Pure Mathematics Zi2%${#, 2025, 15(4), 272-280 Hans X
Published Online April 2025 in Hans. https://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2025.154130

B G REESBRNFAEN

mRIMERA R, =~ BY

Woks . 202543140 FHER: 2025F4H10H; & AHM: 20254F4H22H

W =

XEXERFA TN TIRAMAEEA U-cAU+u=Q(x)lul?u, xeR", HH

N>5,2<2" =%,ae(_z,+oo)%—/rm&, RIS ERHQ(x): R" - R B—NEELERS. 7EAH R
B QR ABIERT, RS B 3 R B 0 8 8] L R AR A7 f

XK ia
HEM, JORMET, ZBHHIE

Existence of Ground-Sate Solutions for
Biharmonic Equations

Rui Dong

School of Mathematics, Yunnan Normal University, Kunming Yunnan

Received: Mar. 14", 2025; accepted: Apr. 10", 2025; published: Apr. 22", 2025

Abstract
In this paper, consider the following biharmonic equations A’u—oAu+u=Q(x)lul’*u, xeR",

« 2N . . .
where N >5,2<2" = m,a € (—2,+oo) is a constant and the potential function Q(X) ‘RY SR

is a positive continuous function. Under the appropriate assumption of the potential function Q, by
applying the concentration compactness lemma and comparative discussion methods to obtain the
existence of the ground-state solutions for the above equation.

XESIH: EE. SRS FER S ATANED]. BRI, 2025, 15(4): 272-280.
DOI: 10.12677/pm.2025.154130


https://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2025.154130
https://doi.org/10.12677/pm.2025.154130
https://www.hanspub.org/

Keywords

Ground-State Solution, Biharmonic Operator, Variational Method

Copyright © 2025 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. 5]
EBTT T RAN

ik

Au-aAu+u=Q(x)|ul*?u, xeR" (1.1)

ARSI, ST N 25, 2<p<2” =28

SRAFI IR L BRI E . AR STAIE RS0 AR 75 R SRR A VY A 158 28 i 2 7 R, HC A AR 530 Rl ol 2 7 2 P )
— AN o Z 2RO R N T A B A R Hilfrich [, RS YT SRS AL By LA R
f¥5 Willmore fiiTii . A4 kbin Tid# rh #) Cahn-Hilliard 47 Bn) B 57 % vh SRR 18 3) 1 % 52 15 77 2 DA
J Paneitz-Branaon 77 F2H & Fl £ & LR IGER L], B0 B ELSA T A S5 A, BT 7
SRR AR IR BN [2], 22 T X A0 77 S s I %) 9 45 4 PR AR 3] [4]

ARF SR, A 53 T R ORI B w23 7 RE R A D LR, X2 — 1T 17 AR R R
33, BN TR T AR R AAAETE . 2 B ER O R I AR A ) R, AR A AR SR R ]
FRRVALE SR IEANZ BRAE — 58 24 T IR AR in) @ BSIG et i, G 32 B2 S AR B BR B - BiAs B H 7 R AR 1
IFi] R Al Rt L2 R PR AR AL I R 7 o ) R, e T K B3 o ) A BRI 7 R R B 5 T R I

1973 4, F % H(¥ %K Rabinowitz Al Ambrosetti [5] & 1EIER] T35 4 1 1Lk E 3, E R MR/ ITIER)
. R, — R\ e R, fEREER LA, ERIIER LIRS, X2
] T L 0 () B A1 o R T AR SO S I e B A [ B A i 20 T R, BT XsS LY Euler 72 B 7 TAE 2 RIBE TG A S
TR o, BRI 3R AR EE B R . Stk R Nehari 7732, A AR R 7E 423 F 6 R
BiH) Euler 12 B AT RETE AN T3 101G R, H. Euler 2 B 7E 23 8] _E fOAR/IME Sk 2 FTsR 7 FE RO . XA
PEAEASF Nehari W 7772 BN 5 i B A [ 28 A i 7 75 RE AR AEAE IR 0 0 LR, X WAE I 7E 7 BRI 23S
2 3 7 E WA ) R

KT XCRA T REEE T H BT, 2% 5 R TR

{A2u+cAu: f (xu), #Q

o e (2w R AL QIR

1.2)
u=Au=0, £ oQ I

FRIGAEAEYE, Hoh Q2 RN i FO6IE X 8. ] Lazer 4B R AR IR S0 I 4T T 7E[6], H
ST XG5 FE B FUMR A7 AR 1 ) U2 T 51 /S 1 AT 2y . i, Micheletti 718 FH 2% 3 5 100 58
THFEL2)ARE FURRIAZAEME . Zhang [8]1R4E Morse HEi8 I R A s g B, 93 1 T FE(1.2) Z MR INAEAE
. Zhou H1 Wu [91%7 FHIAZ 5l 5t 7 BE R Al 77 T2 (1.2) F 55 .o

Bribz At HAR I AT A s 1A RN U AN R AR A A7 A P ) A SR T B AR I 2 Ok,
AR RN ESRISM T ERM M — 5= Sobolev ik NI EME. 1EH 10365 T B A Bl AN IEJFR 42
) AHEAR ) GEPR B e A 18], UEBH T O AR

DOI: 10.12677/pm.2025.154130 273 S H


https://doi.org/10.12677/pm.2025.154130
http://creativecommons.org/licenses/by/4.0/

Au-pAu=g(u), xeR"
T3 Z AR M AEHER R R A AEME . EAh, 3B W] DL3E s B rh B S5 B DA R A 35 bR IR A R o R Pk 5 R
PEH [LLIWF T 7 LA R AR e X0 A5 e
Au-Au+V (x)u=Ju""u, xeR", (1.3

ﬁ¢2<md“:%%o%ﬁ%@ﬁvﬁﬁﬁﬂ ORI, VR it4s & Pohozaey TUEZE LRI Nehari it

TR 3 T IRAIEVO LI T, T A b S M S E R T (PS) AU RE, IR RS 4977 EEAiE
T AL AT L
N TEEIRATROGE R, AT R 5 H Q (X) Mtk L R it

(Q) QeC(R"R) i 0<Q, = limQ(x) = inf Q(x)-

U FRITAR(LL) ) — N RS IR 2, u = 0 HHAE A -7 JUR A S/ is FHE
AT FEG R
SEHE L1 WHRAME (Q) oL, M4 R(LL)FE N ERM.

2. ERLRAVIER

/Q\,\

H?(R"):={uel®(R"):DPuc U (R"), vp !, |f]<2]
T ae(-2,+0),

1

Jol = ([ (180 + 7 7)), wue W2 (),

2 H(RY) Ly —AMER12], IF HZEsCS mw s

1

)

5N

oy = = 0%
|sls2

A, Hordr(u, u),. 9 Hilbert 1 H? (RY ) LA
fHZ(RN)L STRE(L.L) AR BE B2 BN

1 1
o(u) :EIRN(|AU|2 +a|Vu|2 +u2)dX—EIRNQ(X)|U [P dx -

B GHIE p(u) eC(H? (RY),R) o BAMHER MU, e H? (RY), FATH
(¢'(u),8)=[_«(AuAI+aVuV g+ud)dx—[_Q(x)[u[*? uddx.

TR, 2R @ WG S RO BT FE (L) 55 -

R RIATIIE N Z of @ BA LB LT 451 . %

B(p)={ucH?(BY): u]<p|#1S(p)=0B(p)={ucH?(B): Ju]=p}-

31821 [ (Q) ML, W

(1) FEFE p, p>0, HFAMEEMUES(p), Aeo(u)2p:

(2) fifEecH? (RY), &% e|> o, % p(e)<0

DOI: 10.12677/pm.2025.154130 274 S H


https://doi.org/10.12677/pm.2025.154130

I (1) *MEEMueS(p), H Sobolev A&, FATH

1 1 1 C 1, C
u) =M =2 o QUM iz Sl -l =5 0% == "

_p .
p

% >0, ﬁ%%pz—%pp=%pz = f>0. MHEENUS(p). Ho(u)2f.
(2) BueH?(R")Hu>0, MEEML20, Ht—+olf, K

2
o(tu) =%JRN(|AU|2 +a|Vu|2 +u2)dx—%IRNQ(x)|u|p dx - -0 .

BIULAFAE A 2RI, >0, Le=tu, [HH4e|> o, Hoe)<0. =
N T UE T PR SR IO AEAE M, FATTE SUZ R o (u) X REFF) Nehari it
./\/':={UG HZ(RN)\{O}Z<¢'(U),U>=O} .
FIE 22 MERMueH® (RV)\{0}, 7EAEME—[It(u)>0, MEt(u)ueN .
iE BueH’(RY)\{0}, & XH iﬁlg() p(tu), Hite[0,»), &

0(0)=o(tw) = GoF =@M dx.

B, BAITE g'()=0cweN e |u =t"2[  Q(x)u’ dx. Hif g(0)=0H4t>07s KN,
g(t)<0; Ht>0 w5/, g(t)>00JLB,Z?E”E*E’\J'(O=t(u)>0,ﬁ?ﬂaﬁtg[l%)g(t):g(to)oﬂi& 9'(t,)=0

Htu=t(uueN . m

NTRBIEATEE R, & LK/ ME

C3:im;[n[§i(]‘ﬂ(7(t))’ c = |(nf){}m>ax<p(tu) Al ¢, = m]&gp(u), (2.1)

st ={y ec([02], H? (R")):(0)=0, o(r(1)) <0} -

TR, AL AR AME ) — e )i .

5/# 23 c=c¢ =c, >0,

IE XHEEMue HZ(IR{N), TATH

1,
(p(u)—5<(p (u), u) (E_Fj j Q(x)|u[’ dx>0.

RHERI y €T BAT5E SN()= (0! (#(1)), 7 (1)) - KL Sobolev A%, %5 i A dE— -4 4
p>0, (A inf (p'(u).u)> 0 Ky (1) > p - SFIAFAEL (01), B N(L)> 0. A, HUET 193X,

MEEH 7 e, BHh(l)<20(y(1)<0. MAFEY (t,0), BAN(Y)=0, B y(¢)eN . Hik
maxo(y (1)) 2 (7 (1)) 2 inf o (u)=c,

tE[O 1]

B, c>c, .

Gy—JiT . RHEREN {u} < H? (RY)\{0} , FAI1TH 0(0)=0 K4t A/, o(tu)>0; Ht 7K
i, o(tu)<0. Bk, FEC >0, M ERMt2L, ﬁ(p(t*u)<00 Ly, ()=tt'u, Hte[01], N
o€l FrLh

¢ =inf max p(y(t))<maxo(y,(t))= maxw(tt*u)srrtlgxgo(tu),

yel te0,1] te[0,1] te[0.1]

DOI: 10.12677/pm.2025.154130 275 PS A2


https://doi.org/10.12677/pm.2025.154130

K, c<c .
Fefe, WA 2.2 f, MEREMue H (RY)\ {0}, 7F7EME—It(u)>0, B t(uueN, &

max ¢ (tu) > ¢(t(u)u)= \!QI@(V) =c,

t>0
K, ¢ >c,.
Fy— i,
% iy o e (1) < ke (1) = Info (1) =c; -
K, ¢ <c,.
Zibpnk, c=c =c,. m
AL R Q(X) WA (Q) I, FATHE FETT FE(1.1) H AR R i) R

Au-aAu+u=Qu/"*u, xeR",
ﬁmaepz+wyNzaz<p<f=ﬁ¥%,%>oﬁ%ﬁwqwmaxmﬁﬁo
EZH o WRIREZE o, H (R") >R My
o, (u) :%J'JRN(|Au|2 +a|vuf +U2)dX—%IRNQO|U|p dx,

SHE @, e CH(H? (RY)R) . SM0lit, Hefl5E SUHBRIZ R o, 19 Nehari B AIRL A
N, ::{u € HZ(RN)\{O}: <(pw'(u), u>:0}

F

Coim ot mey e (r (). = ok max o (1) A mim nf g (1), 2

s, = {yec([04] H? (R )):7(0)=0, ¢, (r(1)) <0} -
5[# 24 ¢, =c,=m>0,
i 553 2.3 MIFHEE—F. m
B[# 25 c<c,, Hfc, o, HHHEL, (2.2)%E .
I A (Q) M, MM xR, HQ(X)2Q,. MAHEEMueH? (RY), #
[ Q)= \Qquf” dx.

HIEE 3 po(u) <@, (U)o RIETRIT, ME S, BAEHEIT, T, Hik
inf max ¢, (7(t))infmax ¢, (y(t)) 2 infmax o((t)) »

}/El"mte[o,l] }/eFte[O,l] ;/eFte[O,l]

Blc<c,. m

[EE 1.1 BRES 515 2.1, 125 o BA LU . ¥ c Q1) F LR AKCTE .. g
M, ZH o H (PS) FH, MIEETS{u,} cH?(RY), 5240 >olf,
p(u)—>c, ¢'(u,)>0.
Bk, XIS KM, RATH

1, 11
c+1+||un||2go(un)—6<(p (un),un>:[5__j"un"2 .

DOI: 10.12677/pm.2025.154130 276 S H


https://doi.org/10.12677/pm.2025.154130

B+ p>2, ExEH{u }WHZ(R”)EP%ﬁ??H‘L
BAIAGE T IR SN
u, —u, /£ H2R") #,

u, —u, £ L R") F,2<s<27,

loc
L, HITER 0eCT(BY) 4 (¢ (u,).0) > (¢ (u),0) =0« BIu &L MIM. BT RRIED
0. RATRGMERU=0, FESFIAGLEE.

Wt Q(x)2Q

AN, ERFHR FA U0, EAR, BRu=0. FiEX4u=0r, F7l{u}tRIZH e, 1

(PS), Fr3il.
I#j‘l‘lle( )=Qy» FTUHERM >0, TFEp>0, HHLA|X>pH, A
Q(X)-Qy| <& -
TR, Bnoolf, JATHE
1
lo(u,) -0, (u nQ(X)-Q ”|de=EIBp(O)| -Q |de+—IRN\B | X)=Qy ||u,|” dx < Ce+0, (1).

E!ﬂ?(o(un)—m, WA @, (u,)—>C . ST, RHEER Ve H2(RY), V] <1, i Holder A&, A1H
/()= (00):9)| < [0 ~Quljn]
= [ 0/ QUX) = Qul | V] |
<Ce+0,(1).
FERCE {u, } 75 L (RY) gl 0 il {u, ) 947 SR Sobolev A% 5K,
9'(u))-9, (u,) >0

HT ¢'(u,) >0, #H @, (u,)—>0. FTEl{u } BRIZE @, —4(PS), P4,
1 Q(X) ZQ, LALLM (Q) » TIMIFFLEF KR >0, X, € RN LUK x II—ANABIK B, (%)), AT R0

xeB, (%) Ao=0Q(%)-Q>0%Q(x)-Q, >%g .

R4 Lions M MESIFR[13], FATHLEFH {u, } 7T REAEAE L R PRI T«
(1) #HE: Gnosolf, H

Q)= Qofu [ e

RN\, (0)

ysup oy )|u |Pdx >0

(2) A% ALy, cRYFIHEH >0, 1T
limsup [ ’ )|un|p dx>p.
FRBEQ)RE: {U ) FEH(RY)PHR Hn>eolt,
u, =0, EL”(RN) o,
T, JAHEE
2
0<2c+0,(1)=2 ¢(un)—<¢’(un),un>:[l—EjIRNQ )|u, | dx < C|u, ||Lp an) =0,

DOI: 10.12677/pm.2025.154130 277 S H


https://doi.org/10.12677/pm.2025.154130

KR JER, FrLOHRA TR A .
M RQ)MAL. ANK—Retk, HRi%
jBR(yn)|un|pdx2ﬁ>Oo (2.3)
HAIW F {y,) T RY BRI, $5E b, HARR, RO {y,) &G R0, WEEp>0, 8
Be(¥,)<B,(0). Hi(2.3)n#
ﬂSIBR(yn)|Un|pdXSpr(o)|Un|de°

M L (RY) H U, >0, BURIE
B < |iijp(o)|un|p dx=0,

n—oo

X5 B>0FE. FIk{y,) RERM, ETFAMELT, Unowlf, |y,|->0o.
FMIE S, (X) = Uy (XY, —%) o T {v, ) 22 H2 (RN ) vt S RAR B 7E T2 ST
v, =V, 7E H? (RY) o,
v, v, TE LR (RY ), 2< p< 2™,
H1(2.3), #ATH

v(x)|p dx = m J.BR(yn)

u, (x)" dx= g >0.

Joa
Fikv=0 H
IRN(Q(X)—Qo)|V|p‘3"‘2IBR<xo>(Q(X)—Qo)IVIp0|><2%0/3>0o
B, 1T {u,) R g, 1 (PS), FEA, (v, ) A2 g, () (PS), FFF1. 13178 2.4 FIRE 3158, Rl 145)

c.=m=inf ¢ (v)<p.(v)
1 '
=0, (V)—§<<"w (V)"’>
1 1), .
S(E_EJ"TJNIRNQ(XW—xo)lvnlpdx

1 1), .
:(E——jllmlanRNQ(x+yn—x0)|un(x+yn—x0)|pdx

p n—o0

= liminf {gox (u,) —%<¢w' (un), U>}

—c,
TG # 25, ®BAI1E
c=0,(v)-
BT v 2 o, FI—ANE S, 5512 2.2 RBURIE B 7325, AT LAIE B max ¢, (tv) 2 HE— t =t(v)
R, PR
c=p,(v)= maxg, (tv) .

UEsh, MWEEM Ve HZ(RN), AT

DOI: 10.12677/pm.2025.154130 278 HsE


https://doi.org/10.12677/pm.2025.154130

ot
sk

o, )+= IRN QO |V|deo
FEREFIv=0, FTCAHGIFE 22581, fF1EL(v)>0, 5t (v)ve N, H5IH 23, &ATH

(om(v)Zqox(to()) info(u)+— IRN —Q0)|t0(v)v|pdx=c+%IRN(Q(X)—QO)|tO(v)v|pdx>C,

ueN

ZEc=¢, (V) FE. Fillu=0, BluRiRREaET .
= Q(x)=Q,
SFZEE, B8 G o=0, . #7u=0, WuRTFEQLDMIET M. 5u=0, SHEH—FUHIEH
Tk, BATATLERE— AP {y, } < RMERR |y, | > o H
IiTjup JBR(yn)|un|q dx> 4.

v, ()=, (x+, ) W{y,} 2 g 05 (PS), A1, B2 0 —> o B, 7 H (RY) v, v,
Mv =0 A @ M— M5 A T u IR — AT LR
E, 4

d :inf{(o(V)ZVG HZ(RN), v 0, go’(v):O} .
HRAE T A0E S AFEF B {v, | C{Ve HZ(RN):gp'(V):O, v;tO} , AH1S
p(v,)—>d, ¢'(v,)>0.
FIBE {v, } A 5 (PS), 4. FEFHIMESCR, Agifik
v, =V, 7EH? (RN )

MQ(x)EQ I, M LIiMHEM AT &Iv20, o(v)=d H¢'(v)=0, B v&JF(L. 1)13‘]%*@”0
4 Q(x )sQoaﬂ‘, ERBHE AL, AETE @ 15— (PS), P AU {w, | 13w, =~ w=0. B4, EH
p(w)=d Ho'(w)=0, BIw2FL11)MAEAmM.

SE

[1]1 EARYE Wk REE S AR E SR AD]: [0 s0]. BE ARG Bk, 2014,

[2] Feng, Z. and Su, Y. (2021) Ground State Solution to the Biharmonic Equation. Zeitschrift fir angewandte Mathematik
und Physik, 73, 1-24. https://doi.org/10.1007/s00033-021-01643-2

[3] Kefi, K. and Radulescu, V.D. (2017) On a p(x)-Biharmonic Problem with Singular Weights. Zeitschrift fiir angewandte
Mathematik und Physik, 68, 1-13. https://doi.org/10.1007/s00033-017-0827-3

[4] Guo, Z. and Wei, L. (2018) Radial Symmetry of Entire Solutions of a Biharmonic Equation with Supercritical Exponent.
Advanced Nonlinear Studies, 19, 291-316. https://doi.org/10.1515/ans-2018-0010

[5] Ambrosetti, A. and Rabinowitz, P.H. (1973) Dual Variational Methods in Critical Point Theory and Applications. Jour-
nal of Functional Analysis, 14, 349-381. https://doi.org/10.1016/0022-1236(73)90051-7

[6] Lazer, A.C. and McKenna, P.J. (1990) Large-Amplitude Periodic Oscillations in Suspension Bridges: Some New Con-
nections with Nonlinear Analysis. SIAM Review, 32, 537-578. https://doi.org/10.1137/1032120

[7]1 Micheletti, A.M. and Pistoia, A. (1998) Nontrivial Solutions for Some Fourth Order Semilinear Elliptic Problems. Non-
linear Analysis, 34, 509-523. https://doi.org/10.1016/s0362-546x(97)00596-8

[8] Zhang,J.and Li, S. (2005) Multiple Nontrivial Solutions for Some Fourth-Order Semilinear Elliptic Problems. Nonlinear
Analysis, 60, 221-230. https://doi.org/10.1016/50362-546x(04)00313-x

[91 Zhou, J. and Wu, X. (2008) Sign-Changing Solutions for Some Fourth-Order Nonlinear Elliptic Problems. Journal of
Mathematical Analysis and Applications, 342, 542-558. https://doi.org/10.1016/j.jmaa.2007.12.020

[10] d’Avenia, P., Pomponio, A. and Schino, J. (2023) Radial and Non-Radial Multiple Solutions to a General Mixed

DOI: 10.12677/pm.2025.154130 279 IR


https://doi.org/10.12677/pm.2025.154130
https://doi.org/10.1007/s00033-021-01643-2
https://doi.org/10.1007/s00033-017-0827-3
https://doi.org/10.1515/ans-2018-0010
https://doi.org/10.1016/0022-1236(73)90051-7
https://doi.org/10.1137/1032120
https://doi.org/10.1016/s0362-546x(97)00596-8
https://doi.org/10.1016/s0362-546x(04)00313-x
https://doi.org/10.1016/j.jmaa.2007.12.020

iy
st

Dispersion NLS Equation. Nonlinearity, 36, 1743-1775. https://doi.org/10.1088/1361-6544/acb62d
[11] Xu, L.P. and Chen, H.B. (2018) Existence of Positive Ground Solutions for Biharmonic Equations via Pohozaev-Nehari
Manifold. Topological Methods in Nonlinear Analysis, 52, 541-560.

[12] Zhang, J. and Wei, Z. (2011) Infinitely Many Nontrivial Solutions for a Class of Biharmonic Equations via Variant
Fountain Theorems. Nonlinear Analysis: Theory, Methods & Applications, 74, 7474-7485.
https://doi.org/10.1016/j.na.2011.07.067

[13] Chabrowski, J. and Marcos do O, J. (2002) On Some Fourth-Order Semilinear Elliptic Problems in RN. Nonlinear Anal-
ysis: Theory, Methods & Applications, 49, 861-884. https://doi.org/10.1016/50362-546x(01)00144-4

DOI: 10.12677/pm.2025.154130 280 S H


https://doi.org/10.12677/pm.2025.154130
https://doi.org/10.1088/1361-6544/acb62d
https://doi.org/10.1016/j.na.2011.07.067
https://doi.org/10.1016/s0362-546x(01)00144-4

	双调和方程基态解的存在性
	摘  要
	关键词
	Existence of Ground-Sate Solutions for Biharmonic Equations
	Abstract
	Keywords
	1. 引言
	2. 主要结果的证明
	参考文献

