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Abstract

Let T be an m-linear Calderén-Zygmund operator with kernel satisfying Dini-type
condition, T* be the maximal operator of 7. Tg* s is the generalized commutator of T
with a class of measurable functions {b;}:°,. In this paper, we discuss the boundedness

of T7  on Lebesgue spaces when {b;}52, belongs to Lipschitz spaces.
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1. 5|8

H Calderén M Zygmund (1] JF8J& 70 F 7 BB DOk, BAFRMEZ Y Calderén-Zygmund
BT RIS ER T ZM A 1972 4E, Fefferman F1 Stein [2] WEWI T M K7 F AR HFAE L
2 (0 < p < o) LA FE. 1993 4, Buckley [3] W58 1 A& K& 5 A 8 FAE AL Lr 25 (A
HH R ZERERKT RS E T T BT RFRSE TR, & XN T (f)(z) =
?i%)’Té(flp oy Fm)(@)], Ferh T % T N T R

Ts(frsee s fm) (@) = f2?=1|w_yj|2>52 K(z,y1, - ym) 1(y1) -+ fon(Yn)dyy - - - Ay,

AT 5 A AU HF Z AR BB R 1989 4, Segovia Ml Torrea 7£3C [4] 5%t Ty MIINAL
A SRR ITERTT. 2000 4F, Alphonse 7E3C [5] A T Ty 555G s 4511, 2006 4F, Zhang 73 [6]
AT T (RO TE. 2013 4F, Xue AE3C 7] L — W T LA T T MISACZHT TY 5,
I LT FBU T AL 35 5 AT 2016 4, Xue 1 Yan £E3C [8] 1IN T —R L &M F M
SETHT T, E SR
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EX1.1. 8] & T & — MEARHEZ T m-Ztk Calderén-Zygmund 1. # S & ZT x
{1, m} A IRTER, {b )2, R—RMEEL T T T; o e fRoRE T T3 58 308

m

TE,s(_j(x):/ [T [bit@) = bi(w)] K (2,91, - ) H (y;)dy (1)

R™™ (i4)es j=1

il

m

[bi(2) = bi(y; )] K (2,91, -, Ym H (y;)d7],

—

T; o(f)(x) = sup

6>0

(2)

/(Z}nl lz—y;?)1/2>8 (i ives

g N ysuppf; B fj € SR™), j=1,...,m. WRS =0, AR HEIER T, = T A Ty, =1

I XA 2 261 Calderén-Zygmund 5 T 5 —Jnl % {b, )50, AR, H, Sk
E T TREL R EL b, Z 5T G, HTEES S FIREME, T 3OS Rea8 4 A FE X 158 #1744
NS, AR B S BT Tpf (x) [9], TY () () [10] B Tpp5(f) (2) [11], iE i T — 2L 8 A=
By ki, BV, T RIS T S EUR, FTESL [12,13).

BEAE B FEIR N, 538 A T 1 50 0 ) i R O 2 D' 2R RIS .. 1985 4F, Yabuta [14]
TEW 5T Coifman F1 Meyer [15] #&H AT H B, I T BA w B Calderén-Zygmund 5
+. 2009 4, Maldonado 1 Naibo [16] X X &% w ! Calderén-Zygmund &+ 310 J& FF IR A B 5T
2014 4, Lu 1 Zhang [17] 51 A T Dini ! £ 2kt Calderén-Zygmund 51, X KHE 1 LUbRifE 2 &1t
Calderén-Zygmund 5158 H— Mt @& H T3 Z ML Rk w(t) : [0,00) — [0, 00) 2R
¥, b0 <w(l) < oo, XFa>0, WEA

1
w*(t
|w|Dini(a) Z:/ ( )dt < 00,
0 t

H4H w € Dini(a). # 0 < a; < ag, W Dini(a;) C Dini(as).
EX1.2. [17) % K(z,y1, ..., Ym) 2~ DRI R, WRE R B AL s =y =
=y AN, KRR DL AN A

OWERAAE DA > 0, HEERE 2 5 yr, . ym AEFH (2,01, -, Ym) € (R?)™T AR

H
K (g0, )] < 4 ' (3)
) 17-..7 m 7(|x_y1|++‘x_ym|)mn7
(i) [z — 2’| < gmaxi<jcm |z —y;| B, A
|K('r7y17--~aym)_K(I/ay1>'-')ym>|
_ A < |z — | > (4)
Tz =yl = yw)™ N\ =y A =yl )

(ii) 4 |y; — yj] < gmaxicj<m |z —y;| 1, A
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|K(x7y1)"'ayj)"'»yM>_K(I‘)yla"'vy;a"'ay7n)|

_ A ( ly; — | ) (5)
I G e e T ) RN e T R L T
MFR K N w M m-2k1: Calderén-Zygmund #%.
W T &€ XAE Schwarz BEA A S(R™) x -+ x S(R") = S'(R™) ERHE ¥

Do fa)@) = [ Kgne sy 0 = Fln) -y, (6)

x & (N suppf; H f; € CXR™), j = 1,...,m, T & —MHH w B m-Zitk Calderén-Zygmund
K (z, 91, ym) I m-ZeEH T

FHEEL<q, . gm<oo H -4+ L =1L TRMALMR") x -~ x LI (R") = L4®(R")

AR ZEMET, MR T A—1 w 9_—@ m—@%‘@,Calderén—Zygmundﬁ%, HFR N m-2k 1% w-CZO.

BN, Bw(t) =15, e > 0 0], w B m-2&% Calderén-Zygmund 5 ¥ B4 Grafakos F1 Torres 7E
(18] TN £ 26 Calderén-Zygmund £, HAjK T Dini B £ 2% Calderén-Zygmund 5
28 3 B FE AL TV 2 R, 713 WL [19-21].

% Bl SCERE K, ASCH 5 RE Dini B4 2 K7 510 575 Lipschitz BREUZE R LA
A SRR . A EESE R

EELL AT R wlt) B m-LtEwm R Mo H T, w e Dini(l). #1 < ¢ < oo, £ =

7 q

1 1 >, Bi1 2 (imyes Bim i

qT+"'+E7 (l)nes .= )nes Eﬂ—Z(m)esﬁil+"'+Z(i,m)esﬁim{iﬁ°
1 24 Bi 1 im)es Bim
s (i,1)eS ,”"7>Z(,, )ES )
q1 n qm n

MTAERM (i,4) € S, W b; € Lips,, H 0 < By <1, WEEHEH C > 0, i
T3 <c I e | Lips,, H 1 fillza,
(i,9)€8

XTAERER fj € CER™)(j =1, ,m) AL

R, W T 20 < {1,...,m} BWARTES, B S| #x S WEEHL 76 C AR IERNEEL,
5 EESHOC R HIHBUEAEA R AL E AT AR AR

2. T EIR

ASCH, M 3RIR Hardy-Littlewood B K%L FH M* IR Fefferman 1 Stein ] sharp % K i
e, B SHME RS T AR AL S,

M (f) () —Zgg;gﬂg|Q|/|f CIclz,l~8up|Q|/|f — foldy,
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Hr fo #oR f £ Q LHF.
KT 0 < 6 < oo, FE MK BREL M, FI M nF:

V()@ = (7 [ 150w
M) = DE( @)

T o< pg<n, Jdile X

M, 5 f () ‘59€(Q|1 - | o )

B =00, Hl M, F£R M, 50 < r < q < oo, MEATH

M, fllLe < CllfllLa- (7)

S13E2.1. [22] 40 < p,d < oo, WAFTE—NHHL C > 0, 115

Ms(f)(z)Pdz < C | Mj(f)(z)dx

R R™

xf T b 27 i A BR AT eR K f O
31E82.2. [23] B0 < p < q < oo, WAFAERIT p, q A C > 0, FEFF6T-E 2 1T 0 5
i
”f”LP 5 C||f||Lwo IS

Q ]

[
5132.3. 24 MR O0<B<n 0<r<p<BZHLI=1-51

Mg flla < Cllfl e

gl32.4. 25 WF0o<pB<1,1<qg<o0, A

L AR C A fQ')

5I32.5. [25] W b€ Lipg, 0< B < 1. X T R EMAERTTEQ, Q' #HE Q c @, N

lbar — bal < CIbllLip, QI
513E2.6. [8]
LSt ZT x ZT WA, vy &N SEEUT Y, Hh (4,5) € S, AR
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[T (zio— i)

(i,5)€s

- 11 (Ai—xij)+2(—1>'s\D'“< 11 @io_"""”))( 11 <Ii0_Ai>>

(i,5)€S DcCS (i,5)€D (i,7)€S\D

XA R HL N B RAL.
51382.7. [26) B 1= L+ + L HaeAdp WT RN m4lEw-CZ0, w € Dini(1). (1)
FH1<pr,...,pm <oo, N

m

1T fllr ) < CH 15125 ()

(2)%1§plaapm<ooa I)_I\IJ

1T fl2r o ) < CH 151125 ()

j=1

3. EIEAVIERA

B AR T, SR g > 0, & K, 2 (3), (4), (5). & X

/ IT i) = bily) Ko (,yrs - sym) T filys)dg

= sup
n>0 (i,5)€8 j=1

= sup| Wy ., (/) ()] (®)
n>0

B W () =W ().
N TAER R, S SRAIE B — AN E ) 5] B
1331, W W 22— wt) B m-E&ME RS E T, w € Dini(1). XAEEM (i,5) € S, &

b; € Lipg,, H 0 < B;; < 1. /7\0<5<EHI<p1,p2,...,pm<oo,ﬁfff%fﬂ/‘]5o,(5<50<oo, Jllpea
EEEH C >0, 115

MEWE () @) <O TT 10illnies, H S enes B (i) ()
(i,5)€s

—

+C Z H HbiHLiP[iU M5O,Z(i‘j)es\D Bij (Wl;*,D( ))(l‘),

DCS (i,j)eS\D

SRR fj € CXR™Y)(j=1,--- ,m) KL
IERR SRR 2 € R, B Q(zq,lg) WMAE—BF& o KT ALK N g, % Q = 8y/nQ =
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Qg 8v/ily), ey WEERSL RTFEY

(@/QIIW;SU)(z)P_cg|s‘dz>5 c IT I \|L%H s B (1) (@)

(i,4)€S

+ ¢ Z H ||bi||Lipﬁij Méo’z(i,j)ES\D Bij (WZ{D( H))('7;>7

DCS (i.j)eS\D

HdyC 5z Q Kk,
MTF0<s<1, A lal® —|8]° <|a—BI°, WATFIEY

(a/QWiS(ﬁ( 5dz> <C I Ibillzips, H S i (F1)(@)

(i,5)€S

+C Z H ”biHLiPﬁi]‘ M‘SOvZ(i,j)eS\D Bij (W(;D( _i))(x)

DCS (i,j)€S\D

—

% ey =supleg, |, X (2) = sup|Wy g, (F)(2) = g, |, Hoob
n>0 n>0

Q
Wis oD = [ Kaei) TT ) = wtwp)] I Hw)a
(1])65 Jj=1
MTTF [T [bi(2) — bily;)], HI5IHE 2.6,
(i,9)€S
I [bi(z) = bi(wy)]
(,7)€8
= H [(bi)@—bi(yj)]+Z<—1)|S\D|+1 H [bi(z)_bi(yjﬂ H [bi(z)—(bi)@]-
(i,9)€S Dcs (i,j)€D (i,5)€S\D
UEs)
<Sli%/ K,(z,9) [Z H (y;)dy —

+> 11 |bi<z> (b)gl - Wi, (F)(2),

DcCS (i,5)eS\D

e WgD(f)( ) == sup| fan (2,9) H(z ])ep[b (2) = bi(y;)] H;n=1 fi(y;)dy].

A EARSR GO , DWEN 08§ = 17+ 7 350 9 = g 1 = e
ity

&
%ﬁ»ﬁ
L{\‘(
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115w =TI+ £52)w) = > 11+ w)
j=1 j=1 a1y €{0,00} j=1
=117+ > @) =17+ > 7 9)

<.
Il
—

a1y, €{0,00}, 3o, =00 j=1

QL
QL
Y
=1}

Hha@=(ay,...,am ) —od‘ci%‘o<>,foT [T £ (vy)-
NI I(2), & = 25,64 Janm K(20, 9) H (i,)€s (b )a = bi(y;)] HT:I fjaj (45)dy
i (9) 152

m

re <sw [ K [T [<bi>@—bi<yj>]Hf$<yj>dz7'
n>0] JRnm (3,j)€S j=1
+ Zsup/ K2, ) — Koz )] [T 005 - biw)] [T
aaz0 ORI (i)es =1

+3° TI Iz) = ko)l - Wi L (F)(2).

DCS (i,5)€S\D

R IE(2) = sup

fan K,(2,9) H(i,j)es [(bi>é - bi(yj)] H;n:1 ff(yj)d?j )
—K,(zq, y)] H(l j)es [(b ) (y])] H] 1 faj (y;)dy

fan [Kn (2,7)

I%(%) := sup
n>0

T
I"(2) < I5(2) + L)+ > I biz) = gl W5 (D),
&,a40 DCS (i,j)€S\D
TR LS F
* 6 o L * 6d>é < I* 6d>
(@ [, reras)” < e(gg [ mserre) +e @ J, e
+OZ(Q|/ 11 |bl-<z><bi>@5-wgD<“><z>|6dz>
DcsS (i,5)€S\D
=0+ Y I3+ > 1Ip). (10)
&,a40 bcs

20 21,00 20 H 30 jyepe 5+ 55 = 5. B Holder AEAF
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|b;(2) — 5sz> N ( |W. |‘s°dz>(SO
T )esw <|Q| / @l /

1
30
6
<c ] nbilimmm(w e AL |0dz)

(4,7)€S\D

S C H Hbi”LiPB” Méo;z(i’j)es\D Bij (Wg:D( ))(SU). (11>
(4,7)€S\D

H1 51 BE 2.2 F0 W {55930 5 H 4k, A

i<W (1 TT (®g =) fi TT (@) = b))l tm g )

(i,1)es (i,m)eS
E3 e 1
<cw o= / 5wl T 1) — bilwy)ldy;
Jj=1 |Q| Q (i,j)ES
< / £ TT 1605 — biw)ldy;
|Q| (i,9)€S

2 pij >1EZ(¢,j)esp%j+*_l 1 Holder A%, 153

|Q/Ifj u)l T 1bi)g — bily;)ldy;

(4,5)€S

m 1 -
Cll = [ 1fiy)dy; i) d
[[1<|Q|/é|f<y>| y) (”)ES(|Q|/| b))

m 1 74
H( Pj X (i,g)es Pij /~fJ yj dej) H Hbi”“”ﬁu‘

IN

[0 ——E (i.4)es
C 1T 1oilleips, H S pes Bis (i) (@) (12)
(i,5)€S
WAL Iz, @ # A=, B a, = =a, =00<1<m)Ha =oco(j ¢

0
{jlv"'ajl})' EE (4)7 ﬁ

r<c I /~|fj(yj)| T 1b)s — bi(u,)ldy;

j€lit, i} ” @ (i,5)€S
= w(27F

ST I | B (O ) ORI e
i 1284 @™ jaty i} (i,j)€S
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oo

< C’Zw 2_
k=1

/ 501 TT 1095 — biluy)ldy;.

j=1 |2kQ| (i,5)€S

&

Sy=A{(i,4) € Sli=1},...,8m ={(i,j) € Sj = m}

1 1 1 1 1 1
—_ — 4+ =1,...,— 4+ —+---+
P1 Pul Pisin Pm  Pim P|Sm|m

513 2.5 J Holder %5, w43

—k
<|2kQ|/ |f1 Z/1

T 15:(00) — (e + (b)oes — <bz->@|dy1)

QL*
?Mg

B (i,1)es
X <|2ké?| /Qk@ |fm(ym)| (i7lT;)IES |bz(ym) - (bi)Qké + (bi)%é _ (bz)©|dym)
S C Y _k ( 1 1 P1d 1>1
% < kQ| bi(y1) — (b1)zké + (bl)gk@ — (bl)d”“dyl) P

X | —= b 1Y) — b 1 .5 T b h ~— (b 1>~P511dy>
<|2kQ| /2k@| |S |< 1) ( |S |)2kQ ( |S ‘)QkQ ( 194 Q| L

1

1 / Pm
X = |fm(ym)|pmdym>
<|2’“Q| 2:Q

1 Plm
- ) ~ — ~|P1m
) <|2k@| 2+Q [b1(ym) = (01)2eg + (b1)org — (b1)g] dym>

1
X (2@' /k~ 1015, (Ym) = (b15,)arg + (B1s,)arg — (bsm)glpsmmdym)

1

1 1
< Ozw(2 H |b‘||LipBi1 (2k©|1p1 Lines it ) /21%5 |f1(y1)|pldy1>

1
P|Sm|m

(i,1)es
1 1
X -0 X H ||b7;||Lipﬁim( — Pm % (1.myes Bim ) / _ fm<ym)|pmdym>
(i,m)ES 2FQI' B e
<O T Woillzivs, [T Mo,is e 8 () (@) (13)
(1.5)€s J=1

454 (10) (11) (12) F1 (13), 5IEE 3.1 F54E.
L ORAE S 3.1 MIEW, 2 K(x,9) M f(y)(1 < j < m) #EIE BN, SEX T

&
%ﬁ»ﬁ
L{\‘(
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MWyt ) (@) HARREAS T, Ferb

—sup/ H |b b(y] |K Ty, Y155 Ym Hf] y_]

0
n> (z j)ES

NTHREHT T M Ty Ria A [27) TS AE, I B0, M58 1 P SROsc oy kdzil T
an [27) R, AR u, v € C([0,00)) 43 [u/(t)| < Ct=1, 0/ (1) < Ot Hili g

X(2,00) < U(t) < X1,00) X[1,2) < 0(E) < X(1/2,3)-

é\un(xﬁl/la-”vym) = K(x7y17"'7ym)u(\/|x_y1‘2 + -+ |x _ym|2/77) *D Vﬂ(x’yh‘"?ym) =
K (2,91, ym) (V]2 = g1+ -+ [ = ym]?/0)]. EX

= sup
n>0

/ bi() — by Wy 0, ) [ i (0)07]

(Rr)m (1] ES =1

L1 [ite) = bityIVale s o) [T £ 0|y

(i,5)€8

v (Fa) = sup/
5,8 050 J gy

—

WS = 0, Uz () (@) BV () i 7RG 2 M.

) b,S
FAL127], B Uz, y1s - Ym) TV (2,01, ym) R (3), (4), (5). RIAE, X TAERAEIR
%S, T (P z) <U; (f F)(x )+V§,S(f)(x)7 KRR (T < (| + v

> 7b,S
BB BT T () (@), TS BUETE U ((F) A Ve (F) SRR T MUz ((f)) itk
E5IEE 3.1, 0T ME (vﬂ (f)), AT HIEERHL £, W

Vi‘+ = b; W s Ym mfz- 2)dy.
(N =sp [ I o = btsastoe oo T G000
TR 1, 6 ME(V2:F (7)) ML . S s, R WA T 0z () ot

EFEIIMGERA Wl<pj <q, Hhji=1,--- m b L Hf, -, fn € CPR). %
L [L0], 1 |25 (145 (F))lpe < oo. HIGIER 2.1 LLKSIHE 3.1, XFAERMI 6 M o, 0< 5 <o < L, H
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15 s (Nllze < ClIMs @3 o(F)]l2a
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SC H ||bi||Li;Dﬂij|| P 1)esﬁl<‘f1> P 12 (i,myes Bim (fm)HLq
(i,5)€S

+O Z H ||bi||LipﬁijHM(SOgZ(,;’j)es\D,Bij (UZ;D(L]E))||LQ'

DCS (i,5)eDe
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