi.org/10.12775/tmna.2020.037
https://doi.org/10.1111/sapm.70039
https://doi.org/10.12677/pm.2025.1510257

	1 引言
	2 预备知识
	3 解的适定性
	4 时间依赖吸引子的存在性
	5 总结与展望

