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Abstract

Let G be a simple graph, and A(G) be the adjacency matrix of graph G. The permanent
sum of matrix A(G) is denoted as PS(A(G)), and the permanental polynomial of matrix
A(G) is denoted as per(z/ — A(G)). In this paper, we utilize the interrelation between
the matching polynomial and its complement graph to demonstrate the relationship
between the permanental polynomial of a graph and the matching polynomial of its
complement graph. Furthermore, through this approach, we deduce the specific re-
lationship between the permanent sum of already complete graphs and the matching

number of their complement graphs.

Keywords

Complement Graph, Permanental Polynomial, Matching Polynomial

Copyright © 2025 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. 5|8

4 G RIRER V(G) HilER E(G) ) n AT m 201 R ELE G T s v
,dHN |G NTEGHAFHTEH, £ G-EH)2TE GMRE HaER2I0TE, 4
G—V(H) =K G Mk & H 8RBl & s R R G215 .

WA G HIABBEAEREA(G) = (a5 )nen 78 XUH:

17 (vivvj) € E7
CLij =
0, .

¥ G RFNEIENG = (V, E), Hil2:

V=V, E=EK,)\E={(viv;)eVxV]|v#v; H (v,v;) ¢ E}

DOI: 10.12677/pm.2025.154142 410 PRI KB


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.12677/pm.2025.154142

sRICH

KK, RZRUV AT REN TR, R EK,) = (5). WEGH(n, k)-JLF 54 E(R#RJLF 5%
Axl&]), 2 HACEH 2 DLR %A

VI=n

a-() -+ we2=(3)

3S C E(K,), |S| =k, 3 E=E(K,)\S

I AR R L S, LEANEIG 2 EG)| = ko B G HI—A k-ICRLRIS k KA
TS, B G H kIR AEGEEN 04(G) .

T G k-DCRE M, R G o(G) -IURE 2 o(G) >k, W M HFRAIE G i
—ANERIUAE. BORICRM AL 8 H v(G) FRNE G HIB R ITRE S 30152 S GIITL R £ T

v(G)
a(G,x) = Z(—l)kq)k(G)x"_Qk,

k=0
Horb @, R G RS AL B VL RO . B B R AT S R (— 1), AR

v(G)
m(G,z) =Y p(G)a" ",

k=0
NTEAF S ILHE 2 i
WB = (b;;) € M, (C) Jyn HrE5EFE, HMA (permanent)E L A:

per(B) = Z Hbi’g(i)

ceS, i=1

Hrp.
o &, Forn JUNRREE, EDFTAM{L,...,n} BIE SR BUT (B MBI

o KRMIS, Hn! MR, BAEHo MBI, biow)
o H5TFIAARE, BAAANEE BT EEsgn(o), Hlper(B) = det(B)|

sgn(o)=1

R E SR A7 71 L B2 5475 A H R KR IX ). Valiant [1] 22845 HX T (0,1)
e, THE AR #p7e 2. (0,1)-F8 B f AR 30AE 76 SR UL S 2. R & sUHEFI A 2.
Gyires BRI IREE AL TH. Monomer-Dimer #8010 15045 0 @ A8 HER R . Flan, & 2],
A AT DUR T 1H 5 AR 58 S UL R RO # 5 DS ) B Btk 7~ B E . T 58 2 i AR Ui 7,
I [3].

2 A(G) 2B G I n B ABEERE, IFH T RBAFERE. W G AR 2 0i0E O

m(G,x) = per(zl — A(G)) =Y _bi(G)a""",

=0

DOI: 10.12677/pm.2025.154142 411 PR E


https://doi.org/10.12677/pm.2025.154142

KA

Hribg(G) =1 o IR RBIEFE AT 5 S8, AR

o(G,x) =per(zl + A(G)) = ci(G)z" ™,

i=0
VAP ERCE AVIIED] B

B2 B BRI AT 2B, REGHER M — A B AR T A, 8L 4 Merris
% [4)MKasum# [5]70Al5EH . BT RMA MR RAP-5 a2, SUERMZ TR ARE N
Ao HARE B AE BRAE 2 TG PE BRI FEARAN 2 T3 Merris 4% [4] FKasum% (5] BHFAE 2 100
M SachsE B LG H 1 1FHARFN 2 i R H I Sachs- B AR . Borowiecki flJozwiak [6] 45 1 FHF
ZIA BN EIMRMNZ IR (42 F)00E, SHEN ALY BhRAENH. m
Xf TR 2 T Uk e BB . IR T RE—FR 0 SR R R G 0 T SRR 22 TR E AR HE Y. A
LA, PR B aT s 17—t R, W (7] [8]5F.

SR LI 2 W AE B 1 210 Al 2 iR vh A BUN B I AL iR &, S BRI 2 X 2 1A)
FARBOCIEMEAE DA STk R B B RGVERR I . Rl RAES W EIRAEZE T, 9K 2 I AE AR
BRAE T RO PE . REOHITAT A ARG AR R XS R 2, sk = G P A B S 2
AT, AR 2R T8 — 2R E BK LA TEB M, 1720 T P9 Rl R
RSP U R AL I . AR SCR AT IX A0 AU Y B A, 3 I ) 2 Pl (R AR 28 T3 2
HHAMNEILERE 2 WK R, AERME AL E S Hrie U fARBT A

ASCR N B LR AR A, BATE g T SR B LA G BE AEEE =0
FATEY] 1 B AR 2 0 HAME VLR 2 A2 K G & RS DA 2y, HES TP 5E e M
IKARE HAMEVL R Z A BAR R R, Foa, BATR AR SCREIAT 7 —AMRIZ S 45

2. T ER

R 2.1 £ ¢ REG NN TisiSachs 7B, AAGHIRE— 7 SORISLIAEE AN AL .

REN2.2 2 Gt n DR IR AAE G KA

PS(G):zn:|bk(G)|:l+zn: > 2,

k=1 He((G)

HA(G)FRmEGHT A Sachs 7K, o H)ZFmH T HIEH .

F1#2.3 [9] & G & n MR REL oG, 2)Mm(G, z) g b, IBA

o(G,x) =m(G,z) + Z 2?H)m(G — H, z).

He(

Hrp ¢ /0B 5 — N sachs T RIS .

DOI: 10.12677/pm.2025.154142 412 PR E


https://doi.org/10.12677/pm.2025.154142

sRICH

5132.4 [10] & G2 n MTUSHTE SRR, BAe 5 e EIGH ILACBUH LE A

B.(G) = (-1 0,(G) (5 ) (2r =20 DI (1= 1),

v=0

g1 #E2.5 [11] MM EG, H
3]
an : (G)a(Ky, x) O (G (K 2k, 7).

k=0

3. BIRA SIS H4MNE LA I A K &
EH3.1 4 G MTARTE AR, 7(G,z)Ma(G, z) 5 52 B GRIARF 2 1020 5 VL 2 15K,
m(G,z) = a(G,2) + Y _(-1)!"2Na(G — H, ).

He¢

H (D as — B sachs TEIMAE S, |H|RATEHNT S, o H)RAH A%

EH]: w1 (4], FRATEIERANZ B R 8 (G) = (-1)° Z 2006 B RIRiIAN TR A &L

il ffsachs T, Cﬁ%ﬂ?i/l\mﬁﬂ%/'\@/\*/\lﬁlE’Jsachs¥l7§lm%4\ A2 s AR 22 T 2 2R B )
X PLEGE 2.1,

b(G) = (-1 Y 2

G CG
= (1) YD 2 (1) Y 20,
grca GiCG

EAERENZ, BT WRAEIELIL, BAT RS H R mE, FrblHoya 8, s,

VAT
m(Ga) = (=1)7 ) 2y
G CG
_ (_1)z Z QC(sz)x"_"_i_(_]_)z Z 2C(Ci)xn—i
agrca G CG
_ (_1)z Z 201,71—1'+ (_1)2 z 20(@)1,11—1
[siate ¢ CG
= alG,z +Z DHlge (G — H, z).
He(
.

DOI: 10.12677/pm.2025.154142 413 RIS R


https://doi.org/10.12677/pm.2025.154142

KA

BT EH3 IR MM Z T n (G, 2) 5L 2 Ko, 2) MR K R BIE5 2.5, KA
=25 7 I G VL EE 2 WA AN G P iR BURe I, JF H ST N2 2K, BIILRE 2 A e B e
PR, RIHES B E R,

SEFEB.2 2GRN TR R, A e Z ARG, 2) 5 AN LA H D, (G)F1 564
FEUCHE 2 T (K gy, ) IR R UWITR:
3] [252)
O (Ko z)+ Y > (~1)H2eN (G =H) o K121, 7).

r=0 Hel r=0
UERH:  HHEEE3. 1] %0,

(G, z) = a(G,z) + Z( 1)l o (G — H, z).

He(

PRI SI32.5, 5 AEGHIULAS 2 W05 HAb B UL RSO ¢ 4= B DL RS 2 i Al )R &, B4

m(G,x) = oG,z —l—Z DIHI2eH) o (G — H, x)
He¢
1%) ) =t
= q)r(G n 2ry, L +Z IHlQC(H) Z q)r(GiH)a(Kn—\H|—2r7x)'

r=0 He(
18] ey

= O (G)a(Kya, )+ Y Y (~)T12°ND (G = H)a (K, r-2r, 7).
r=0 He¢ r=0

EHE,
GRS T L K T 5 LR S A0 S, AR, FGHITLRE S TR A B 5
PR A R — AT (1), WA RS2 W bl R4

#Ei£3.3 G — o R E, BAEMERFTHMEZ (G, 2) 5 AL, (G) 5%
ST S ILAC 2 T (K oy, o) KR R AT

o(G,x)
12] A

= ()" (C)m(Kpar,z) + Y > (1) 120D (G = H)m (K, 1) -2r, 7).

r=0 He¢ r=0

EH3.4 GR—Poffrfa K, A ERLRT SN2 I RS HAMATLRT 5 UL 2 50
AREORRUT:

DOI: 10.12677/pm.2025.154142 414 IS


https://doi.org/10.12677/pm.2025.154142

sRICH

& voelthean (e (M= i+ 2j = 20\
+ z ZZ(*U 20020, (G - Hi72j) 9 — 2 (25 —2v — ).

WEB: AR T s R B LA Wisachs T B, ¢ N TR e b AL 8 — /N 8l Hsachs 7 &
WS MM SRMEZIEE X, BEMRE

a(G) = ZQC(Q‘)

¢ CcG

_ Z 2c(¢™) 4 Z 2¢(¢i) |
[siate; G CG

= c/, —+ C'f

Hrifie, = 30 206, o = 3 246, W5|#2.4, RESHEHCG =3 (=1)"®,(G)(272)(2r —

2r—2v
agrca GCaG

2v — V)LEI% B, IS H2.3, # AR,

¢ = Z 2@ (G — H;) — Z 2¢1-20, (G — H;-)

H;ed; H;_2€Ci—2
+ Z 26<Hi74)‘b2 (G — Hi_4) + . + Z (—1)j2c(Hi72j)‘I)j (G — Hi_Qj)
H;_4€Ci—a H;_2j€Ci—2;

k
= ) D (=12, (G - Hiy)

H 2]6( 2]j 0

- o(Hi—2;) n—i 220N o0 oy
> ZZ( 1)v2 o, (G- Hi—y; 2j)< % — 2 (25 —2v — 1)

H; QJGC 27j =0 v=0

RN EH AT KRR = [52].

4. LFmEERKkAMESHAME LR BRI X F

A& ANH T 73 IR B0 HAA B i B 5 AN RS, W2 % n > 2m. £ 1,
AP BT 2 > 6 W6 ME P AFMKIE. 1 REHSE [12] D2 EIX =B R E R A
KN PS(Hyg) > PS(Hy) > PS(Hyo)s BATRE L 58 4 15 B - 7 R0 il A T DG PRE 5
FIFEREVE A DA L8538, FE U] LT S8 2 B MK AR S AN VL RC B o8 R 2T, RATSE4 B BLR
%EE:

AT B3 AR N, A H AR S BRI A R R 1 LT 5 4 B K K AR 5
A VL FCH R &

DOI: 10.12677/pm.2025.154142 415 RIS R


https://doi.org/10.12677/pm.2025.154142

KA

Gl 0 GZO GZ 1

Figure 1. ***

1. K, MER1~2538 0 A 1

EHA.1 HZE MAME, B4 ERR ARG HAME LRSS R 40

PS(H!) = L:: (;) (2r — 1)l — (;_2) (2r — 3)I!

T

L —1+2j o n—i+2j—2
Y e (M 2r — 1)l — 2o(Hi-2i-2) 2r — 3)!!
i < 2j @r=1) 2j — 2 (2r =3)

J=0 H; _2;€(;—2;

w3

HH, o R BEK, _oFi — 2j N RRE, c(Hi—oy) R EIK, o™i — 2540 R B A4
UEM: & R 1— LR (0— DEEC5E 1), T AT 38655 i g B 3.4 5 45 I8 S8 5 - 550

HTILEG — Hi o RGN H, sy, HHERAMTRILE, B4, RATAFHEG — Hi_of7
FE VLS A6 DL, T B 2 B H o BCRIE), PR 2% AL 0 AR — — s B P S #8 E)  %
G — H; o & RANSL AT, WJEFE 55 T0; Fr AFRATIA 2518 2418 H, o U B, h I8 26 INSLIL Y
o mm N, BARER, o 1y NAEHS. 40 =0, 13N, A EHAFIE.

Aokt BATAT AL A HE 12 4.2
#E14.2 H2ZE RN, B A ERIK AN HAME VLR EOR R 40T

&2 = Goo I

S () @r = ) =255 (2r = 3

FEA S ey B 20 () (2 — DL w20 () 2 31
PS(Hy) = {24 €2 = Goy B

SH () r = Dt 203 73) 2 = 3+ () 2r - )t

T Ty T2 () 2~ 1)l 8 2 () 3y 31
202 4)(" o1 (25 =Bl

WERH: &2 HA1— LR 5 2-VURE (0— USRI 52 1), BT ARG 435840 th e BE3.4 5 73 0 5 18 i 235 4
HTULEG — Hi o RGHER— N H, oy, FHHERAIEILE, &2 = Gy B, M4, KA

DOI: 10.12677/pm.2025.154142 416 PRI KB


https://doi.org/10.12677/pm.2025.154142

sRICH

HR&EHIEG — Hyof A AEUCTT 1K B, T8 5 3 2 B H, o BB Goo 1 1 T] 5 B = A ity i #1S HXF)
W, G — Hi_o 2R RSLm, WG % T0: BT LAIRAT R 55 2% 58 24 B H, o BUA B G0 1
] i B = A I AR A 0L A BIGo M P ] S, G — Hi_o RBEE A — 5k IS U(H
PiFh— R L), AL R LM T Sn , eq, 2% 20020 (") (2 — 1N — 24
2elHi—2s=2) (" A (20 — 3)ls MR EIGoo I =A KN, G — Hi oy REESHAG A, WG
T Yo o e, 252 (M) (20 — 1) — 2 2cHimaiea) (M) (9 — B)N; R S
34K =0, 170N, H & = Goo I, EHAFIE,

| §Z = Gy I, [FHEAT1S.

5. ING

A EEW SR AR AN 2 B S UL 2 W2 R N R R . AT I, a5 73 A JL J
HEIIVL FE 22 RS 1, RS T tH AR 22 T B Rk 5o 5 0t 12630 58 A B A A IR 1B 2K,
XA R RPN R R B, BARES REST T IR DU e A 5, (AR SERR A
I EAE N AR IR a0, £ER 28R 0 B G R T rp - dnfer R 3R 22 106 &
T AR SR IE MR, B HEE SRR KW OV 2 BB R R TR T A, (=

FBRAEN EA TS 5 S Fedt— 2 I

EEUH

FRIER 0T E CE G RF % M immanant 25 T FBAFFE) « TiH%S: 07M2024003.

S22 3Rk

[1] Valiant, L.G. (1979) The Complexity of Computing the Permanent. Theoretical Computer
Science, 8, 189-201. https://doi.org/10.1016,/0304-3975(79)90044-6

[2] Harary, F. (1969) Determinants, Permanents and Bipartite Graphs. Mathematics Magazine,
42 146-148. https://doi.org/10.1080/0025570x.1969.11975950

[3] Minc, H. (1978) Permanents. Addison-Wesley.

[4] Merris, R., Rebman, K.R. and Watkins, W. (1981) Permanental Polynomials of Graphs. Linear
Algebra and its Applications, 38, 273-288. https://doi.org/10.1016/0024-3795(81)90026-4

[6] Kasum, D., Trinajsti, N. and Gutman, I. (1981) Chemical Graph Theory. ITI. On the Perma-
nental Polynomial. Croatica Chemica Acta, 54, 321-328.

[6] Borowiecki, M. and Jozwiak, T. (1982) Computing the Permanental Polynomial of a Multi-
graph. Discussiones Mathematicae, 5, 9-16.

[7] Wu, T. and Zhang, H. (2015) Some Analytical Properties of the Permanental Polynomial of a
Graph. Ars Combinatoria, CXIII, 261-267.

DOI: 10.12677/pm.2025.154142 417 PRI KB


https://doi.org/10.1016/0304-3975(79)90044-6
https://doi.org/10.1080/0025570x.1969.11975950
https://doi.org/10.1016/0024-3795(81)90026-4
https://doi.org/10.12677/pm.2025.154142

KA

[8] Chou, Q., Liang, H. and Bai, F. (2015) Computing the Permanental Polynomial of the High
Level Fullerene Cy with High Precision. MATCH Communications in Mathematical and in
Computer Chemistry, 73, 327-336.

[9] Li, W. (2021) On the Matching and Permanental Polynomials of Graphs. Discrete Applied
Mathematics, 302, 16-23. https://doi.org/10.1016/j.dam.2021.05.030

[10] Lovasz, L. (2007) Combinatorial Problems and Exercises. Vol. 361, American Mathematical
Society. https://doi.org/10.1090/chel /361

[11] Eigrk. EIRIUCHE 2 i & F M A M. dbat: B2 L, 2019: 12.

[12] Wu, T. and So, W. (2021) Permanental Sums of Graphs of Extreme Sizes. Discrete Mathe-
matics, 344, 112353. Article https://doi.org/10.1016/j.disc.2021.112353

DOI: 10.12677/pm.2025.154142 418 PRI KB


https://doi.org/10.1016/j.dam.2021.05.030
https://doi.org/10.1090/chel/361
https://doi.org/10.1016/j.disc.2021.112353
https://doi.org/10.12677/pm.2025.154142

	1 引言
	2 预备知识
	3 图的积和多项式与其补图匹配多项式的关系
	4 几乎完全图的永久和与其补图匹配数的关系
	5 小结

