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Abstract

Let G be a simple graph, and A(G) be the adjacency matrix of graph G. The permanent

sum of matrix A(G) is denoted as PS(A(G)), and the permanental polynomial of matrix

A(G) is denoted as per(xI − A(G)). In this paper, we utilize the interrelation between

the matching polynomial and its complement graph to demonstrate the relationship

between the permanental polynomial of a graph and the matching polynomial of its

complement graph. Furthermore, through this approach, we deduce the specific re-

lationship between the permanent sum of already complete graphs and the matching

number of their complement graphs.
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1. Úó

- G´º:8� V (G)�>8� E(G)� n�º: m^>�{üã.ã G�º:ê8�Ù�

ê, P� |G| .éuã G�:�ÑfãH §- G−E(H)´fã GíØãH �>����fã§-

G− V (H)´ã GíØfã H �:±9:�'�>����fã.

@oã G���Ý
A(G) = (aij)n×n½Â�µ

aij =

1, (vi, vj) ∈ E;

0, ÄK.

òã G�ÖãP�G = (V ,E)§�÷vµ

V = V, E = E(Kn) \ E = {(vi, vj) ∈ V × V | vi 6= vj � (vi, vj) /∈ E}
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Ù¥KnL«±V�º:8���ã§÷v|E(Kn)| =
(
n
2

)
"¡ãG�(n, k)-A���ã({¡A��

�ã)§��=�Ù÷v±e^�µ

|V | = n

|E| =
(
n

2

)
− k (0 ≤ k ≤

(
n

2

)
)

∃S ⊆ E(Kn), |S| = k, ¦� E = E(Kn) \ S

d�ëêk¡�Tã�>º"Ý§�ÙÖãG÷v|E(G)| = k"ã G��� k -��´� k^Ãú�

º:�>�8Ü§�ã G¥ k -����êP� Φk(G) .

éuã G��� k -��M §XJã Gvk v(G) -��÷v v(G) > k§KM �¡�ã G�

������. ����M¥>�ê8 ν(G)¡�ã G�����ê.·�½ÂãG���õ�ª�

α(G, x) =

v(G)∑
k=0

(−1)kΦk(G)xn−2k,

Ù¥ΦkL«G¥k^Ø��>�¤���êþ"ÏL£ØÎÒÏf(−1)k§·�¡

m(G, x) =

v(G)∑
k=0

Φk(G)xn−2k,

�ÃÎÒ��õ�ª.

�B = (bij) ∈Mn(C) �n �EÝ
§ÙÈÚª(permanent)½Â�µ

per(B) :=
∑
σ∈Sn

n∏
i=1

bi,σ(i)

Ù¥µ

• Sn L«n �é¡+§=¤kl{1, . . . , n} �g��V�N�£��¤�¤�+

• ¦ÚH{Sn �n! ���§z���σ éA¦È�
∏n
i=1 bi,σ(i)

• �1�ªØÓ§ÈÚªØ�¹���ÎÒ¼êsgn(σ)§=per(B) = det(B)
∣∣
sgn(σ)≡1

ÈÚª�½Âaqu1�ª. �´q�1�ªkXé��«O.Valiant [1]®²�Ñéu (0, 1)

Ý
§O�ÙÈÚª´#p���. (0,1)-Ý
�ÈÚª3�{���Oê!�½:ü���ê!

Gyires�.¥�VÇ�O!Monomer-Dimer~ê�O��¯K¥kX��A^. ~X§3 [2]¥§

ÈÚª�±^uO��Üã�{���ê8±9k�ã��5fãê8. éu�õ�ÈÚªïÄ§

� [3].

- A(G)´ã G� n���Ý
§¿� I �ü Ý
. K G�ÈÚõ�ª½Â�

π(G, x) = per(xI −A(G)) =
n∑
i=0

bi(G)xn−i,
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Ù¥b0(G) = 1 "ÏLò��Ý
�ÎÒ�=§·�¡

ϕ(G, x) = per(xI +A(G)) =
n∑
i=0

ci(G)xn−i,

�ÃÎÒÈÚõ�ª.

ÈÚõ�ª��ÈÚª�û)Ô§´ãØïÄ���g,óä§3êÆÚzÆ¥dMerris

� [4]ÚKasum� [5]©OJÑ"duÈÚª�O�´#P-��¯K§�¦ÈÚõ�ª�O��~(

J"g,��/ÏA�õ�ª�5�5ïÄÈÚõ�ª"Merris � [4]ÚKasum� [5]/ÏA�õ�

ª�Sachs½n�Ñ
O�ÈÚõ�ªXê�Sachs-.úª"Borowiecki ÚJ_zwiak [6] �Ñ
ÈÚ

õ�ª�4íúª"ã�ÈÚõ�ª3êÆ [4]É�'5§�dÓ�§3zÆ [5]¥�kXA^. 

éuÈÚõ�ª�ïÄ�´'���. ù�U�Ü©�Ï8(�O�ÈÚõ�ª´'�(J�. 3

CAc§éÈÚõ�ª�ïÄ��
�
?Ð, � [7] [8]�.

¦+��õ�ª3ã�ÌnØ9zÆãØ¥®k��¤Ù�ïÄNX§Ù�ÈÚõ�ª�m

��ê'é53yk©z¥ÿ���XÚ5&?"AO´3(�ãØµee§üaõ�ª3pÖ

ãö�e�éó5�!XêìC1�±9|ÜØCþ�m�éA'X§E"yÊ·5�nØ�x"

��5¿�´§yk¤Jõ8¥uü�õ�ª3A½ãaþ�5�©Û§�Ñ
üa)¤¼ê

3�f�^e��Óüz5Æ"�©à�uù���+��nØ�"§ÏL�ïã�ÈÚõ�ª

�ÙÖã��õ�ª�'X§�E,�ä�ØCþ©ÛJø#��êóä"

�©�eÙ!SüXe. 31�Ü©§·�Äk�Ñ
�
7��½Â±9Ún. 31nÜ©§

·�y²
ã�ÈÚõ�ª�ÙÖã��õ�ª�m�'X. 31oÜ©§í�Ñ
A���ã�

[ÈÚ�ÙÖã���m�äN'X. ��§·�é��©Ù?1
��{��o("

2. ý��£

½½½ÂÂÂ2.1 eζi´ãG��i�º:�Sachsfã§@oζi�z��©|��á>½öØ��.

½½½ÂÂÂ2.2 - G´ n�º:�{üã. @oã G�[ÈÚ

PS(G) =

n∑
k=0

|bk(G)| = 1 +
n∑
k=1

∑
H∈ζ(G)

2c(H).

Ù¥ζ(G)L«ãG¤kSachsfã§c(H)L«H¥��ê8.

ÚÚÚnnn2.3 [9] - G´ n�º:�{üã. ϕ(G, x)Úm(G, x)�½ÂXþ§@o

ϕ(G, x) = m(G, x) +
∑
H∈ζ

2c(H)m(G−H,x).

Ù¥ζ´���¹����sachsfã�8Ü.
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ÚÚÚnnn2.4 [10] - G´ n�º:�{üã§@o§�§�ÖãḠ���ê�péX:

Φr(G) =
r∑
v=0

(−1)vΦv(Ḡ)

(
n− 2v

2r − 2v

)
(2r − 2v − 1)!! ((−1)!! = 1).

ÚÚÚnnn2.5 [11] é?Û{üãG§k

α(G, x) =
n∑
k=0

Φn−k
2

(Ḡ)α(Kk, x) =

bn2 c∑
k=0

Φk(Ḡ)α(Kn−2k, x).

3. ã�ÈÚõ�ª�ÙÖã��õ�ª�'X

½½½nnn3.1 - G´ n�º:�{üã. π(G, x)Úα(G, x)©O´ãG�ÈÚõ�ª���õ�ª§

@o

π(G, x) = α(G, x) +
∑
H∈ζ

(−1)|H|2c(H)α(G−H,x).

Ù¥ζ´���¹����sachsfã�8Ü§|H|L«fãH�º:ê§c(H)L«H¥Ø���ê

8.

y²µd [4]§·���ÈÚõ�ª�Xêbi(G) = (−1)i
∑
ζi⊂G

2c(ζi). -ζmi L«i�º:�¹�

á>�sachsfã§ζiL«i�º:���¹����sachsfã�8Ü"@odÈÚõ�ªXê�½

Â§±9½Â2.1§

bi(G) = (−1)i
∑
ζi⊂G

2c(ζi)

= (−1)i
∑
ζmi ⊂G

2c(ζ
m
i ) + (−1)i

∑
ζi⊂G

2c(ζi).

��5¿�´§duζmi S�¹�á>§@oº:ê8�U�óê§¤±�i�Ûê�, ζmi ��ã.

KÈÚõ�ª

π(G, x) = (−1)i
∑
ζi⊂G

2c(ζi)xn−i

= (−1)i
∑
ζmi ⊂G

2c(ζ
m
i )xn−i + (−1)i

∑
ζi⊂G

2c(ζi)xn−i

= (−1)i
∑
ζmi ⊂G

20xn−i + (−1)i
∑
ζi⊂G

2c(ζi)xn−i

= α(G, x) +
∑
H∈ζ

(−1)|H|2c(H)α(G−H,x).

y..
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Äu½n3.1ïá�ÈÚõ�ªπ(G, x)���õ�ªα(G, x)�wª'X"ÏLÚn2.5§·�

?�Ú©ÛãG���õ�ª3ÖãG¥�LyA5§¿�Ú\��ãKn ���õ�ª��ÄO

¼ê§�í�Ñ±e½n"

½½½nnn3.2 -G´n�º:�{üã§@o§�ÈÚõ�ªπ(G, x)�ÙÖã��êΦr(Ḡ)Ú��

ã��õ�ªα(Kn−2r, x)�'XXeµ

π(G, x) =

bn2 c∑
r=0

Φr(Ḡ)α(Kn−2r, x) +
∑
H∈ζ

bn−h
2 c∑

r=0

(−1)|H|2c(H)Φr(G−H)α(Kn−|H|−2r, x).

y²µd½n3.1��§

π(G, x) = α(G, x) +
∑
H∈ζ

(−1)|H|2c(H)α(G−H,x).

2|^Ún2.5§�\ãG���õ�ª�ÙÖã��êÚ��ã��õ�ª�m�'X§@o

π(G, x) = α(G, x) +
∑
H∈ζ

(−1)|H|2c(H)α(G−H,x)

=

bn2 c∑
r=0

Φr(Ḡ)α(Kn−2r, x) +
∑
H∈ζ

(−1)|H|2c(H)

bn−h
2 c∑

r=0

Φr(G−H)α(Kn−|H|−2r, x).

=

bn2 c∑
r=0

Φr(Ḡ)α(Kn−2r, x) +
∑
H∈ζ

bn−h
2 c∑

r=0

(−1)|H|2c(H)Φr(G−H)α(Kn−|H|−2r, x).

y..

dãG���õ�ª±9ÃÎÒ��õ�ª�½Â§ØJuy§ãG���õ�ª±9ÃÎÒ

��õ�ª����ÎÒÏf(−1)r§@od½n3.2 ��Ñ±e(J"

íííØØØ3.3 G´��n�{üã§@o§�ÃÎÒÈÚõ�ªϕ(G, x)�ÙÖã��êΦr(Ḡ) Ú�

�ãÃÎÒ��õ�ªm(Kn−2r, x)�'XXeµ

ϕ(G, x)

=

bn2 c∑
r=0

(−1)rΦr(Ḡ)m(Kn−2r, x) +
∑
H∈ζ

bn−h
2 c∑

r=0

(−1)r+|H|2c(H)Φr(G−H)m(Kn−|H|−2r, x).

½½½nnn3.4 G´��n�{üã§@o§�ÃÎÒÈÚõ�ªXê�ÙÖãÃÎÒ��õ�ª�

Xê'XXeµ

ci(G) =

r∑
v=0

(−1)vΦv(Ḡ)

(
n− 2v

2r − 2v

)
(2r − 2v − 1)!!
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+
∑

Hi−2j∈ζi−2j

k∑
j=0

j∑
v=0

(−1)v2c(Hi−2j)Φv

(
G−Hi−2j

)(n− i+ 2j − 2v

2j − 2v

)
(2j − 2v − 1)!!.

Ù¥r = [ i
2
]§k = [ i−3

2
].

y²µ-ζmi L«i�º:�¹�á>�sachsfã§ζiL«i�º:���¹����sachsfã

�8Ü"dÃÎÒÈÚõ�ª�½Â§§�Xê

ci(G) =
∑
ζi⊂G

2c(ζi)

=
∑
ζmi ⊂G

2c(ζ
m
i ) +

∑
ζi⊂G

2c(ζi).

= c′i + c′′i

Ù¥c′i =
∑

ζmi ⊂G
2c(ζ

m
i )§c′′i =

∑
ζi⊂G

2c(ζi)"dÚn2.4§éN´íÑc′i =
∑r

v=0(−1)vΦv(Ḡ)
(
n−2v
2r−2v

)
(2r −

2v − 1)!!.y�Äc′′i , �âÚn2.3§�\Ðm��§

c′′i =
∑
Hi∈ζi

2c(H)Φ0(G−Hi)−
∑

Hi−2∈ζi−2

2c(Hi−2)Φ1 (G−Hi−2)

+
∑

Hi−4∈ζi−4

2c(Hi−4)Φ2 (G−Hi−4) + ......+
∑

Hi−2j∈ζi−2j

(−1)j2c(Hi−2j)Φj (G−Hi−2j)

=
∑

Hi−2j∈ζi−2j

k∑
j=0

(−1)j2c(Hi−2j)Φj (G−Hi−2j)

=
∑

Hi−2j∈ζi−2j

k∑
j=0

j∑
v=0

(−1)v2c(Hi−2j)Φv

(
G−Hi−2j

)(n− i+ 2j − 2v

2j − 2v

)
(2j − 2v − 1)!!.

Ï�ζ��¹k���,¤±k��k = [ i−3
2

].

4. A���ã�[ÈÚ�ÙÖã��ê�'X

-ξmnÚH
m
n ©OL«�ê�n�>ê�m�ã�ÙÖã�8Ü§÷v^�n ≥ 2m. 3ã 1¥§

·�Û�
�n ≥ 6 �,ξ1n Úξ
2
n¤kØÓ��ã. ÇÉO� [12] ®²'�ùn�ã�Öã�[È

Ú��µPS(H10) > PS(H21) > PS(H20)¶·�òA����Kã�[ÈÚ=�¤ÙÖã��ê§

Ó�U`²±þ(Ø§3`²A���ã�[ÈÚ�ÙÖã��ê�'X�c§·�k�Ñ±e

½nµ

e¡·�ÏLé½n3.4�A^§íÑ±e½n5`²k'ξ1nÚξ
2
n�A���ã�[ÈÚ�Ù

Öã��ê�'X.
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Figure 1. ***

ã 1. Kn íØ1∼2^>�¤kfã

½½½nnn4.1 H1
n´ξ

1
n�Öã§@o§�[ÈÚ�ÙÖã��ê'XXeµ

PS(H1
n) =

bn2 c∑
r=0

(
n

2r

)
(2r − 1)!!−

(
n− 2

2r − 2

)
(2r − 3)!!

+

k∑
j=0

∑
Hi−2j∈ζi−2j

2c(Hi−2j)

(
n− i+ 2j

2j

)
(2r − 1)!!− 2c(Hi−2j−2)

(
n− i+ 2j − 2

2j − 2

)
(2r − 3)!!

Ù¥Hi−2jL«ãKn−2¥i− 2j�º:��§c(Hi−2j)L«ãKn−2¥i− 2j�º:����ê.

y²µξ1n�k1)��(0)���½�1)§¤±c�Ü©d½n3.4´�.y�Ä��Ü©µ

du��G−Hi−2j´Gk~���Hi−2j§2d§�ÖO���§@o§·��I�ÄG−Hi−2j�

3����¹§5¿���Hi−2j��ξ
1
n¥@^�á>�?��:½öü�à:Ñ���ÿ§

G−Hi−2j�´�á:§K��Ü©�u0¶¤±·��I�Ä��Hi−2j�Ø�ξ
1
n¥@^�á>�

?��:���¹§=�U3Kn−2 ¥¶A^½n3.4òv = 0§1�\§@o½n�y.

aq/§·��±y²íØ4.2.

íííØØØ4.2 H2
n´ξ

2
n�Öã§@o§�[ÈÚ�ÙÖã��ê'XXeµ

PS(H2
n) =



� ξ2n = G20� :∑bn2 c
r=0

(
n
2r

)
(2r − 1)!!− 2

(
n−2
2r−2

)
(2r − 3)!!

+
∑k

j=0

∑
Hi−2j∈ζi−2j

3 ∗ 2c(Hi−2j)
(
n−i+2j

2j

)
(2r − 1)!!− 4 ∗ 2c(Hi−2j−2)

(
n−i+2j−2

2j−2

)
(2r − 3)!!

� ξ2n = G21� :∑bn2 c
r=0

(
n
2r

)
(2r − 1)!!− 2

(
n−2
2r−2

)
(2r − 3)!! +

(
n−4
2r−4

)
(2r − 5)!!

+
∑k

j=0

∑
Hi−2j∈ζi−2j

7 ∗ 2c(Hi−2j)
(
n−i+2j

2j

)
(2r − 1)!!− 8 ∗ 2c(Hi−2j−2)

(
n−i+2j−2

2j−2

)
(2r − 3)!!

+2c(Hi−2j−4)
(
n−i+2j−4

2j−4

)
(2j − 5)!!.

y²µξ2n�k1)���2-��(0)���½�1)§¤±c�Ü©d½n3.4´�.y�Ä��Ü©µ

du��G−Hi−2j´Gk~���Hi−2j§2d§�ÖO���§� ξ2n = G20 �§@o§·�
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�I�ÄG−Hi−2j�3����¹§5¿���Hi−2j��G20�¥m:½ön�à:Ñ��

�ÿ§G−Hi−2j�´�á:§K��Ü©�u0¶¤±·��I�Ä��Hi−2j�Ø�G20�¥

m:½ön�à:Ñ���¹µ��Ø�G20�¥m:�§G−Hi−2j�U¹k�^�á>(k

ü«����¹)§@od���Ü©�u
∑k

j=0

∑
Hi−2j∈ζi−2j

2 ∗ 2c(Hi−2j)
(
n−i+2j

2j

)
(2r − 1)!! − 2 ∗

2c(Hi−2j−2)
(
n−i+2j
2j−2

)
(2r − 3)!!¶�Ñ�Ø�G20�n�:�§G−Hi−2j �U¹kG20��§d��

�Ü©�u
∑k

j=0

∑
Hi−2j∈ζi−2j

2c(Hi−2j)
(
n−i+2j

2j

)
(2r − 1)!! − 2 ∗ 2c(Hi−2j−2)

(
n−i+2j
2j−2

)
(2r − 3)!!; A^½

n3.4òv = 0§1�\§� ξ2n = G20�,½n�y"

� ξ2n = G21�, Ón��.

5. �(

�©Ì�ïÄã�ÈÚõ�ª���õ�ª�m�S3éX"·�uy§ÏL©Û�ã9Ù

Öã���õ�ªA5§U
í�ÑÈÚõ�ª�äNL�ª"AOéu�C��ã�AÏãa§

ù«'X¥yÑ{'�êÆ5Æ"�,nØþïá
ùüaõ�ª�=�úª§�Ù3¢S¯K

¥���A^E�3Û�"~X§3E,�ä©Û½|Ü`z¯K¥§XÛ|^ù«õ�ª'X

J,O��Ç½{zy²L§§�I��õ&¢"ù�ïÄ�ãõ�ªnØJø
#�óä§�

Ùd3d�k��YïÄ?�Úu÷"

Ä7�8

�°¬x�ÆM#�85ã�.Ê.dÝ
immananteZ¯KïÄ6"�8?Òµ07M2024003.
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