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Abstract

Let T be an m-linear Calderón-Zygmund operator with kernel satisfying Dini-type

condition, T ∗ be the maximal operator of T . T ∗~b,S is the generalized commutator of T ∗

with a class of measurable functions {bi}∞i=1. In this paper, we discuss the boundedness

of T ∗~b,S on Lebesgue spaces when {bi}∞i=1 belongs to Lipschitz spaces.

Keywords

Singular Integral Operator, Generalized Commutator, Lipschitz Function, Multilinear

Operator

Copyright c© 2025 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Úó

g CalderónÚ Zygmund [1] mMÛÉÈ©�fnØ±5, äkIOØ� Calderón-Zygmund

�f9Ùí2��
2�ïÄ. 1972 c, Fefferman Ú Stein [2] y²
4�ÛÉÈ©�f3 Lp

�m (0 < p < ∞) þ�k.5. 1993 c,Buckley [3] ïÄ
4�ÛÉÈ©�f3\� Lp �m

¥�k.5. õ�54�ÛÉÈ©�f T ∗ ´4�ÛÉÈ©�f�í2, ½Â� T ∗(~f)(x) =

sup
δ>0

∣∣Tδ(f1, . . . , fm)(x)
∣∣,Ù¥ Tδ ´ T ��ä�f, =,

Tδ(f1, . . . , fm)(x) =
∫∑m

j=1|x−yj |2>δ2
K(x, y1, . . . , ym)f1(y1) · · · fm(ym)dy1 · · · dym.

��f�ÛÉÈ©�f�m�3;�éX. 1989c, SegoviaÚ Torrea3© [4] ¥é T ∗b �\�

rk.5Ðm&?. 2000c, Alphonse3© [5] ¥�Ñ
 T ∗b �fà:�O. 2006c, Zhang3© [6]

¥ïÄ
 T ∗~b �\��O. 2013c, Xue3© [7] ¥?�ÚïÄ
õ�5�f T ∗�S���f T ∗∏~b
,

¿ïá
Ù\��O9\�fà:�O. 2016c, XueÚ Yan3© [8] ¥Ú\
�aõ�5ÛÉÈ

©�f�2Â��f, ½ÂXe:
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½Â1.1. [8] � T ´��Ø�IOØ� m-�5 Calderón-Zygmund �f. e S ´ Z+ ×
{1, . . . ,m}�k�f8, {bi}∞i=1´�a�ÿ¼ê. T ���f T~b,S Ú§�4��f T ∗~b,S ½Â�

T~b,S(~f)(x) =

∫
Rnm

∏
(i,j)∈S

[
bi(x)− bi(yj)

]
K(x, y1, . . . , ym)

m∏
j=1

fj(yj)d~y (1)

Ú

T ∗~b,S(~f)(x) = sup
δ>0

∣∣∣∣ ∫
(
∑m
j=1 |x−yj |2)1/2>δ

∏
(i,j)∈S

[
bi(x)− bi(yj)

]
K(x, y1, . . . , ym)

m∏
j=1

fj(yj)d~y

∣∣∣∣, (2)

x 6∈
⋂m
j=1 suppfj � fj ∈ S(Rn), j = 1, . . . ,m. XJ S = ∅, ·�{ü/L« T~b,∅ = T Ú T ∗~b,∅ = T ∗.

2Â��f´dõ�5 Calderón-Zygmund�f T ��a�ÿ¼ê {bi}∞i=1)¤�. Ù¥, S û

½
=
¼ê bi ë���f��E. du8Ü S �(¹5, 2Â��fU
òØÓ/ª���fB

\Ù¥. Ù¥Ø=k²;��f T~bf(x) [9], T jbj (
~f)(x) [10]Ú T∏~b(

~f)(x) [11], �ºX
�
#.�

�f��E. CAc, 2Â��f�ïÄ���
�
#¤J, �ë� [12, 13].

�XïÄ��\,Æö�Åìò5¿å=�Ø¼êØ÷v1w^���/. 1985c, Yabuta [14]

3ïÄ CoifmanÚ Meyer [15]JÑ���©�f�, Ú\
äk ω .Ø� Calderón-Zygmund�

f. 2009c, MaldonadoÚ Naibo [16]éV�5 ω . Calderón-Zygmund�fnØÐm�\ïÄ.

2014c, LuÚ Zhang [17]Ú\
 Dini.õ�5 Calderón-Zygmund�f, ùa�f'IOõ�5

Calderón-Zygmund�f�ä��5, ·^u�2��Ø¼ê. b� ω(t) : [0,∞)→ [0,∞)´�~¼

ê, Ù¥ 0 < ω(1) <∞. éu a > 0, XJk

|ω|Dini(a) :=

∫ 1

0

ωa(t)

t
dt <∞,

@o¡ ω ∈ Dini(a). e 0 < a1 < a2, K Dini(a1) ⊂ Dini(a2).

½Â1.2. [17] � K(x, y1, . . . , ym)´��ÛÜ�È¼ê, XJ3 (Rn)m+1 Øé�� x = y1 =

· · · = ym�	, K ÷v±en�^�:

(i)XJ�3��~ê A > 0, ¦�é?¿ x� y1, . . . , ymØ��� (x, y1, . . . , ym) ∈ (Rn)m+1Ñ

k

|K(x, y1, . . . , ym)| ≤ A

(|x− y1|+ · · ·+ |x− ym|)mn
; (3)

(ii)� |x− x′| ≤ 1
2

max1≤j≤m |x− yj |�, k

|K(x, y1, . . . , ym)−K(x′, y1, . . . , ym)|

≤ A

(|x− y1|+ · · ·+ |x− ym|)mn
ω

(
|x− x′|

|x− y1|+ · · ·+ |x− ym|

)
;

(4)

(iii)� |yj − y′j | ≤ 1
2

max1≤j≤m |x− yj |�, k
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|K(x, y1, . . . , yj , . . . , ym)−K(x, y1, . . . , y
′
j , . . . , ym)|

≤ A

(|x− y1|+ · · ·+ |x− ym|)mn
ω

( |yj − y′j |
|x− y1|+ · · ·+ |x− ym|

)
;

(5)

K¡K � ω.m-�5 Calderón-ZygmundØ.

� T ´½Â3 Schwarz¼êÈ�m S(Rn)× · · · × S(Rn)→ S ′(Rn)þ��f

T (f1, . . . , fm)(x) =

∫
(Rn)m

K(x, y1, . . . , ym)f1(y1) · · · fm(ym)dy1 · · · dym, (6)

x 6∈
⋂m
j=1 suppfj � fj ∈ C∞c (Rn), j = 1, . . . ,m, ¡ T ´���k ω . m-�5 Calderón-Zygmund

ØK(x, y1, . . . , ym)�m-�5�f.

e�3 1 ≤ q1, . . . , qm <∞� 1
q1

+ · · ·+ 1
qm

= 1
q
, T ´l Lq1(Rn)× · · · ×Lqm(Rn)→ Lq,∞(Rn)

�k.õ�5�f, K¡ T ��� ω.m-�5 Calderón-Zygmund�f, {¡�m-�5 ω-CZO.

w,, � ω(t) = tε, ε > 0�, ω . m-�5 Calderón-Zygmund�f=� GrafakosÚ Torres3

© [18]¥ïÄ�õ�5 Calderón-Zygmund�f. 8c'u Dini.õ�5 Calderón-Zygmund�f

���f�ïÄ���
Nõ¤J, �ë� [19–21].

Éþã©zéu, �©ò�Ä Dini.õ�54�ÛÉÈ©�f� Lipschitz¼ê)¤�2Â�

�f�k.5¯K. �©�Ì�(JXe:

½n1.1. - T ´�� ω(t) . m-�5ÛÉÈ©�f, ω ∈ Dini(1). e 1 < qj < ∞, 1
q

=

1
q1

+ · · ·+ 1
qm
−

∑
(i,1)∈S βi1

n
− · · · −

∑
(i,m)∈S βim

n
� β =

∑
(i,1)∈S βi1 + · · ·+

∑
(i,m)∈S βim¦�

1

q1
>

∑
(i,1)∈S βi1

n
, . . . ,

1

qm
>

∑
(i,m)∈S βim

n
.

éu?¿� (i, j) ∈ S, � bi ∈ Lipβij � 0 < βij < 1, K�3~ê C > 0, ¦�

‖T ∗~b,S(~f)‖Lq ≤ C
∏

(i,j)∈S

‖bi‖Lipβij
m∏
j=1

‖fj‖Lqj ,

éu?¿� fj ∈ C∞c (Rn)(j = 1, · · · ,m)¤á.

3e©¥, éu Z+ × {1, . . . ,m}�k�f8 S, ^ |S|L« S �Äê. i1 Cò�L��~ê,

�Ì�ëêÃ'�Ù��3ØÓ� ��±Ø¦�Ó.

2. ý��£

�©¥, M L« Hardy-Littlewood4�¼ê. ^M ] L« FeffermanÚ Stein� sharp4�¼

ê, =, é?¿�ÛÜ�È¼ê f ,

M ](f)(x) = sup
Q3x

inf
c∈R

1

|Q|

∫
Q

|f(y)− c|dy ≈ sup
Q3x

1

|Q|

∫
Q

|f(y)− fQ|dy,
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Ù¥ fQL« f 3 Qþ�²þ.

éu 0 < δ <∞, ½Â4�¼êMδ ÚM ]
δ Xe:

Mδ(f)(x) = sup
Q3x

(
1

|Q|

∫
Q

|f(y)|δdy
) 1
δ

,

M ]
δ (f)(x) = [M ](|f |δ)(x)]

1
δ .

éu 0 < β < n
r
, ·�½Â

Mr,βf(x) = sup
Q3x

(
1

|Q|1− rβn

∫
Q

|f(y)|rdy
) 1
r

,

� β = 0�, ^Mr L«Mr,β, e 0 < r < q <∞, K·�k

‖Mrf‖Lq ≤ C‖f‖Lq . (7)

Ún2.1. [22] - 0 < p, δ <∞, K�3��~ê C > 0, ¦�∫
Rn
Mδ(f)(x)pdx ≤ C

∫
Rn
M ]
δ (f)(x)pdx

é¤k¦þª�àk��¼ê f ¤á.

Ún2.2. [23] � 0 < p < q < ∞, K�3�6u p, q�~ê C > 0, ¦�éu?¿��ÿ¼ê

f , k

‖f‖Lp(Q, dx|Q| ) ≤ C‖f‖Lq,∞(Q, dx|Q| )
.

Ún2.3. [24] XJ 0 < β < n, 0 < r < p < n
β
� 1

q
= 1

p
− β

n
, K

‖Mr,βf‖Lq ≤ C‖f‖Lp .

Ún2.4. [25] éu 0 < β < 1, 1 ≤ q <∞, k

‖f‖Lipβ ≈ sup
Q

1

|Q|1+ β
n

∫
Q

|f − fQ| ≈ sup
Q

1

|Q| βn

(
1

|Q|

∫
Q

|f − fQ|q
) 1
q

.

Ún2.5. [25] � b ∈ Lipβ, 0 < β < 1. éu Rnþ�?¿�N Q, Q′, ÷v Q′ ⊂ Q, K

|bQ′ − bQ| ≤ C‖b‖Lipβ |Q|
β
n .

Ún2.6. [8]

- S ´ Z+ × Z+�f8, xij ´��¢êS�, Ù¥ (i, j) ∈ S, K�ª
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∏
(i,j)∈S

(xi0 − xij)

=
∏

(i,j)∈S

(λi − xij) +
∑
D⊂S

(−1)|S\D|+1

( ∏
(i,j)∈D

(xi0 − xij)
)( ∏

(i,j)∈S\D

(xi0 − λi)
)

é?¿~ê λiÑ¤á.

Ún2.7. [26] � 1
p

= 1
p1

+ · · ·+ 1
pm
� ~w ∈ A~P . � T ´��m-�5 ω-CZO, ω ∈ Dini(1). (1)

e 1 < p1, . . . , pm <∞, K

‖T ∗ ~f‖Lp(ν~w) ≤ C
m∏
j=1

‖fj‖Lpj (wj).

(2) e 1 ≤ p1, . . . , pm <∞, K

‖T ∗ ~f‖Lp,∞(ν~w) ≤ C
m∏
j=1

‖fj‖Lpj (wj).

3. ½n�y²

Äk½Â��4���f, é?¿ η > 0, -Kη ÷v (3), (4), (5). ½Â

W ∗~b,S(~f)(x) = sup
η>0

∣∣∣∣ ∫
Rnm

∏
(i,j)∈S

[
bi(x)− bi(yj)

]
Kη(x, y1, . . . , ym)

m∏
j=1

fj(yj)d~y

∣∣∣∣
= sup

η>0

∣∣W~b,S,η(
~f)(x)

∣∣, (8)

kW ∗~b,∅(
~f) = W ∗(~f).

�
y²½n, k5y²����Ún.

Ún3.1. � W ´�� ω(t) . m-�5ÛÉÈ©�f, ω ∈ Dini(1). é?¿� (i, j) ∈ S, �

bi ∈ Lipβij � 0 < βij < 1. - 0 < δ < 1
m
� 1 < p1, p2, . . . , pm <∞, é?¿� δ0, δ < δ0 <∞, K�

3~ê C > 0, ¦�

M ]
δ

(
W ∗~b,S(~f)

)
(x) ≤ C

∏
(i,j)∈S

‖bi‖Lipβij
m∏
j=1

Mpj ,
∑

(i,j)∈S βij
(fj)(x)

+ C
∑
D⊂S

∏
(i,j)∈S\D

‖bi‖LipβijMδ0,
∑

(i,j)∈S\D βij

(
W ∗~b,D(~f)

)
(x),

éu?¿� fj ∈ C∞c (Rn)(j = 1, · · · ,m)¤á.

yyy²²² é?¿� x ∈ Rn, � Q(xQ, lQ) �?��¹ x ��N�>�� lQ, � Q̃ = 8
√
nQ =
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Q(xQ, 8
√
nlQ), c∗

Q̃
��½~ê. �Iy²

(
1

|Q|

∫
Q

∣∣|W ∗~b,S(~f)(z)|δ − |c∗
Q̃
|δ
∣∣dz) 1

δ

≤ C
∏

(i,j)∈S

‖bi‖Lipβij
m∏
j=1

Mpj ,
∑

(i,j)∈S βij
(fj)(x)

+ C
∑
D⊂S

∏
(i,j)∈S\D

‖bi‖LipβijMδ0,
∑

(i,j)∈S\D βij

(
W ∗~b,D(~f)

)
(x),

Ù¥ C � xÚ QÃ'.

éu 0 < δ < 1, k |α|δ − |β|δ ≤ |α− β|δ, K�Iy²

(
1

|Q|

∫
Q

|W ∗~b,S(~f)(z)− c∗
Q̃
|δdz

) 1
δ

≤ C
∏

(i,j)∈S

‖bi‖Lipβij
m∏
j=1

Mpj ,
∑

(i,j)∈S βij
(fj)(x)

+ C
∑
D⊂S

∏
(i,j)∈S\D

‖bi‖LipβijMδ0,
∑

(i,j)∈S\D βij

(
W ∗~b,D(~f)

)
(x).

- c∗
Q̃

= sup
η>0
|cQ̃,η|, ½Â I∗(z) := sup

η>0
|W~b,S,η(

~f)(z)− cQ̃,η|, Ù¥

W~b,S,η(
~f)(z) =

∫
Rnm

Kη(z, ~y)
∏

(i,j)∈S

[
bi(z)− bi(yj)

] m∏
j=1

fj(yj)d~y.

éu¦È
∏

(i,j)∈S

[
bi(z)− bi(yj)

]
, dÚn 2.6,

∏
(i,j)∈S

[
bi(z)− bi(yj)

]
=

∏
(i,j)∈S

[
(bi)Q̃ − bi(yj)

]
+
∑
D⊂S

(−1)|S\D|+1
∏

(i,j)∈D

[
bi(z)− bi(yj)

] ∏
(i,j)∈S\D

[
bi(z)− (bi)Q̃

]
.

Kk

I∗(z) ≤ sup
η>0

∣∣∣∣ ∫
Rnm

Kη(z, ~y)
∏

(i,j)∈S

[
(bi)Q̃ − bi(yj)

] m∏
j=1

fj(yj)d~y − cQ̃,η

∣∣∣∣
+
∑
D⊂S

∏
(i,j)∈S\D

|bi(z)− (bi)Q̃| ·W
∗
~b,D

(~f)(z),

Ù¥W ∗~b,D(~f)(z) := sup
η>0
|
∫
Rnm Kη(z, ~y)

∏
(i,j)∈D[bi(z)− bi(yj)]

∏m
j=1 fj(yj)d~y|.

éþãØ�ªmý1��, ©)z� fj , ¦� fj = f0
j + f∞j , Ù¥ f0

j = fjχQ̃, f∞j = fjχRn\Q̃,

Kk
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m∏
j=1

fj(yj) =
m∏
j=1

(f0
j + f∞j )(yj) =

∑
α1,...,αm∈{0,∞}

m∏
j=1

f
αj
j (yj)

=
m∏
j=1

f0
j (yj) +

∑
α1,...,αm∈{0,∞},∃αj ,αj=∞

m∏
j=1

f
αj
j (yj) = ~f

~0 +
∑
~α,~α6=~0

~f ~α, (9)

Ù¥ ~α = (α1, . . . , αm), αi = 0½ö∞, ~f ~α =
∏m
j=1 f

αj
j (yj).

�
�O I∗(z), - cQ̃,η :=
∑

~α,~α6=~0
∫
Rnm Kη(xQ, ~y)

∏
(i,j)∈S

[
(bi)Q̃ − bi(yj)

]∏m
j=1 f

αj
j (yj)d~y.

d (9)��

I∗(z) ≤ sup
η>0

∣∣∣∣ ∫
Rnm

Kη(z, ~y)
∏

(i,j)∈S

[
(bi)Q̃ − bi(yj)

] m∏
j=1

f0
j (yj)d~y

∣∣∣∣
+
∑
~α,~α6=~0

sup
η>0

∣∣∣∣ ∫
Rnm

[
Kη(z, ~y)−Kη(xQ, ~y)

] ∏
(i,j)∈S

[
(bi)Q̃ − bi(yj)

] m∏
j=1

f
αj
j (yj)d~y

∣∣∣∣
+
∑
D⊂S

∏
(i,j)∈S\D

|bi(z)− (bi)Q̃| · |W
∗
~b,D

(~f)(z)|.

- I∗~0 (z) := sup
η>0

∣∣∣∣ ∫Rnm Kη(z, ~y)
∏

(i,j)∈S
[
(bi)Q̃ − bi(yj)

]∏m
j=1 f

0
j (yj)d~y

∣∣∣∣, I∗~α(z) := sup
η>0

∣∣∣∣ ∫Rnm [Kη(z, ~y)

−Kη(xQ, ~y)
]∏

(i,j)∈S
[
(bi)Q̃ − bi(yj)

]∏m
j=1 f

αj
j (yj)d~y

∣∣∣∣.
du

I∗(z) ≤ I∗~0 (z) +
∑
~α,~α6=~0

I∗~α(z) +
∑
D⊂S

∏
(i,j)∈S\D

|bi(z)− (bi)Q̃| · |W
∗
~b,D

(~f)(z)|,

u´�±��(
1

|Q|

∫
Q

|I∗(z)|δdz
) 1
δ

≤ C
(

1

|Q|

∫
Q

|I∗~0 (z)|δdz
) 1
δ

+ C
∑
~α,~α6=~0

(
1

|Q|

∫
Q

|I∗~α(z)|δdz
) 1
δ

+ C
∑
D⊂S

(
1

|Q|

∫
Q

∏
(i,j)∈S\D

|bi(z)− (bi)Q̃|
δ · |W ∗~b,D(~f)(z)|δdz

) 1
δ

:= C(I∗~0 +
∑
~α,~α6=~0

I∗~α +
∑
D⊂S

I∗D). (10)

- δij ≥ 1, δ0 ≥ 0�
∑

(i,j)∈Dc
1
δij

+ 1
δ0

= 1
δ
, d HölderØ�ª�
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I∗D ≤
∏

(i,j)∈S\D

(
1

|Q̃|

∫
Q̃

|bi(z)− (bi)Q̃|
δijdz

) 1
δij
(

1

|Q|

∫
Q

|W ∗~b,D(~f)(z)|δ0dz

) 1
δ0

≤ C
∏

(i,j)∈S\D

‖bi‖Lipβij

(
1

|Q|1−
δ0

∑
(i,j)∈S\D βij

n

∫
Q

|W ∗~b,D(~f)(z)|δ0dz

) 1
δ0

≤ C
∏

(i,j)∈S\D

‖bi‖LipβijMδ0,
∑

(i,j)∈S\D βij

(
W ∗~b,D(~f)

)
(x). (11)

dÚn 2.2ÚW ∗�fà:k.5, k

I∗~0 ≤ C‖W
∗(f0

1

∏
(i,1)∈S

((bi)Q̃ − bi(y1)), . . . , f
0
m

∏
(i,m)∈S

((bi)Q̃ − bi(ym))
)
‖
L

1
m
,∞(Q, dx|Q| )

≤ C‖W ∗‖
L1×···×L1→L

1
m
,∞

m∏
j=1

1

|Q̃|

∫
Q̃

|fj(yj)|
∏

(i,j)∈S

|(bi)Q̃ − bi(yj)|dyj

≤ C
m∏
j=1

1

|Q̃|

∫
Q̃

|fj(yj)|
∏

(i,j)∈S

|(bi)Q̃ − bi(yj)|dyj

- pij > 1�
∑

(i,j)∈S
1
pij

+ 1
pj

= 1. d HölderØ�ª, ��

m∏
j=1

1

|Q̃|

∫
Q̃

|fj(yj)|
∏

(i,j)∈S

|(bi)Q̃ − bi(yj)|dyj

≤ C
m∏
j=1

(
1

|Q̃|

∫
Q̃

|fj(yj)|pjdyj
) 1
pj ∏

(i,j)∈S

(
1

|Q̃|

∫
Q̃

|(bi)Q̃ − bi(yj)|
pijdyj

) 1
pij

≤ C
m∏
j=1

(
1

|Q̃|1−
pj

∑
(i,j)∈S βij
n

∫
Q̃

|fj(yj)|pjdyj
) 1
pj ∏

(i,j)∈S

‖bi‖Lipβij

≤ C
∏

(i,j)∈S

‖bi‖Lipβij
m∏
j=1

Mpj ,
∑

(i,j)∈S βij
(fj)(x). (12)

y�O I∗~α, ~α 6= ~0. Ø���5, b� αj1 = · · · = αjl = 0 (0 ≤ l < m) � αj = ∞
(
j 6∈

{j1, . . . , jl}
)
. d (4), k

I∗~α ≤ C
∏

j∈{j1,...,jl}

∫
Q̃

|fj(yj)|
∏

(i,j)∈S

|(bi)Q̃ − bi(yj)|dyj

×
∞∑
k=1

ω(2−k)

|2kQ̃|m

∫
(2kQ̃)m−l

∏
j 6∈{j1,...,jl}

(
|fj(yj)|

∏
(i,j)∈S

|(bi)Q̃ − bi(yj)|
)

dyj
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≤ C
∞∑
k=1

ω(2−k)
m∏
j=1

1

|2kQ̃|

∫
2kQ̃

|fj(yj)|
∏

(i,j)∈S

|(bi)Q̃ − bi(yj)|dyj .

-

S1 = {(i, j) ∈ S|j = 1}, . . . , Sm = {(i, j) ∈ S|j = m}

9
1

p1
+

1

p11
+ · · ·+ 1

p|S1|1
= 1, . . . ,

1

pm
+

1

p1m
+ · · ·+ 1

p|Sm|m
= 1.

dÚn 2.59 HölderØ�ª, ��

I∗~α ≤ C
∞∑
k=1

ω(2−k)

(
1

|2kQ̃|

∫
2kQ̃

|f1(y1)|
∏

(i,1)∈S

|bi(y1)− (bi)2kQ̃ + (bi)2kQ̃ − (bi)Q̃|dy1
)

× · · · ×
(

1

|2kQ̃|

∫
2kQ̃

|fm(ym)|
∏

(i,m)∈S

|bi(ym)− (bi)2kQ̃ + (bi)2kQ̃ − (bi)Q̃|dym
)

≤ C
∞∑
k=1

ω(2−k)

(
1

|2kQ̃|

∫
2kQ̃

|f1(y1)|p1dy1

) 1
p1

×
(

1

|2kQ̃|

∫
2kQ̃

|b1(y1)− (b1)2kQ̃ + (b1)2kQ̃ − (b1)Q̃|
p11dy1

) 1
p11

× · · · ×
(

1

|2kQ̃|

∫
2kQ̃

|b|S1|(y1)− (b|S1|)2kQ̃ + (b|S1|)2kQ̃ − (b|S1|)Q̃|
p|S1|1dy1

) 1
p|S1|1

× · · · ×
(

1

|2kQ̃|

∫
2kQ̃

|fm(ym)|pmdym

) 1
pm

×
(

1

|2kQ̃|

∫
2kQ̃

|b1(ym)− (b1)2kQ̃ + (b1)2kQ̃ − (b1)Q̃|
p1mdym

) 1
p1m

× · · · ×
(

1

|2kQ̃|

∫
2kQ̃

|b|Sm|(ym)− (b|Sm|)2kQ̃ + (b|Sm|)2kQ̃ − (b|Sm|)Q̃|
p|Sm|mdym

) 1
p|Sm|m

≤ C
∞∑
k=1

ω(2−k)
∏

(i,1)∈S

‖bi‖Lipβi1

(
1

|2kQ̃|1−
p1

∑
(i,1)∈S βi1
n

)∫
2kQ̃

|f1(y1)|p1dy1

) 1
p1

× · · · ×
∏

(i,m)∈S

‖bi‖Lipβim

(
1

|2kQ̃|1−
pm

∑
(i,m)∈S βim

n

)∫
2kQ̃

|fm(ym)|pmdym

) 1
pm

≤ C
∏

(i,j)∈S

‖bi‖Lipβij
m∏
j=1

Mpj ,
∑

(i,j)∈S βij
(fj)(x). (13)

(Ü (10) (11) (12)Ú (13), Ún 3.1�y.

5551. �âÚn 3.1 �y², � K(x, ~y) Ú fj(yj)(1 ≤ j ≤ m) Ñ´�¼ê�, ´yéu
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M ]
δ (W

∗,+
~b,S

~f)(x)k�Ó��O, Ù¥

W ∗,+~b,S
~f(x) = sup

η>0

∫
(Rn)m

∏
(i,j)∈S

|bi(x)− bi(yj)|Kη(x, y1, . . . , ym)
m∏
j=1

fj(yj)d~y.

�
�Ä�f T ∗Ú T ∗~b,S , ò$^ [27]¥�g�, oÑ/`, �E
ü�4���f5�� T ∗~b,S .

X [27]¥¤«, À�ü�¼ê u, v ∈ C∞
(
[0,∞)

)
¦� |u′(t)| ≤ Ct−1, v′(t) ≤ Ct−1, �÷v

χ[2,∞) ≤ u(t) ≤ χ[1,∞), χ[1,2) ≤ v(t) ≤ χ[1/2,3).

- Uη(x, y1, . . . , ym) = K(x, y1, . . . , ym)u(
√
|x− y1|2 + · · ·+ |x− ym|2/η)Ú Vη(x, y1, . . . , ym) =

|K(x, y1, . . . , ym)v(
√
|x− y1|2 + · · ·+ |x− ym|2/η)|. ½Â

U∗~b,S(~f)(x) = sup
η>0

∣∣∣∣ ∫
(Rn)m

∏
(i,j)∈S

[bi(x)− bi(yj)]Uη(x, y1, . . . , ym)

m∏
i=1

fi(yi)d~y

∣∣∣∣,
V∗~b,S(~f)(x) = sup

η>0

∫
(Rn)m

∣∣∣∣ ∏
(i,j)∈S

[bi(x)− bi(yj)]Vη(x, y1, . . . , ym)
m∏
i=1

fi(yi)

∣∣∣∣d~y.
XJ S = ∅, U∗~b,S(~f)(x)Ú V∗~b,S(~f)(x)�½Â�ª��caq.

aq [27], ´� Uη(x, y1, . . . , ym)Ú Vη(x, y1, . . . , ym)÷v (3), (4), (5). é²w, éu?¿k�

8 S, T ∗~b,S(~f)(x) ≤ U∗~b,S(~f)(x) + V∗~b,S(~f)(x), ù�¿�X ‖T ∗‖ ≤ ‖U∗‖+ ‖V∗‖.

ÏdØ���O T ∗~b,S(~f)(x), �©O�O U∗~b,S(~f)Ú V∗~b,S(~f)Òv

. M ]
δ

(
U∗~b,S(~f)

)
��O5

gÚn 3.1. éuM ]
δ

(
V∗~b,S(~f)

)
, ·���Ä�¼ê fj , K

V∗,+~b,S
(~f)(x) = sup

η>0

∫
(Rn)m

∏
(i,j)∈S

|bi(x)− bi(yj)|Vη(x, y1, . . . , ym)

m∏
i=1

fi(yi)d~y.

�â5 1, éM ]
δ

(
V∗,+~b,S

(~f)
)
�aq��O�¤á. �{üå�, ·�ò�y²éu U∗~b,S(~f)��O.

½½½nnn1.1���yyy²²² � 1 < pj < qj , Ù¥ j = 1, · · · ,m. - bi ∈ L∞ � f1, · · · , fm ∈ C∞c (Rn). a

q [10], � ‖Mδ

(
U∗~b,S(~f)

)
‖Lq <∞. dÚn 2.1±9Ún 3.1, éu?¿� δÚ δ0, 0 < δ < δ0 <

1
m

, k

‖U∗~b,S(~f)‖Lq ≤ C‖Mδ(U∗~b,S(~f))‖Lq

≤ C‖M ]
δ (U

∗
~b,S

(~f))‖Lq

≤ C
∏

(i,j)∈S

‖bi‖Lipβij ‖Mp1,
∑

(i,1)∈S βi1
(f1) · · ·Mpm,

∑
(i,m)∈S βim

(fm)‖Lq

+ C
∑
D⊂S

∏
(i,j)∈Dc

‖bi‖Lipβij ‖Mδ0,
∑

(i,j)∈S\D βij

(
U∗~b,D(~f)

)
‖Lq .
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-
1

t1
:=

1

q1
−
∑

(i,1)∈S βi1

n
, · · · , 1

tm
:=

1

qm
−
∑

(i,m)∈S βim

n

9
1

q′
:=

1

q
+

∑
(i,j)∈Dc βij

n
=

1

q1
+ · · ·+ 1

qm
−
∑

(i,j)∈D βij

n
,

d HölderØ�ª9Ún 2.3, ·�k

‖M ]
δ (U

∗
~b,S

(~f))‖Lq

≤ C
∏

(i,j)∈S

‖bi‖Lipβij ‖Mp1,
∑

(i,1)∈S βi1
(f1)‖Lt1 · · · ‖Mpm,

∑
(i,m)∈S βim

(fm)‖Ltm

+ C
∑
D⊂S

∏
(i,j)∈S\D

‖bi‖Lipβij ‖U
∗
~b,D

(~f)‖Lq′

≤ C
∏

(i,j)∈S

‖bi‖Lipβij ‖f1‖Lq1 · · · ‖fm‖Lqm + C
∑
D⊂S

∏
(i,j)∈S\D

‖bi‖Lipβij ‖U
∗
~b,D

(~f)‖Lq′ .

-
1

t′1
:=

1

q1
−
∑

(i,1)∈D βi1

n
, · · · , 1

t′m
:=

1

qm
−
∑

(i,m)∈D βim

n

9
1

q′′
:=

1

q′
+

∑
(i,j)∈Dc1

βij

n
=

1

q1
+ · · ·+ 1

qm
−
∑

(i,j)∈D1
βij

n
.

éu8Ü D, �±©ü«�¹?Ø. (i) D�¹,
 j, �´Ø�¹¤k� j. (ii) D�¹¤k�

j. bX8Ü D�¹¤k� j, KEþ¡��{.

'u1�«�¹, 8Ü DØ�¹,
 j, k
∑

(i,j)∈D βij = 0� t′j = qj . Ïd

‖Mpj ,
∑

(i,j)∈D βij
(fj)‖

L
t′
j

= ‖Mpj (fj)‖Lqj .

du pj < qj , ÏL (7), ��

‖Mpj (fj)‖Lqj ≤ C‖fj‖Lqj ,

dÚn 2.1±9Ún 3.1, HölderØ�ªKéu?¿� δÚ δ1, 0 < δ < δ1 <
1
m

, k

‖U∗~b,D(~f)‖Lq′ ≤ C‖Mδ(U∗~b,D(~f))‖Lq′

≤ C‖M ]
δ

(
U∗~b,D(~f)

)
‖Lq′

≤ C
∏

(i,j)∈D

‖bi‖Lipβij ‖Mp1,
∑

(i,1)∈D βi1
(f1) · · ·Mpm,

∑
(i,m)∈D βim

(fm)‖Lq′

+ C
∑
D1⊂D

∏
(i,j)∈Dc1

‖bi‖Lipβij ‖Mδ1,
∑

(i,j)∈Dc1
βij

(
U∗~b,D1

(~f)
)
‖Lq′
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≤ C
∏

(i,j)∈D

‖bi‖Lipβij ‖Mp1,
∑

(i,1)∈D βi1
(f1)‖Lt′1 · · · ‖Mpm,

∑
(i,m)∈D βim

(fm)‖Lt′m

+ C
∑
D1⊂D

∏
(i,j)∈Dc1

‖bi‖Lipβij ‖U
∗
~b,D1

(~f)‖Lq′′

≤ C
∏

(i,j)∈D

‖bi‖Lipβij ‖f1‖Lq1 · · · ‖fm‖Lqm + C
∑
D1⊂D

∏
(i,j)∈Dc1

‖bi‖Lipβij ‖U
∗
~b,D1

(~f)‖Lq′′ .

��

‖M ]
δ

(
U∗~b,S(~f)

)
‖Lq ≤ C

∏
(i,j)∈S

‖bi‖Lipβij ‖f1‖Lq1 · · · ‖fm‖Lqm + C
∑
D⊂S

∏
(i,j)∈Dc

‖bi‖Lipβij

×
[ ∏

(i,j)∈D

‖bi‖Lipβij ‖f1‖Lq1 · · · ‖fm‖Lqm +
∑
D1⊂D

∏
(i,j)∈Dc1

‖bi‖Lipβij ‖U
∗
~b,D1

(~f)‖Lq′′
]

≤ C
∏

(i,j)∈S

‖bi‖Lipβij ‖f1‖Lq1 · · · ‖fm‖Lqm

+ C
∑
D⊂S

∑
D1⊂D

∏
(i,j)∈S\D1

‖bi‖Lipβij ‖U
∗
~b,D1

(~f)‖Lq′′ .

- D = D0, éz�f8 D ⊂ S, z�f8 Dk+1 ⊂ Dk, 0 ≤ k ≤ |S| − 1. Eþã©)��

|Dk| = 0, dÚn 2.7��

‖M ]
δ (U

∗
~b,S

(~f))‖Lq ≤ C
∏

(i,j)∈S

‖bi‖Lipβij ‖f1‖Lq1 · · · ‖fm‖Lqm

+ C
∑
D⊂S

· · ·
∑

D|S|−1⊂D|S|−2

∏
(i,j)∈S\D|S|−1

‖bi‖Lipβij ‖U
∗
~b,D|S|−1

(~f)‖
Lq
|S|

≤ C
∏

(i,j)∈S

‖bi‖Lipβij ‖f1‖Lq1 · · · ‖fm‖Lqm ,

du|D|S|−1| = 0� 1
q|S|

= 1
q1

+ · · ·+ 1
qm

.

½n 1.1�y.

Ä7�8

ç9ô��á��p�Ä��ï�Ö¤�8(?Ò: 1453ZD031)¶ç9ô�g,�ÆÄ7é

ÜÄ7:�8(?Ò: ZL2024A001)¶.ûô��Æ�ïÄ)�§9�U�8(?Ò: KCSZKC-

2022026, KCSZAL-2022013, XKCSZXM-2023007, 2024-004).
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