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Abstract

This paper conducts a study on the monadic polynomial ring R[z] over a ring R. First
of all, we introduce the left (or right) division with remainder and the left (or right)
Euclidean algorithm between two univariate polynomials in R[z|, and provide a condi-
tion under which two polynomials can perform left (or right) division with remainder
and left (or right) Euclidean algorithm. Secondly, by utilizing the left (or right) Eu-
clidean algorithm, the paper introduces the concept of pseudo-coprimality for ordered
pairs of univariate polynomials (f(x), g(z)), and proves that pseudo-coprimality implies
the coprimality of ideals. Furthermore, by using pseudo-coprime, the paper demon-
strates the existence of a left R[z]-module homomorphism ¢! in the non-commutative
univariate polynomial ring R[z]. In the final part of the paper, we provide a theoretical
application ¢! and point out that it corresponds to the Chinese Remainder Theorem

on R[z] when R is a commutative ring with unity.
Keywords

Rings, Representations of Monadic Polynomial Rings, Homomorphism Theorem, Co-
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1. 5|5

FIFRH IR, 48 123 R 1) 70 24l 1 34 [R] A h St 2145 5€ AbelBE M) B [R5 ¥F _EEnd M
B HAH R (End M)°P, #8 )5 i8id End M B¢ (End M)°P ({1 e FRZE R TCER. B — M
R R MIGE A EMER x M — MBAMERM x R — M, ZAF 1 S8 LA A R-AF
R B RAEH, A8 2 39 2 — SRR R AR FH AR DR 3 ) 3R 7R AR PR N 76 R-BEECA R-BE, DL (1), 2%
T, i RARESURR S T — AU 4 3, RIAREUN R R 3R, X b B R T 2 i [ R B
W [1-3], 8RR R XS FRIHEE S [4), Gorenstein RIS [5-7], MR & EFRRHEIL (8], BA
Jegentle/skew-gentle/stringfUE 1) JUT R R BRI [9-12)55, X LLH1 0 # S0 70 17 3 /ARE R s (L
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27 R HFIAPE R, JEr7 4R T B IR AURCR. TESE RN T, MR R T AR A HAREL Lieft
$. HopffREL LA K e AR RIS, HAEHR 5%60%. P, Tk &M G5 T ZMHh. K,
JEIR 2845 3 Atiyah T2 M 138 A W23, MR HAE S bt 2 —. A KBS T
IR L ) 4T B Hilbert3t @ B, 225 0], 3 LIRSS R, K, #la L7 5
PR R AR AERRE R P R E, H) e SR . B, SR (14, 15, S ATR
(1 1) 25 0 25 595 5 Paillier il 5 R DR 005 e AT RO B0 TR BT 1 v [ o o v B 9 HH % e 2
A LA BRI s S R

RN BERETH AR W — 0 2 WA R[] UL AR R A FEA 2 3, JR7E S ml B —
AN

©": Rlz] — [ Rlzl/(fi(x)) (1)
el
{17 Rla)-BETRI s . 4R el AL ) A e A s 4 31— M

Rlz]/Ker(¢") = Im(") (2)

FRIRR R RIS R AL, Fi H ISR ASE [F) 44y 2 4 v [ 38 A 8 BRAE AR A2 e — e 2 A R[] L)

AL N =AT, HLERBRR T .

FES— 5, ARIONEE B A RIR DU R A5 FE A 8 BREAT TR A I R 2 5 B, i Se
T LAMEZ b (2, 3] ).

FEEE 5, ACK S — BN E VAT 2] — 70 2 WA R 2] (A & Z R[] 52 # % AF), Il A
TR (BAT ) A AR R R A (BSAT ) B e AR v, DAUR 51N T “Oh BL A 7 0 (58 X3.8), Fad it #E
W3.10fR T E SA MBSO R REL. BT b E R R E BT H X BRI — IR [
A 5 — [R5 B T A R, X BN ARSI AN B IS, B, GRS AE S IR R B —
762 B R[] b b e A e B, IFAE ) B AR 2 P47 3 8, Chap 1) /4 1A IR4EACHL
E SN EER, AR =R 1 E
EEL.1 (EBE3.12). ARR S L7, R — TS RAXFRz) LA E—k ERB((f;(2)))ier B FIE
®iAjel, AEA(f;(x), f;(x)—RALFRH T, WHde(1)F ey £R[2]-BRASAHR L.

FER =5, AR LI HIE L NP8 T o B

Ker(¢") := {h(z) € R[z] | ¢"(h()) = 0},

FEASEE I 7 AT a8 — 6% B B 1A B R AR e 2, e 4.5,

2. MHRFMEESEREE

AR RN i B2, REARIMES. — DA RIERAT LR —MAFEER - S,
R BT W TR R oo 3 DLR KRR 5 00 7 sUR O L3RI FE A S TR I Te R, DRI E R A8
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ST HITERRZIERF ) “TTEK” B FhRRAT . SCE X — 50/ B 513 R L Rm A,
&y VR [RS8 PR AIE R . X S AT DLFE V22 0 St (i thEARB b P R 2, 12 [2, Chaps 1,

ES

2.1. Ip

—ANIE (ring) EHEERESMS+, - - R x R — RMBII=I04L(R, +, ), FEA1E T 1 41 2
(1) (R, +) /& Abelf¥ (“+” #H AR L1424 (addition));

(2) (R, )R (“ " #FARNHR R R % (multiplication));

(3) XMERa,b,c € R, Ha(b+c) = ab+ ac, (b + c)a = ba + ca.

AN RASZ A IS h © R — SWIRIMAEREr,rs € R, H: h(r1 + ra) = h(ry) + h(re) LA
Keh(riry) = h(ry)h(re), WIFRhZE—3FE & (homomorphism of rings).
f512.1. (1) *HMEEL E M AbelfE M, 2 End(M)FR /AWM _F 1 E RS IES. WEnd(M) 2
—ANER, Horb B R R RIS kA T A U

o Vi, € End M, o + ¢fEWBifp+¢: M — M,m — o(m) + ¢(m);

o Vip, ¢ € End M, o RMH e : M — M,m — p(¢(m)).

End(M)FCNAbelBEM ] B Bl &34 (endomorphism).

(2) S ERR, B FESERHR EMINEMIE, RN, 52 € S, Hs1+ s2 € SE
Lesysy € S, WSHZE—NIA, XA FNRIK)—AF 3£ (subring).

2.2. IR

ENX2.2. ENEAREF—DAERAE (left R-module) 84 R-% 7 (left R-representation) M ¥& ]
e e NEIRN
h:R—EndM,r — h,

IAbelBEM . BE—B 4, AR MAFAE THEN AL Sr € RMz € N (h(r))(z) € N, WhE AT
T H—MHFEZ

R — EndN,r — (h, : N = N),
M A RSB FRENFRIM B —A £ R-T 42 (left R-submodule), 1I/EN < M.
E182.3. Bk AT LAY S Oy A RBEM R M 1w 2 TR KA, - Rx M —
MHJAbelEE.
(M2) ¥r € R, my,mg € M: r(mq + mo) = rmy + rmeo;
<M3> VT17T2 c R, m & M: (7"1 + T2)m =rm + Tom,;
(M4)

M4) VYry,ro € R, m € M: (rira)m = r1(ram).
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LS u B AR N IR RXF Abel BEM I 2 R-4E Al (left R-action), ‘&5 T FIZS

h:R— End M,rw— (r:mw— u(r,m) :=rm).

MM —~(MA) M SR, 2 RAEM 2 &S AR, MM AR-FHENEFE MM T8, F27E
WHIM EWERAERBIEHLT, AR R-BE. U, AT PLE XA R-H.

TEARCWEE—= R, BT8RRSO R, I HAR SIS — 5 FI 450 0 4 RSB SR AR A
R, N7 7R W, AR — = PP B AL R-AAEA 5] SR IE HR- L T 24 TR FR R-F A
f5I2.4. (1) AR — AL (left ideal) I FEMIRRITHAESEr] = {ra | z € I} C I X{E
Br e RO, Mg —NAEREBL, Hh RYIMARAEH M REMRILEIZR x I — I, (r,x) — rz
HARZG . TR, T2 RIF1H5.

(2) A EHAREFIWANMEMAN, FH/N < M. WEAEM/N = {m+ N | m € M} #&/mn
HNVmy,me € M : (my + N) + (mg + N) := (my +my) + N lAbelff. HARAEHR x M/N —
M/N,(r,m+ N) + rm + N f8tHM/NZ&— " R-1, FN A R-T 4 (left quotient R-module), f&FK
P AL
2.3. HERISERERE

LR, MAMNRER-KL. MMEINK L R-BEFZS (left R-homomorphism) fi HI2 3 2 T ik 2%
LR - M — N:

(1) Ymy,mg € M: h(mq + mz) = h(my) + h(ms);

(2) Vr € R,m € M: h(rm) = rh(m).

RE R, W R B /5T /0T, WFRRZ B & /#% Bl & /F)#) (monomorphism / epimorphis-
m / isomorphism). K THLEZSh : M — N, A T H P FKRIEANER.
313#2.5 ( [2, Chap 2, Section 2.1]).

(1) Ker(h) := {z € M | h(z) =0} < M

(2) Im(h) :={y € N |Jz € M #Fh(z) =y} < N.
7E182.6. 513259 B Ker (h) MTm(h) 73 DR BRI SR (kernel) 5% (image).
EIE2.7 (H—FEEAEH [2, Chap 2, Section 2.1]). R Ah: M — N A Ri%EFRRE &

h : M/Ker(h) — Im(h), m + Ker(h) — h(m)

A—AEEA.

S AR AR BRAAT I S0, (18], £EArtindF oA FRAEAHL FRORA T BI2 L [8)
3. —LEHEMARRTEHEBSEAREE
0 25 9 ¢ 5 B R (7060 B LT B 1 AR D 04 . ) 002 BR R A SRR, R A 4 1

A, WNR-FE AL 0 M — N2 L rEmd. RS EARE S HIm(h) = M/Ker(h), T #£,
Im(h) ® Ker(h) = M. BIf5RE-F10 B € # (Rank-Nullity Theorem)
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3.1. —ZMAMEETRIRE

EX3.1. HEHRLE—7T %A XK (one variable polynomial ring) Fa& /& Wl

R[z] := {f(x) = Zaixi |ai,---a, € R,n € N}
i=0

Mok tr, Jod, MAER f(2) = zplg Z}xé}%,ﬁ%&ﬁ%%ﬁ%%%ﬁﬂm+
g@y:ZZwM+Mﬂu&ﬂ@%m:ﬁi(E:Wm%ﬂmﬁﬂﬁﬁ%~ﬁ%ﬁﬁﬁimi
% (word). IR

I, T A B
fER3.2. R[z] R 3. st— P, o FRA S 43R, W R[z] €2,

B ARl H 10 2 5 f () Zaaz a, # 0, & Xdeg : Rlz] —» N, f(z) — n, Jf

Frdeg(f(x)) &2 Wizl f () HIK 3 (degree) HIH 2 BB 8, W BLSINZE i R R
EX3.3 (LA RERE). MEZIAf(2), 9(x) € Rlz], Hrh, deg(f(2)) > deg(g(x)), R 1Eq(x),
r(x) € R[x]ififE:

(1) f(2) = g(w)a(w) + r();
(2) deg(r(2)) < deg(g(x)),
UK f () T AR g () 22 3 A . XA, T BASE SU o 2 o
PEREAE R[] EIF AR RAE B A BT f () g () 4T BLHERT 72 5 RBR RN, BIDILSCBOR -
M3 F = MAEEAR = (R e ), WM Rla] R 2 58
f@) = ("9, ) e Mg() = (Yo )a,

5y Wg () TTIEXS f () VE LM RERIE, RN f (o) WIVER g (o) 1F 20 R BRI, S REIEF AR &I, 41
R € {R,C,Z}I, Rlx] LAMERPIA 2 BB RE/E A RERIE. T amelisy A 2 i nT Bl

AT A A R IRIE N 2 A
wE3.4. AR S L%, f(x Zax be | P A AA SR X, BHn,m, tAi#

An—m=t2>08=/ 8K im%f(x)ﬁ'g( )5‘(5‘0” s Crmt1s - - -5 Co € Rith R A BT 54, Bp
BAECh—my Crmt1s - -+, Co € RAEAF T @ 3 K40 AR 2

Ay = Cnfmbm;
Qp—1 = Cn—m—lbm + Cn—mbm—l;

Up—2 = Cn—m—Qbm + Cn—m—lbm—l + Cn—mbm—2;
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Ap—t = cObm + Clbm—l + CQbm—Z +--+ Cn—mbm—t)
W] f () T VAt g(2)1F £ 7 TR k.

B A, de R f(2)%g(2) X Tenm Coomats---sco € RBRAE R T 4 (B H La ¥ XA
#9b, Fac, SLIRBPET), W f(x) T WAt g(x) & o &R .

Proof. AER RAE TR AR BRIERIIB T, wI /R4 R BRI RIS DU S,
H T 153 a, = ¢ by ATEL:

Cn-mg(x ch mbx—(ch mbx>+an ,

i — Cn—m 7, (nfm,))xZ

=
N
[
o
S
3
H
QQ
—~
&
e
8

=0 i=n—m

AWiBea; — cnombi—(n-my # 0, W_EREES A MK 2 BRI — 1.

#Fn—1 = m, WHdeg(f(z) — chomr™ ™g(z)) > deg(g(x)). R, Wc,_1bm = an_1 —
Cn_mbm_l, ﬂ%ﬂ

Cn—m— 19 ch m— 1b£U - <ch m— 1b£13’> (an—l _cn—mbm>xma

TR,
f(l') — Ch—mT mg(x) - Cnfmflxn " 1g($)
n—m-—1 n—1 n—1
= > ar'+ (@i = Cnomb)z’ = > enomoabioom-1)@’
1=0 i=n—m i=n—m—1
n—m-—2
= aixl + (an—m—l - C’n—m—lbO)animi1
=0
n—2
+ (ai - Cnfmbi - Cnf'rnflbif(nfmfl))J;z

i—‘{%:%ai - Cn,me', (n—m) — OEFJ‘7 ﬂ‘ﬁxcnfmfl =0.
ER ERDIR, /2RI Z
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—q1(2)g(7) = —cpma" " g(2);
_Q2(x)g($) = _cn—mxnimg(‘r) - cn—m—lxnimilg(x)a
— a1 (2)g(x) = —Cpoma" " g(x) — Cromo12" " g(x) — - — cog().

2q(x) = g (@), B, r(z) = f(2) — q(z)g() e — M REUNTdeg(g(2)) 2 T, T F 272
ENCRESN
f(@) = q(x)g(x) + r(z).

B AENER W] T iy ) O

AR BRIE R — AN — 0 BRSSP i A R V2.
EX3.5 (BEEAMBRIE). M2 A f (), g(x) € Rlz], Hh, deg(f(z)) > deg(g(x)), WRAEIEq(2),
ri(z) € Rlz] (-1 <i<k, Hroi(2) = f(2),70(x) = g(2),m1(),...,r(2) # 0), 15

(1) deg(g(x)) > deg(r1(x)) > deg(ra(z)) > - - - > deg(ri());

(2) AMER -1 <t <k — 2B W RERE

re(z) = rep1(2)qrea(z) + rea(z), 3)

(3) ri(2)ry—1 ()M, BIAFAE gy (2) 15, (2) g1 (2) = ria (@),
TR £ () T BAR g (o) F £ 4B 4 Am ok % (M, FTDASE S $R 45 A %

EZ[z], Qlz], Rlz], Clz]F R — 0 2 BIAh, Sn] DL AT 7 5 4 AH B AN B 4 A R .
EXT— AR, Rlx] LRI 2 00 f (2) % g (o) Q5355 2 70 (B804 ) B 72644, TIAR 4y @i 3.4, 1IX A
Z ] AT 2 (B0 i RIRVE, BVA f(z) = q(o)g(z) + r(2)8if (z) = g(x)q(x) + r(z)). SR,
g() %7 (@) AR 2 22 (BAT ) DRI T2 A, BRI f (20) X g () T AT 70 (BAT ) B AR R 2.

3.2. = EZMIIAHIIRR

R4 E X2.2, MR M) — 702 WA I R[2] ) R 7R 2 MR [z) B Abel#EM (1) H [F A End M 1) 34
[F#&h : Rlz] — End M, %FEA Hz G — h,5E R RE. 5 2, Rlx]-BM] LU B i A 7E %
Jeth EAbelBEM I RIAH = h M1EH N ARz AEHR[z] x M — M, (f(x),m) — H(m).
MR = R, MEIR 2 R-Ze 2% 8], B HZB Adim M J7RE, HX N T Rlz] = Rlz]I X Fe. {£
I3, 85 Rz f(2) BB G Rz f(2) = {p(2) f(2) | ¢(z) € Rlz]}. Zf(z), f(x)R[z]n] LR
HiE X (ERZ EMZ AR SFE T ZS (2) = f(2)Z).

51383.6. £ & f(z) € R[z]:
(1) £E8Zf(x)+ R[z]f(z) A R[x]#9 £, 42 £ R[z]-#£.

(2) B, EAF(2)Z + f()Rlz] R R[2]8 % 2R, 42 % Rlz] 4.
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Proof. AEWI A 45 (1) MIER, (2)RIERIXT . fifE&EE N, 2Zf(x) + Rlz]f(x) = I. H%, 5
WIRAbelft. F#, {LHA(2) € R[], Ah(z)(zf(z) + g(z) f(x)) = h(z)(z + g(x)) - f(z) € Rlz]f(z)
C Zf(z) + Rlz]f(z), ik, TRAFE. MREHI2.4 (1), ATEILE /A R[x)-1E. O

MR LN, IR 3.2, Rlz) 2. W, BBEZf(x) + Rlz)f(r) = R[z]f(z) = f(2)Z +
f(z)R[z]. T4, 51H3.67 M R[z] f () =& R[z]-15.

3.3. —LEZHMRAM L IRESEAREE
HL3.7. EZAbelBEMA=N AR FHESA € End MA2B € End N, 4= X % £ AbelZ5 69 % Bl &5 h -
M — N7
W34+ EIRR LM — T % 0 XFAR[x], B (x,m) — A(m) (m € M) F=(x,n) — A(n) (n € N) % A
FFHERZ]ERR x M — MA=2R x N — N oL i A& Z -4 B #)
M/Ker(h) 2 N
F) B AL 2 R[] - B Ay
Proof. 71 & A Abelff & & — N2, Fr DL € #E2.7, AT FIM /Ker(h) = NZZ-B[EK. FH#,

(z,m) — A(m)FEFWERZ]AEHR x M — ME X T MZR[z]-8, H, FENWER[x]-1, Fitt
H 2R & h(zm) = h(A(m)) = B(h(m)) = zh(m), Ym € M, NI XHMERE —u 2 WA f(2) =

Z: rixt € Rlz], A
Gam) = oA m) ) = 3 A ()
= Zrll’)”(h(m)) = <mel> h(m) = f(z)h(m).
XEWhER[x]-HEFAZS, K, HER2.7, ATAIM /Ker(h) = N & R|[x])-H [ 4. O

ENX3.8 (WHR). &f(z),g(x) € Rlz|n] MEL IR A BRI, FHFHTH € X3.5% e 5. i,

Rdeg(rp(z)) = 0, WHIry(z) = r € R, MFK(f(z),g(x))RI/L-Fth L&A 53 (BAEANTRIRE

W, FRf(x)Mg(z)RIL-Fh AR, #—BH, WRREE X3, Hri2 RE4% (unit), RIAFEfH

e’ =r'r =1, WER(f(z), g(x))h EZFH 3t (BRAEAGIEIRIEN, FRf(2)Mg(z)th ZFH1).
THGIERY “f(a)Mg(z) OV ER” 5 “ga)Mf(z) JLF)NEER” AF.

51383.9. 4 RAR.

(1) & f(2), g(x) € Ra)LFHEE, W& Eu(z),v(z) € Rlz] A Ar € R, 1473

f(:r)u(x) + (f(‘r)dk mod 2,1 + g(QT)(Sk mod 2, O) + 9(17)"0(%) =T,
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A MEEEHKr s, 5, & Kroneckeri§ 5.
(2) #—H 3, W BRAS KT AS(2),g(x) € Rlz|hEE, 0
o Bifu(x),v(z) € Rz AR EAzr € R, 4% f(x)u(z) + g(z)v(z) = 1;
o Hlru(x),v(z) € Rz] AR EAer € R, #4Ff(x)u(x) + g(x)v(z)r = 1.

Proof. AUEMIHTHIE 3.5 LS, IHEE 2B K. IR A (3) 5

k—2(7) — Th-1(2)qr () € Th—2(2) + re—1(z) R[z];

<
=
—~
8
~—
Il
=<

Tho1(x) = re_s(z) — rh_2(2)qr_1(2) € Tp_3(x) + 112 (x) R[z];

)
Tr—2(2) = re—a(z) — ri-3(2)qe—1(2) € r—a(2) + ri—3(2) R2]

ri(z) =r_1(r) —ro(z)qi(x) € r_1(x) + ro(7)Rlz],

WA
ri(x) € rp—o(x) + rp_1(x)R[z]

C re—s(z)R[z] + rr—a(x) + 1p—2(z) R[z]

C re—a(@) + r—a(@) Rlz] + rip—3(2) R[2]

C.

r_1(x) +r_1(z)R[x] + ro(x)R[x], WIRkZEAE;

| ri(@)R[z] + ro(@) + ro(z)Rlz],  WEEREELL

XHUER 1 (1).

XFF(2), HRAZ S LAl Al

f@)u(@) + f(2)0k moa 21 € {f(2)(1 + u(®)), f(x)u(z)} € f(x)R[x],
BLE: g(2)0k mod 2, 0 + g(@)v(z) € {g(2)(1 + v(x)), g(x)v(x)} € g(x)R[z],

B LA EE A (1) R A T LS N f (o) () + g(2)o(x) = r. FEAR IR BAL, v RAFE (e i
Brr' =1 =7r'r, HEAEY f(x)a(z) + g(z)o(x) = f(z)a(z)r + g(x)o(z) =1, XFIEH T (2). O

B EN RN T I REI 2 /e BAB AU AR, MIFRE R 2248 CHERROVEAD | HRE
TR A RCLFEAE AT LR IE N (r) := Zr + Rr 4+ rR + RrR. ¥R REIFAS BUL HE AR AT G 5 5%
BI+J =R, WHEMEZE. RB, I+ JEXHNERI+JT ={r+y|xelycJ}, EHERN
HAR. MRE S KW, X — 0 2 WA R[] T A 2 T f (2) Mg (z), R EAT2 0 BT,
WAL € Rf(x)R[z] + Rlz]g(z) C Rlz], XEMAE B E RS (x)R[x] + Rlx]g(x) I R[x] 5 /) HAE 5L
e R[z|H 5. TRASE] T HHER.
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#i£3.10. ARA S 43K, R (f(x), g(x))HEE, N):
(1) Alu(z),v(z) € Rlx]EFf(2)u(x) + g(z)v(z) = 1;
(2) (f(zx)A=(g(2)) B&K.

Proof. W (1)=& 51 #3.90(2) ) —/ BE#AEL. HIIBE3.981(2), "IHI1 € Rf(x)R[z] + R[z]g(x) C
(f(@)) + (g(x)), FTEA(f(2)) + (9(2)) = Rlz], EHUEW T (2). O
51383.11. 4RA % 43¢, [AMIE, (fi(2))ics ARz P —%— A ZAX, FERI£ €],
(fi(x), fi(x)) BRI EF M. HEEL € I, 4, = (N, (f(2)), W

(1) J, A R[x]#— A 324 ;

2) (f(z) BT EZE.

Proof. (1) R, MERE LR M XCLH RS2 — D XIGL B, K, EEEn YGuELE
TR — DXL A, BAan + I ELBARRIAZ AT DA M A SO B AR A4S He— i Xn + 17X
AR A, FR A BOL BN EE A, TRARYEANER15(1).

(2) WIRTCER AN e, HAER3. 1000 (2) AT HINAERD # j € I, (fi(x))M(f;(x)) B3, Frbk, Xf
E&r # t, B(fi(z)) + (f(2)) = R[z]. XRWR[]WHEALITCIEn — 1A EL = ¢,.(2) + ¢ (2),
relr#t A, o () € (fulz)), r(2) € (fr(x)). FTEA

[T¢ @) =] - ¢n(@) =1+ é(x). (4)
r#t r#t
B NP S ESEE:
o o) =1-TJ(1 - or(@) € 3 (Rlaler(@)Rla] + o, (2) Rlz] + Rlelo (@) € (fulw));
r#t r#t
o [[or(@) e [[(fe(2)) C 7,
r#t r#t

PRl (4) (&5t T

o)+ [[ o+ (= )+ Ji, (5)

r#t

f3R[z] = (fi(z)) + Ji. 0

TSR R AT 38
EIE3.12 (EH—m 2 IAN Erh EFE R e ). BRI 11 S. b

¢ = (¢i)rx1 ¢ Rlz] — [ [ Rlz)/

el

A ER[z]-#HRE. k¥, ¢ Rlz] = Rlz]/(fi(x)) ¥ R[z]F 8 — T %R Xh(z)¥e it H 1% Eh(z) +
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(fi(x))-

Proof. AT = {1,2,--- ,n}. HIIE3IIATE(f,(2)) + J, = Rlz], FI R[] BALITLE 73

(ar(z) fr(2)br(2) + cr(2) fr(2) + fr(2)d, () + 90 (2) = 1, (6)
R, g,.(x) € s ar(2),b,(2), ¢ (), dr(2) € Rlz]. FHER (b (2) 4 (fr(2)))rer € E[IR[x]/(fz(x)) i3]
EED R (2) + (f-(2))FIREITCER R, (), FHELER(6) NI, 15:

Hy(z) = he(2) - (1= (ar(2) fr(2)br(2) + e () fr(2) + fr(2)di(2))) = e (2)g0(2),
AL
or(Hy(2)) = he(2) - (1 = (ar(@) fr(2)b (@) + ¢ (2) fr(2) + fr(2)dr (@) + (fr(2))-
= ho(x) + (fr(2)) (7)
FE, SfERr£sel, B

s (H () = he(2)g,(s) + (fo(2)) € () {fila)) + (fs(@)) € (fs(2)). (®)

i#ET
P, (@)L T
he(x), WHr =s;
0, HefHw.

M, — e B H () = 30 He () ZH T (he(2) + (fr(2)))rer (BB QTN B — A JRAR, TR

rel
AR O

4. EEHEIZIAI ERYIER

ALHe ZLINFR 2 R I & L3 HLARVEWE R AS HRIIA. FEIX — B b, AR SO 18 B R AR
WA LI, T R{x| 252 i L 4.
4.1. BezoutEE
#1£4.1 (Bezout/€H). M R[z|F AN Z AKX f(v)Fog(z).

(1) 2R (f(2), g(2))h ZF, WA Eu(z),v(r) € Rlz]%4F

u(@) f(x) + g(z)o(r) = u(z) f(z) + v(z)g(2)
= f(@)u(z) +v(z)g(x) = f(2)u(z) + g(x)v(z) =1,
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(2) #—Fx, (f(z),9(x)HEHEBRE(f(2))F(g(2)) ZF&.

Proof. (1)F0(2) D0 ZEM fHER 3. 1089 (1) BEEAS 2. FIHUERA (2) 78 PE.

BE(f ()R (g(x)) EZK, M1 e R[z] = (f(x)) + (g(z)), WAL TTIGFAEMRL = f(z) + g(z), H
1, f(z) € (f(x)), §(z) € (g(x)). HTR]RZH LI, FIL(f(2)) = {h(z)f () 2

=
=
m\/
=

* 8
nas
et

H P X, O

LS AR S T RS
EX4.2. BRI LI, W — 5% T X IFR[2] LA 2 T f (o) Mg (o) BE 156 5 XF
(f(z),9(x) B (g(x), f(z)) Hhz—RERE, WK f(2)Mg(z) L%,

4.2. KT EE3.127 kL R[2]-1EEZESHI#%

51384.3. ARHESI2PRRARXBELIRR, W AAFRBIFEINETIEZTRT, A

[[@) = (£ ()

reJ reJ

Proof. T{E&IL, MAEEr € J, B (f, (2))icfEX,. MRIEXEN]] X, = N X,. &%, BFf
reJ reJ

HIX, AR SUAFRAE, BTLL, 8 XSG AR 8 AT 50 “C” H AR AROL.
A7, AR e J, MARYE 513311 L HAEH P 5), THX, 5] X, BHZ&. FrblR[z] =

r#t
X+ ] X,. EXERHR[Z]MBALIITCIE D EL = f(2) + g9(x), f(z) € X4, 9(x) € T] X, [FIBSHERHH
r#t r#t
XHER () X, T2 H5th(2), 6
r#t

h(z) = h(z)1 = h(z)(f(x) + g(x)) = h(=z)f(z) + h(z)g(z)

eNx x+[[x-cOX+]][x =]]x-

r#£t r#t r#t r#£t r#£t
kA 27, O

W44, ERIZI 1207 RRATMAR, MR o R £ B4 8 R[a] AR A, L6 HKer(o)ib 2

Ker(p') = H<fi<$>> = ﬁ<fi(w)>-
Proof. #R#a5134.3, AFE
Ker(¢") = _ﬂ(fi(x)%
fEBLR(z) € Ker(oW), WX, Bh(z) + (fi(x)) = 04 (fi(x)), Bk, Bh(z) € (f;(x)). M,
h(z) e N {(fi(x). XMBR T “C”. Rz, AFBA(z) € N (fi(z)), WAL Bhlz) e (filz)). Fi,

icl iel
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p(h(x)) = 0+ (fi(z))ier, BHARE 72" 0

4.3. AIZHR—ITLIIA L E R BT

EIE4.5 (WA —n 2 T R E R R e [13]). B R R LS. 129 6985, N A Abel#F B4

o] / L) = Ria] / (Yisto) = T] Risl 05 o),

el zEI

L% ) #y ) B R £ R[] 4 B 5 R[] 45 ) .

Proof. & H2.70] F1

Rlx]/Ker (¢ HR
el
FRHI 5138430 S fimdila 4 v 0 B E 22 5 P IR W A [RIAG AH ). U

EEUH

A SC KRR S H R H (12171207); AXHER AARR R ST H
FETHH (12401042); 510N & B T & 25 50 H (Grant No.ZD[2025]085); 5t 1 & BF 5 /T & 2% 1 &I
T H (Grant No.ZK[2024]YiBan066); LA K& 5t M K% 51 N A R0t G s B & W H (57 K A&
F[2022]53, [2022]655 ) ¥ .
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