
Pure Mathematics nØêÆ, 2025, 15(4), 419-429

Published Online April 2025 in Hans. https://www.hanspub.org/journal/pm

https://doi.org/10.12677/pm.2025.154143

�º:ä�.Ê.dÈÚª9'Ç

���DDDùùù

�°¬x�ÆêÆ�ÚOÆ�§�°Üw

ÂvFÏµ2025c3�4F¶¹^FÏµ2025c4�16F¶uÙFÏµ2025c4�29F

Á �

éu��ãG§eÙëÏ�Ã�§·�Ò¡G´��ä§P�T"�©O��º:ä�.Ê.dÝ


ÈÚª±9.Ê.d'Ç§¿����
�½ëê����(J"

'�c

.Ê.dÝ
§ÈÚª§.Ê.d'Ç

The Laplacian Permanent and Ratio of
Small Vertex Trees

Xiuhong Wang

School of Mathematics and Statistics, Qinghai Minzu University, Xining Qinghai

Received: Mar. 4th, 2025; accepted: Apr. 16th, 2025; published: Apr. 29th, 2025

Abstract

For a graph G, if it is connected and acyclic, we call G a tree, denoted as T . In this

paper, the permanents of the Laplacian matrices and the Laplacian ratios of small-

vertex trees are calculated, and some results on limiting the magnitudes of certain

parameters are obtained.
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1. Úó

3�©¥·��Ä�ã G = (V (G), E(G))´´��ä. - G´�� n�ã. ã G��Ý
P

� A(G) = (aij)n×n , XJ3ä T ¥º: i , j m�3�^>§Kã aij = 1¶ÄK aij = 0 .ä T �

ÈÚõ�ª½Â�

π(T, x) = per(xI −A(T )) =
n∑
i=0

bi(T )xn−i,

Ù¥ I ´ n× n�ü Ý
§¿� per(B)´Ý
 B = (bij)n×n�ÈÚª½Â�

per(B) =
∑
σ∈Λn

n∏
i=1

biσ(i),

ùp Λn ´ {1, 2, . . . , n}¤k���8Ü.Valiant 3 [1]¥y²
=¦�½3(0,1)- Ý
¥§ÈÚª

�O��´ #P−���. � G = (V (G)E(G))´�� n�º:Ú m^>�{üëÏã§ di L«

V (G)¥º: vi(i = 1, 2, . . . , n)�Ý. -ã G���Ý
ÚÝÝ
©OL«� A(G)Ú D(G). ã G

�.Ê.dÝ
P� L(G) = D(G)−A(G). ã G�.Ê.dÝ
´��1Ú��ÚÑ�u 0�é

¡Ý
. - G = (V (G), E(G))´º: v1, v2, · · · , vn �Ý©O� d1d2, · · · , dn �ã§ã G�.Ê.

d'Ç½Â�

π(G) =
perL(G)

d1d2 · · · dn
.

.Ê.dÝ
3ïÄ��ã�E,5(ã�)¤ä�ê8)¥åX­���^. éu��Ý
ØU

«©��Ó�ã§.Ê.dÝ
�±éÐ/«©. Van Dam ÚW. Haemers [2] Lã
�7ã�

'éÝ
(2Â��Ý
). 3ïÄã��
5��§ÃÎÒ.Ê.dÝ
q��\�B§ [3] [4]y

²
ù�*:´�(�. 
�§^ÃÎÒ.Ê.dÝ
�ÌïÄã��
5�'^��Ì�\k

� [5]- [8]. ��§ÃÎÒ.Ê.dÝ
�8Ü´�a�KÝ
§�z�Ý
Ñäk|Ü¿Â. éu
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.Ê.dÝ
éõÆö§éõÆöéu§�Ì?1
ïÄ§¦�ÏL©Û.Ê.dÝ
�A�Ì§

ïÄã�ÿÀ5�§'X`ã�ëÏ5!�«(�§ã�©��"

3ã�.Ê.dÝ
�Ä:þ§NõÆöm©ïÄã�.Ê.dÝ
ÈÚª. Brualdi Ú

Goldwasser [9]�Ñ
äÚ�Üã�.Ê.dÈÚª��
(Jµ¹k n�º:�ä½�Üã�.

Ê.dÈÚª����Ú���. ��
 perL(G)�.. �G´ä�§�âG¥º:�Ý!�»Ú

�����§��
.Ê.dÈÚª����. 3dÄ:þ§�JÑ
n�'u'Ç�úm¯K±

�)û¶

¯K1. ( [9]) n�º:�»��� k�ä.Ê.d'Ç����´õ�?

¯K2. ( [9]) n�º:äk k-���ä.Ê.d'Ç����´õ�?

¯K3. ( [9]) n�º:ä.Ê.d'Ç����´õ�? ��»�õ� k�? ����õ�

k�?

Ó��JÑ
'uÈÚª�n�úm¯K¶

¯K4. ( [9]) n�º:�»�õ� k�ä.Ê.dÈÚª����´õ�?

¯K5. ( [9]) n�º:����� k�ä.Ê.dÈÚª����´õ�?

¯K6. ( [9]) n�º:�Üy©�(p, q)�ä.Ê.dÈÚª����´õ�?

Ù¥§Goldwasser [10] )û
1��úm¯K§�e�¯K�8���)û§�.Ê.dÈ

Úª�.d'Ç�����'§�âã¥º:�Ý§�»Ú�����¦�¹k n�º:�ä�

.Ê.dÈÚª�����\(J.�Ï�Xd§·��
)ûþã¯K§k^�º:�ä��~

f§O�Ù.Ê.dÈÚª±9'Ç§5ýÿ�½þãëê§ÈÚª±9'Ç�����UéA

�4ã"�©¥��º:äN
`Ò´��º:9´��º:±e�ä§��)
���º:�

�ffÁä"

ù�©Ù�Ù!SüXe§31�!¥·��Ñ�
½n±9Ún§�B�>Ún�O��

y²§?�Ú/·��Ñ10�9±e�ä�.Ê.dÈÚª±9'Ç§�â(Jo(�½ëê�

UéA�4ã�(J§udÓ��yc<�Ñ��
(J§�
¦�U�¦þ�!ýÿ�(JO

(§·�?�Ú�Ñ11��èàfÁä�ÈÚª(J"

2. cÏO�

3�!¥§·�ò0��
½Â±9I�^��
Ún.

½Â2.1. ��ä´T(ä��=��k��3 Ý:§Ù{�º:Ý�o´2 �o´1 .L«

�T (l1, l2, l3).(b�l1 ≤ l2 ≤ l3). ùpli(1 ≤ i ≤ 3)L«3 Ý:ë��´��.

½Â2.2. ��ä�k�^Ìó§Ù{�:Ñ�Ìóþ�:ë��ä¡�ffÁä"

Ún2.3. (.Ê.dÐm½n) -M = (mij)(i, j = 1, 2, · · · , n)´��n ��
. K

per(M) = mk1per(Mk1) +mk2per(Mk2) + · · ·+mknper(Mkn),

Ù¥§k = 1, 2, · · · , n, Mkj Ý
M �{fª.

Ún2.4. ( [9])
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-G ´��ãkn �º:.K

perQ(G) ≥ perL(G)

�Ò¤á��=�G ´�Üã.

Ún2.5. ( [9]) eT´��¹kn�º:�ä. K

perL(T ) ≤ perL(Pn),

�Ò¤á��=�T = Pn. ¿�k

perL(Pn) = perQn−1 + perQn−2

perQn =
1

2
[(1 +

√
2)n + (1−

√
2)n]

ùpÝ
Qn−1 ´L(Pn) í�]!:¤3�1�����Ý
.

Ún2.6. ( [9]) eT´��¹kn�º:�ä,K

perL(T ) ≥ 2(n− 1),

�Ò¤á��=�T = Sn.

Ún2.7. ( [11]) - G´��{üã§ v´ã G���º:§ CG(v)´ã G¥�¹º: v�

�8Ü§ N(v)L« v��8. K

perL(G) = d(v) perLv(G) +
∑

u∈N(v)

perLvu(G) + 2
∑

C∈CG(v)

(−1)|V (C)|perLV (C)(G).

-T´��kn�º:�ä§ò§�º:8���©�V1ÚV2§¦z^>�ü�º:��

3V1¥§��3V2¥.eV1¥kp�º:§V2¥kq�º:§·�Ò`Täk(p, q)-y©"

3. 109±e�êä�.Ê.dÈÚª9'Ç�4�(J

3 [12]¥§�ö�x
10�9±e��Ó�ä�¤k(�¿�éù
ä?1
?Ò§·�U^

SO�z��ã�.Ê.dÈÚª±9'Ç"±ã2.42Úã2.79�~§ã2.42�.Ê.dÝ
�

L(G2.42) =



1 −1 0 0 0 0 0 0

−1 2 −1 0 0 0 0 0

0 −1 3 −1 0 0 −1 0

0 0 −1 3 −1 0 0 −1

0 0 0 −1 2 −1 0 0

0 0 0 0 −1 1 0 0

0 0 −1 0 0 0 1 0

0 0 0 −1 0 0 0 1


.
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O�Ù.Ê.dÈÚª�.Ê.d'Ç©O�¶

perL(G2.42) = 178

π(G2.42) = 4.944

ã2.79�.Ê.dÝ
�

L(G2.79) =



1 −1 0 0 0 0 0 0 0

−1 2 −1 0 0 0 0 0 0

0 −1 4 −1 −1 −1 0 0 0

0 0 −1 2 0 0 0 0 −1

0 0 −1 0 2 0 0 −1 0

0 0 −1 0 0 2 −1 0 0

0 0 0 0 0 −1 1 0 0

0 0 0 0 −1 0 0 1 0

0 0 0 −1 0 0 0 0 1



.

O�Ù.Ê.dÈÚª�.Ê.d'Ç©O�¶

perL(G2.79) = 675

π(G2.42) = 4.32

^Ó���{·�O�
 [12]¥282∼292��¤kä�.Ê.dÈÚª9'Ç(�N�1)"·��

�§�½º:ê�½y©�§.Ê.dÈÚª���¤éA�´é¡�ffÁä§�´Ñy
A

pÒ´ã2.197§§w,Ø´ffÁä§�§3y©�(4, 6)�ä¥ÈÚª���1460¶3�½º:

ê§�½�»�.Ê.dÈÚª���éA�´�«AÏ�T(ä"3�½º:ê§�½��ê

�§þã(J�vuy²w�5Æ§ùÒ�¦·�O��õº:ê�ÈÚª5(½5Æ"éu'

Ç§3O�L§¥§·�uyÙÛêº:óêº:�(JØ��§k�?�ÚïÄ"éu.Ê.

d'Ç���§3O�L§¥·�uy§§�ýÿ�ØÓ§Ù���ä�ÝS��¦È��¿Ã

���'X§�õ/�6uã��»������§Ù{5��I�·�?�Ú/�÷"

4. (5,6)�ffÁä�.Ê.dÈÚª

éþã10�º:�äþV\�^>Ú���Ýº:¿�í�¤kÓ�ä��{§�±��Ø

Ó����Ü235�11 �ä§Ù¥§k137 �´ffÁä§98��ffÁä§·�Uìeã¥98�

äUìl��mlþ�e��ª?Ò§ã¥�IP�g�LãIÒ§ã�y©§±9ã�.Ê.

dÈÚª��(¤k(J�N¹2)"·�Ó��Ñü�~f§~X¶G1§(5, 6)§3636©O�L§ù

�ã�?Ò´G1§¿�y©´(5, 6)§±9§�.Ê.dÈÚª´3636"3ã¥äk(5, 6)-y©�

�ffÁä�k62�,Ù¥.Ê.dÈÚª���´G1"

½n4.1.

perL(G1) = 3636
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y² G1�.Ê.dÝ
Xe¶

L(G1) =



1 −1 0 0 0 0 0 0 0 0 0

−1 2 −1 0 0 0 0 0 0 0 0

0 −1 3 1 0 0 0 0 0 −1 0

0 0 −1 2 −1 0 0 0 0 0 0

0 0 0 −1 2 −1 0 0 0 0 0

0 0 0 0 −1 2 −1 0 0 0 0

0 0 0 0 0 −1 2 −1 0 0 0

0 0 0 0 0 0 −1 2 −1 0 0

0 0 0 0 0 0 0 −1 1 0 0

0 0 −1 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 −1 1



.

·�òTÝ
Ñ\maple5O�ÙÈÚª§�����3636 �è´

with(LinearAlgebra); Permanent;

3ã¥äk(4, 7)-y©��ffÁä�k32�,Ù¥.Ê.dÈÚª���´G30

½n4.2.

perL(G30) = 2156

y² G1�.Ê.dÝ
Xe¶

L(G1) =



1 −1 0 0 0 0 0 0 0 0 0

−1 2 −1 0 0 0 0 0 0 0 0

0 −1 2 1 0 0 0 0 0 0 0

0 0 −1 4 −1 0 0 −1 0 0 −1

0 0 0 −1 2 −1 0 0 0 0 0

0 0 0 0 −1 2 −1 0 0 0 0

0 0 0 0 0 −1 1 0 0 0 0

0 0 0 −1 0 0 0 2 −1 0 0

0 0 0 0 0 0 0 −1 2 −1 0

0 0 0 0 0 0 0 0 −1 1 0

0 0 0 −1 0 0 0 0 0 0 1



.

·�^þãÓ���ª�±��Ù�

3ã¥äk(3, 8)-y©��ffÁä�k4�§Ù¥.Ê.dÈÚª���´G90

½n4.3.

perL(G90) = 620

y² G1�.Ê.dÝ
Xe¶
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L(G1) =



1 −1 0 0 0 0 0 0 0 0 0

−1 3 −1 0 0 0 0 0 −1 0 0

0 −1 3 1 0 0 −1 0 0 0 0

0 0 −1 4 −1 0 0 0 0 −1 −1

0 0 0 −1 1 0 0 0 0 0 0

0 0 0 0 0 1 −1 0 0 0 0

0 0 0 0 0 −1 2 −1 0 0 0

0 0 0 0 0 0 −1 1 0 0 0

0 −1 0 0 0 0 0 0 1 0 0

0 0 0 −1 0 0 0 0 0 1 0

0 0 0 −1 0 0 0 0 0 0 1



.

·�^þãÓ���ª�±��Ù�"éu����ffÁä�.Ê.dÈÚª�O�·�

(J�y
·�O�������ýÿ§.Ê.dÈÚª����ä�ÝS�kX��éX§Ù

{(Jk�?�Úuy"

5. o(

3)û'uä��Üy©.Ê.dÈÚª4��L§¥§duffÁäk�'�5Æ§¤±

·�O�
98��ffÁä�.Ê.dÝ
ÈÚª��§�´éw,§Ò�Üy©5`§11��

�§vk�'(���
5Æ§·��±ÏLéÙ�O�§�E12�ä§O�Ù.Ê.dÝ
È

Úª��§�x4ã"

Ä7�8

�°¬x�ÆM#�8¶5ã�.Ê.dÈÚª�4�¯KïÄ6§�8?Ò¶07M2024005"
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N¹A1

Figure A 1. The Laplacian permanent and ratio of trees with 10 vertices or fewer

ãA 1. 109±eº:ä�.Ê.dÈÚª9'Ç
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Figure A 2. The Laplacian permanent and ratio of trees with 10 vertices or fewer

ãA 2. 109±eº:ä�.Ê.dÈÚª9'Ç
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N¹A2

Figure A 3. The Laplacian Permanent of Non - Caterpillar Trees with 11 Vertices

ãA 3. 11�º:�ffÁä�.Ê.dÈÚª
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