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Abstract

This paper conducts a study on the monadic polynomial ring R[x] over a ring R. First

of all, we introduce the left (or right) division with remainder and the left (or right)

Euclidean algorithm between two univariate polynomials in R[x], and provide a condi-

tion under which two polynomials can perform left (or right) division with remainder

and left (or right) Euclidean algorithm. Secondly, by utilizing the left (or right) Eu-

clidean algorithm, the paper introduces the concept of pseudo-coprimality for ordered

pairs of univariate polynomials (f(x), g(x)), and proves that pseudo-coprimality implies

the coprimality of ideals. Furthermore, by using pseudo-coprime, the paper demon-

strates the existence of a left R[x]-module homomorphism ϕΠ in the non-commutative

univariate polynomial ring R[x]. In the final part of the paper, we provide a theoretical

application ϕΠ and point out that it corresponds to the Chinese Remainder Theorem

on R[x] when R is a commutative ring with unity.
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1. Úó

¤¢��L«, ��´ò�R¥���ÏL�Ó�hN���½Abel+M�gÓ��þEndM

½Ù���(EndM)op, ,�ÏLEndM½(EndM)op¥���5�xR¥���. §����dQ

ã´^RéMuå���ý�^R×M →M½mý�^M ×R→M , T�^S.þ�¡��R-�

^½mR-�^, ¿¦�÷v�
AÏ�^5K. Ïd��L«��¡��R-�½mR-�, � [1]. Ä

ud, Ä��ê+�uÐ
��#�êÆ©|, =�ê�L«nØ, ùÙ¥�)
²;�ÓNn

Ø [1–3], �YuÐÑ5��éÓNnØ [4], GorensteinÓNnØ [5–7], �ê��ãL«nØ [8], ±

9gentle/skew-gentle/string�ê�AÛL«nØ [9–12]�, ù
nØ­:ïÄ
�/�ê�L«(�
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12!)9ÙÓN5�, ¿�)
´L�ïÄ¤J. 3¢SA^�¡, KuÐ
�)���ê!Lie�

ê!Hopf�ê±9§��L«nØ, Ù3êØ��èÆ!Ôn!Üþ�ÑÓâXÌ��/. Ù¥,

��[ø�ÌAtiyah¤Í��á [13]�ú@´ÆS!ïÄ���ê�²;�á��. ÙSNK)


���þ�¥I�{½n, HilbertÄ½n, �Ì�m, �þÿÀ�²;ïÄ¤J. Ù¥, �{a��

¥I�{½n3¢SA^¥�2É'5, Ù�2�/3�èÆ¥¦^. ~X, ©z [14, 15, �]¥¤ã

�Ó�\��{�Paillier)��\��{, §��êÆ�nÑ¦^
¥I�{½n, ¿�ÑT½n

�±k�J,\��{��Ý.

�©�SNà�u�½�Rþ���õ�ª�R[x]±9�Ó�Ä�½n, ¿3dÄ:þ�E�

�/X

ϕΠ : R[x]→
∏
i∈I

R[x]/〈fi(x)〉 (1)

��R[x]-�Ó�. ,�ÏL�Ó�Ä�½n����/X

R[x]/Ker(ϕΠ) ∼= Im(ϕΠ) (2)

�AÏ��Ó�, ¿�Ñù�AÏ�Ó�´²;¥I�{½n3�����õ�ª�R[x]þ�í2.

�©�©�n�Ù!, Ù(��ãXe.

31�Ù, �©é+!�!��L«±9�Ó�Ä�½n?1
Ä��ES�£�, ù
Vg

�±3²;�á [2, 3]¥��.

31�Ù, �©ò1�Ù�SN²1���õ�ª�R[x](ØI�R[x]���^�), ¿Ú\


�(½m)�{Ø{Ú�(½m)Î=�Ø{, ±dÚ\
“�p�kSé”(�½Â3.8), ¿ÏLí

Ø3.10�Ñ
§�²;¿Âe�p��'é. du¥I�{½n3��N�þLy��aAÏ÷Ó

�ÏL1�Ó�½np�Ñ�Ó�, ù¤��©Ú\�p��ÄÅ, =, XJïá����Rþ��

�õ�ª�R[x]þ�¥I�{½n, ¿3�Y�ó�¥ò�²1� [8, Chap I]¥0��k���ê

þ. ÏLÚ\�p�, �©31nÙy²
Xe½nµ

½n1.1 (½n3.12). -R´¹N�. XJ��õ�ª�R[x]þ�3�xÌn�(〈fi(x)〉)i∈I¦�é?
¿i 6= j ∈ I, kSé(fi(x), fj(x))´�p�kSé, K/X(1)¥¤«��R[x]-�Ó�´÷Ó�.

31nÙ, �©ÒR´��N���¹e?Ø
ϕΠ�Ø

Ker(ϕΠ) := {h(x) ∈ R[x] | ϕΠ(h(x)) = 0},

¿±dEy
�����õ�ª�þ�¥I�{½n, �½n4.5.

2. ��L«9ÙÓ�Ä�½n

�ÙL«´�ê+�¥��­�!�Ä��Vg. ���R�L«��þ´�«�Ó�R→ S,

TÓ�ò¤IïÄ��R¥���±�±$���ªN��®¼ïÄ��S¥���, Ïd§´¦
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^S¥���5�xR¥�/��a0��«L«1�. ©Ù�ù�Ü©òES�9ÙL«éVg,

¿�Ñ�Ó�Ä�½n�y². ù
Vg�±3Nõ²;�C­�ê�á¥é�, ~X [2, Chaps 1,

2]�.

2.1. �

��� (ring) ´d8ÜR�N�+, · : R×R→ R�¤�n�|(R,+, ·), ¿¦�e¡^�÷v:

(1) (R,+)´Abel+ (“+”�¡��Rþ�\{ (addition));

(2) (R, ·)´�+ (“·”�¡��Rþ�¦{ (multiplication));

(3) é?¿a, b, c ∈ R, ka(b+ c) = ab+ ac, (b+ c)a = ba+ ca.

ü��RÚS�m�N�h : R → SXJé?¿r1, r2 ∈ R, k: h(r1 + r2) = h(r1) + h(r2)±

9h(r1r2) = h(r1)h(r2), K¡h´���Ó� (homomorphism of rings).

~2.1. (1) é?¿�½�Abel+M , -End(M)L«�NMþ�+gÓ��¤�8Ü. KEnd(M)´

���, Ù¥, �þ�\{Ú¦{Ue¡úª�Ñ:

• ∀ϕ, φ ∈ EndM , ϕ+ φ´N�ϕ+ φ : M →M,m 7→ ϕ(m) + φ(m);

• ∀ϕ, φ ∈ EndM , ϕφ´N�ϕφ : M →M,m 7→ ϕ(φ(m)).

End(M)¡�Abel+M�gÓ�� (endomorphism).

(2) �½�R, §�f8S3÷^Rþ�\{Ú¦{, XJé?¿s1, s2 ∈ S, ks1 + s2 ∈ S±

9s1s2 ∈ S, KS�´���. ù��¡�R���f� (subring).

2.2. ��L«

½Â2.2. ½Â3�Rþ����R-� (left R-module) ½�R-L« (left R-representation) M��

´N��Ó�

h : R→ EndM, r 7→ hr

�Abel+M . ?�Ú/, XJM�3f+N¦�é?¿r ∈ RÚx ∈ Nk(h(r))(x) ∈ N , Khg,p�


,���Ó�

R→ EndN, r 7→ (hr : N → N),

N�T�Ó��f+N¡�M����R-f� (left R-submodule), P�N ≤M .

5P2.3. þã½Â�±�d/���R-�M´N�
÷veã^��N�µ : R × M →
M�Abel+.

(M1) ∀m ∈M : 1m = m;

(M2) ∀r ∈ R, m1,m2 ∈M : r(m1 +m2) = rm1 + rm2;

(M3) ∀r1, r2 ∈ R, m ∈M : (r1 + r2)m = r1m+ r2m;

(M4) ∀r1, r2 ∈ R, m ∈M : (r1r2)m = r1(r2m).
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N�µ�¡��RéAbel+M��R-�^ (left R-action), §�du�Ó�

h : R→ EndM, r 7→ (r : m 7→ µ(r,m) := rm).

l(M1)–(M4)�*:w, �R-�M´�5�m�í2, �M��R-f�Nw�´M�f8, ¦�3

÷^Mþ��R-�^��¹e, �,´�R-�. aq/, �±½ÂmR-�.

3�©�1�Ù¥, ¤�Ä�þ��R-�, ¿��©�1�Ù�(ØémR-�þkéó���.

Ïd, �
�Bå�, �©�1�Ù¥J���R-�3ØÚå· ��¹eþ{¡R-�½�.

~2.4. (1) �R����n� (left ideal) I ��´R�f�¦�rI := {rx | x ∈ I} ⊆ I é?

¿r ∈ R¤á. KI´���R-�, Ù¥, RéI��R-�^d�Rþ�¦{UR × I → I, (r, x) 7→ rx

g,�Ñ. w,, I´R�f�.

(2) �½�Rþ�ü��MÚN , ¦�N ≤ M . K8ÜM/N := {m + N | m ∈ M} U\
{∀m1,m2 ∈ M : (m1 + N) + (m2 + N) := (m1 + m2) + N ¤Abel+. ��R-�^R ×M/N →
M/N, (r,m+N) 7→ rm+N �ÑM/N´��R-�, ¡��R-û� (left quotient R-module), {¡

û�.

2.3. �Ó�Ä�½n

-R´�, MÚN´R-�. lM�N��R-�Ó� (left R-homomorphism) ��´÷veã^

��N�h : M → N :

(1) ∀m1,m2 ∈M : h(m1 +m2) = h(m1) + h(m2);

(2) ∀r ∈ R,m ∈M : h(rm) = rh(m).

AO/,XJh´ü�/÷�/V�,K¡h´üÓ�/÷Ó�/Ó� (monomorphism / epimorphis-

m / isomorphism). 'u�Ó�h : M → N , ke¡ü^Ä�5�.

Ún2.5 ( [2, Chap 2, Section 2.1]).

(1) Ker(h) := {x ∈M | h(x) = 0} ≤M

(2) Im(h) := {y ∈ N | ∃x ∈M ¦�h(x) = y} ≤ N .

5P2.6. Ún2.5¥�Ker(h)ÚIm(h)©O�¡��Ó�h�Ø (kernel) �� (image).

½n2.7 (1�Ó�Ä�½n [2, Chap 2, Section 2.1]). �Ó�h : M → Ng,p���Ó�

h̄ : M/Ker(h)→ Im(h),m+ Ker(h) 7→ h(m)

´���Ó�.

d½n3���êþ����±ë� [13], 3Artin�½k���êþ����±ë� [8]

3. ��õ�ª��L«9ÙÓ�Ä�½n

Ó�Ä�½n3ØÓ��þ�±�ÑØÓ�íØ. ~X��R´�R�, R-�Ò´�5

�m, d�R-Ó�h : M → NÒ´�5N�. Ó�Ä�½n�ÑIm(h) ∼= M/Ker(h), u´,

Im(h)⊕Ker(h) ∼= M . =��-"zÝ½n(Rank-Nullity Theorem)
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3.1. ��õ�ª����{Ø{

½Â3.1. �½�Rþ��õ�ª� (one variable polynomial ring) ��´/X

R[x] :=

{
f(x) =

n∑
i=0

aix
i | a1, · · · an ∈ R,n ∈ N

}

�8Ü, Ù¥, é?¿f(x) =
n∑

i=0

aix
i, g(x) =

n∑
i=0

bix
i ∈ R[x], Ù\{Ú¦{©O½Â�f(x) +

g(x) :=
∑n

i=0(ai + bi)x
i ±9f(x)g(x) :=

2n∑
i=0

( ∑
r+s=i

arbs

)
xi; d	, x¡�d��õ�ª�þ�©

i (word).

AO/, e¡·K¤á.

·K3.2. R[x]´�. ?�Ú/, XJR´¹N�, KR[x]�´.

éz�R[x]¥�õ�ªf(x) =
n∑

i=0

aix
n, an 6= 0, ½Âdeg : R[x] → N, f(x) 7→ n, ¿

¡deg(f(x))´õ�ªf(x)�gê (degree). |^õ�ª�gê, �±Ú\��{Ø{.

½Â3.3 (��{Ø{). éõ�ªf(x), g(x) ∈ R[x], Ù¥, deg(f(x)) > deg(g(x)), XJ�3q(x),

r(x) ∈ R[x]÷v:

(1) f(x) = g(x)q(x) + r(x);

(2) deg(r(x)) < deg(g(x)),

K¡f(x)�±ég(x)���{Ø{. éó/, �±½Âm�{Ø{.

5¿3R[x]þ¿Ø´?¿ü�õ�ªf(x)Úg(x)Ñ�±?1��{Ø{�. ~X�¢ê�Rþ

�3�en�Ý
�R =
(

R
R R
R R R

)
, KéR[x]¥�õ�ª

f(x) =
(

0
0
1 0

)
x Úg(x) =

(
0
1 0

0

)
x,

´�g(x)Ã{éf(x)���{Ø{, Ó�f(x)�Ã{ég(x)���{Ø{. �R�5��~Ð�, ~

XR ∈ {R,C,Z}�, R[x]þ�?¿ü�õ�ªoU���{Ø{. e¡·K�Ñü�õ�ª�±?

1��{Ø{�^�.

·K3.4. �R´¹N�, f(x) =

n∑
i=0

aix
i, g(x) =

m∑
i=0

bix
i´R[x]¥�ü�õ�ª, �n,m, t´÷

vn −m = t > 0�n�g,ê. XJf(x)ég(x)'ucn−m, cn−m+1, . . . , c0 ∈ R÷v�Ïf^�, =

�3cn−m, cn−m+1, . . . , c0 ∈ R¦�e¡�ª|¤á:

an = cn−mbm;

an−1 = cn−m−1bm + cn−mbm−1;

an−2 = cn−m−2bm + cn−m−1bm−1 + cn−mbm−2;
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· · · · · · · · · ;

an−t = c0bm + c1bm−1 + c2bm−2 + · · ·+ cn−mbm−t,

Kf(x)�±ég(x)���{Ø{.

éó/, XJf(x)ég(x)'ucn−m, cn−m+1, . . . , c0 ∈ R÷vmÏf^� (=òþ¡�ª|

�b∗Úc∗��=�), Kf(x)�±ég(x)�m�{Ø{.

Proof. �y²�y²����{Ø{��/, ��m�{Ø{��¹éó.

du�3cn−m¦�an = cn−mbm��:

cn−mg(x) =

m∑
i=0

cn−mbix
i =

(m−1∑
i=0

cn−mbix
i

)
+ anx

m,

u´,

f(x)− cn−mxn−mg(x) =

n−m−1∑
i=0

aix
i +

n−1∑
i=n−m

(ai − cn−mbi−(n−m))x
i.

Ø��ai − cn−mbi−(n−m) 6= 0, Kþª�Òmý�õ�ª�gê�n− 1.

en − 1 > m, Kkdeg(f(x) − cn−mxn−mg(x)) > deg(g(x)). Ón, �âcn−m−1bm = an−1 −
cn−mbm−1, ��:

cn−m−1g(x) =

m∑
i=0

cn−m−1bix
i =

(m−1∑
i=0

cn−m−1bix
i

)
+ (an−1 − cn−mbm)xm,

u´,

f(x)− cn−mxn−mg(x)− cn−m−1x
n−m−1g(x)

=

n−m−1∑
i=0

aix
i +

n−1∑
i=n−m

(ai − cn−mbi)xi −
n−1∑

i=n−m−1

cn−m−1bi−(n−m−1)x
i

=
n−m−2∑

i=0

aix
i + (an−m−1 − cn−m−1b0)xn−m−1

+
n−2∑

i=n−m−1

(ai − cn−mbi − cn−m−1bi−(n−m−1))x
i.

5¿�ai − cn−mbi−(n−m) = 0�, ��cn−m−1 = 0.

­EþãÚ½, ���X�õ�ª
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−q1(x)g(x) = −cn−mxn−mg(x);

−q2(x)g(x) = −cn−mxn−mg(x)− cn−m−1x
n−m−1g(x);

· · · · · · ,

−qt+1(x)g(x) = −cn−mxn−mg(x)− cn−m−1x
n−m−1g(x)− · · · − c0g(x).

-q(x) = qt+1(x), d�, r(x) = f(x) − q(x)g(x)´��gê�udeg(g(x))�õ�ª, l
����

{Ø{ª

f(x) = q(x)g(x) + r(x).

þª��35L²
d·K�¤á. �

�{Ø{���?�Ú�Vg´Î=�Ø{.

½Â3.5 (Î=�Ø{). éõ�ªf(x), g(x) ∈ R[x], Ù¥, deg(f(x)) > deg(g(x)), XJ�3qi(x),

ri(x) ∈ R[x] (−1 6 i 6 k, �r−1(x) = f(x), r0(x) = g(x), r1(x), . . . , rk(x) 6= 0), ¦�:

(1) deg(g(x)) > deg(r1(x)) > deg(r2(x)) > · · · > deg(rk(x));

(2) é?¿−1 6 t 6 k − 2k��{Ø{

rt(x) = rt+1(x)qt+2(x) + rt+2(x), (3)

(3) rk(x)´rk−1(x)�Ïª, =�3qk+1(x)¦�rk(x)qk+1(x) = rk−1(x),

K¡f(x)�±ég(x)��Î=�Ø{. éó/, �±½ÂmÎ=�Ø{.

3Z[x], Q[x], R[x], C[x]�/ª���õ�ª�¥, o�±?1�Î=�Ø{ÚmÎ=�Ø{.

�é���R, R[x]þ�ü�õ�ªf(x)ég(x)XJ÷v�(½m)Ïf^�, K�â·K3.4, ùü�

õ�ª�±?1�(½m)�{Ø{, =kf(x) = q(x)g(x) + r(x)½f(x) = g(x)q(x) + r(x)). ,
,

g(x)ér(x)�7÷v�(½m)Ïf^�, d�f(x)ég(x)Ã{?1�(½m)Î=�Ø{.

3.2. ��õ�ª��L«

�â½Â2.2, �Rþ���õ�ª�R[x]�L«´lR[x]�Abel+M�gÓ��EndM��

Ó�h : R[x] → EndM , TÓ�dx��x 7→ hx��û½. �ó�, R[x]-�M�±�n)�3¯

k�½Abel+Mþ�gÓ�H = hx��¹e��R[x]-�^R[x] ×M → M , (f(x),m) 7→ H(m).

�R = R�, MÓ��´R-�5�m, �H´��dimM��
, ÙéAuR[x] = R[x]�©ix. 3

e©¥, PÒR[x]f(x)L«8ÜR[x]f(x) = {ϕ(x)f(x) | ϕ(x) ∈ R[x]}. Zf(x), f(x)R[x]�±�aq

/½Â (5¿Zþ���5g,��
Zf(x) = f(x)Z).

Ún3.6. é?¿f(x) ∈ R[x]:

(1) 8ÜZf(x) +R[x]f(x)´R[x]��n�, �´�R[x]-�.

(2) éó/, 8Üf(x)Z + f(x)R[x]´R[x]�mn�, �´mR[x]-�.
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Proof. �y²��Ñ(1)�y², (2)�y²éó. {Bå�, -Zf(x) + R[x]f(x) = I. Äk, ´

�I´Abel+. 2ö, ?�h(x) ∈ R[x], kh(x)(zf(x) + g(x)f(x)) = h(x)(z+ g(x)) · f(x) ∈ R[x]f(x)

⊆ Zf(x) +R[x]f(x), Ïd, I´�n�. �â~2.4 (1), ��I´�R[x]-�. �

�R´¹N��, �â·K3.2, R[x]�´. d�, �kZf(x) + R[x]f(x) = R[x]f(x) = f(x)Z +

f(x)R[x]. u´, Ún3.6C�R[x]f(x)´R[x]-�.

3.3. ��õ�ª�þ��Ó�Ä�½n

íØ3.7. é?¿Abel+MÚN±9+Ó�A ∈ EndMÚB ∈ EndN , XJ�3Abel+�÷Ó�h :

M → N¦�

h(A(m)) = B(h(m)),

Ké?¿�Rþ���õ�ª�R[x], d(x,m) 7→ A(m) (m ∈ M) Ú(x, n) 7→ A(n) (n ∈ N) ©O

p���R[x]-�^R×M →MÚR×N → N7U¦Z-�Ó�

M/Ker(h) ∼= N

Ó��´R[x]-�Ó�.

Proof. 5¿z�Abel+Ñ´��Z-�, ¤±d½n2.7, ��M/Ker(h) ∼= N´Z-�Ó�. 2ö,

(x,m) 7→ A(m)p���R[x]-�^R ×M → M½Â
M´R[x]-�, �, ÓnN�´R[x]-�, Ïd

d®�^��h(xm) = h(A(m)) = B(h(m)) = xh(m), ∀m ∈ M , l
é?¿��õ�ªf(x) =
n∑

i=0

rix
i ∈ R[x], k

h(f(x)m) = h

( n∑
i=0

riAi(m)

)
=

n∑
i=0

rih(Ai(m))

=

n∑
i=0

riBi(h(m)) =

( n∑
i=0

rix
i

)
h(m) = f(x)h(m).

ùL²h´R[x]-�Ó�, Ïd, d½n2.7, ��M/Ker(h) ∼= N´R[x]-�Ó�. �

½Â3.8 (�p�). �f(x), g(x) ∈ R[x]�±��Î=�Ø{, ¿÷^½Â3.5¥�PÒ. d�, X

Jdeg(rk(x)) = 0, �=rk(x) = r ∈ R, K¡(f(x), g(x))´A��p�kSé (½3ØÚå· 

�§¡f(x)Úg(x)´A��p��). ?�Ú/, XJR´¹N�, �r´R�ü  (unit), =�3r′¦

�rr′ = r′r = 1, K¡(f(x), g(x))�p�kSé (½3ØÚå· �§¡f(x)Úg(x)�p��).

e¡ÚnL²/f(x)Úg(x) (A�)�p�0�/g(x)Úf(x) (A�)�p�0ØÓ.

Ún3.9. -R´�.

(1) �f(x), g(x) ∈ R[x]A��p�, K�3u(x), v(x) ∈ R[x]±9r ∈ R, ¦�

f(x)u(x) + (f(x)δk mod 2,1 + g(x)δk mod 2, 0) + g(x)v(x) = r,
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Ù¥, é?¿�êr, s, δr,s´KroneckerÎÒ.

(2) ?�Ú/, XJR´¹N��f(x), g(x) ∈ R[x]�p�, K:

• �3u(x), v(x) ∈ R[x]±9ü r ∈ R, ¦�rf(x)u(x) + g(x)v(x) = 1;

• �3u(x), v(x) ∈ R[x]±9ü r ∈ R, ¦�f(x)u(x) + g(x)v(x)r = 1.

Proof. �y²÷^½Â3.5¥�PÒ, ¿b�kv
�. ¿òúª|(3)U��:

rk(x) = rk−2(x)− rk−1(x)qk(x) ∈ rk−2(x) + rk−1(x)R[x];

rk−1(x) = rk−3(x)− rk−2(x)qk−1(x) ∈ rk−3(x) + rk−2(x)R[x];

rk−2(x) = rk−4(x)− rk−3(x)qk−1(x) ∈ rk−4(x) + rk−3(x)R[x];

· · ·

r1(x) = r−1(x)− r0(x)q1(x) ∈ r−1(x) + r0(x)R[x],

Òk:

rk(x) ∈ rk−2(x) + rk−1(x)R[x]

⊆ rk−3(x)R[x] + rk−2(x) + rk−2(x)R[x]

⊆ rk−4(x) + rk−4(x)R[x] + rk−3(x)R[x]

⊆ · · ·

⊆

r−1(x) + r−1(x)R[x] + r0(x)R[x], XJk´Ûê;

r−1(x)R[x] + r0(x) + r0(x)R[x], XJk´óê.

ùÒy²
(1).

éu(2), dR´¹N���

f(x)u(x) + f(x)δk mod 2,1 ∈ {f(x)(1 + u(x)), f(x)u(x)} ⊆ f(x)R[x],

±9 g(x)δk mod 2, 0 + g(x)v(x) ∈ {g(x)(1 + v(x)), g(x)v(x)} ⊆ g(x)R[x],

¤±®y·K(1)¥�L�ª�±U��f(x)ũ(x) + g(x)ṽ(x) = r. 2�âr´ü , ���3r′¦

�rr′ = 1 = r′r, Ïdkr′f(x)ũ(x) + g(x)ṽ(x) = f(x)ũ(x)r′ + g(x)ṽ(x)′ = 1, ùÒy²
(2). �

��½�R�f�RÓ�´�n�Úmn��, K¡§´V>n�£~~{¡�n�¤. �R�

��r)¤�V>n��±L��〈r〉 := Zr + Rr + rR + RrR. �R�ü�V>n�IÚJXJ÷

vI + J = R, K¡§�p�. ùp, I + J½Â�8ÜI + J := {x + y | x ∈ I, y ∈ J}, §�´R�
n�. �R´¹N��, é��õ�ª�R[x]¥�ü�õ�ªf(x)Úg(x), XJ§�´�p��,

Kk1 ∈ Rf(x)R[x] + R[x]g(x) ⊆ R[x], ù¿�X�¹Rf(x)R[x] + R[x]g(x)�R[x]���n�Ò

´R[x]g�. u´��e¡íØ.
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íØ3.10. �R´¹N�. XJ(f(x), g(x))�p�, K:

(1) �3u(x), v(x) ∈ R[x]¦�f(x)u(x) + g(x)v(x) = 1;

(2) 〈f(x)〉Ú〈g(x)〉p�.

Proof. Øä(1)´Ún3.9�(2)�����íØ. dÚn3.9�(2), ��1 ∈ Rf(x)R[x] + R[x]g(x) ⊆
〈f(x)〉+ 〈g(x)〉, ¤±〈f(x)〉+ 〈g(x)〉 = R[x], ùÒy²
(2). �

Ún3.11. -R´¹N�, I´�I8, (fi(x))i∈I´R[x]¥��x��õ�ª, ¦�é?¿i 6= j ∈ I,

(fi(x), fj(x))o´�p��. é?¿t ∈ I, -Jt =
⋂

r 6=t〈fr(x)〉, K:

(1) Jt´R[x]���V>n�;

(2) 〈ft(x)〉�Jtp�.

Proof. (1) é?¿�, 5¿§�?¿ü�V>n����´��V>n�, Ïd, e?¿n�V>n

���´��V>n�, @on+ 1�V>n����±w¤ü�V>n���: Ù�´ùn+ 1�V

>n��Ù¥n�, �e@�V>n�K´1��. u´�â8B{��(1).

(2) �I����ê´n. díØ3.10�(2)��é?¿i 6= j ∈ I, 〈fi(x)〉Ú〈fj(x)〉p�. ¤±, é

?¿r 6= t, k〈ft(x)〉 + 〈fr(x)〉 = R[x]. ùL²R[x]�ü �1kn − 1«©)1 = ϕr(x) + φr(x),

r ∈ I, r 6= t, Ù¥, ϕr(x) ∈ 〈ft(x)〉, φr(x) ∈ 〈fr(x)〉. ¤±∏
r 6=t

φr(x) =
∏
r 6=t

(1− ϕr(x)) = 1 + φ̂(x). (4)

kXeü:��5¿:

• φ̂(x) = 1−
∏
r 6=t

(1− ϕr(x)) ∈
∑
r 6=t

(
R[x]ϕr(x)R[x] + ϕr(x)R[x] +R[x]ϕr(x)

)
⊆ 〈ft(x)〉;

•
∏
r 6=t

φr(x) ∈
∏
r 6=t

〈fr(x)〉 ⊆ Jt,

Ïd(4)ª�Ñ
:

1 = −φ̂(x) +
∏
r 6=t

φr(x) ∈ 〈ft(x)〉+ Jt, (5)

�R[x] = 〈ft(x)〉+ Jt. �

e¡(Ø´�©�Ì½n.

½n3.12 (�����õ�ª�þ�¥I�{½n). ÷^Ún3.11¥�PÒ. K

ϕΠ = (ϕi)I×1 : R[x]→
∏
i∈I

R[x]/〈fi(x)〉

´�R[x]-÷Ó�. Ù¥, ϕi : R[x] → R[x]/〈fi(x)〉òR[x]¥���õ�ªh(x)N���8h(x) +
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〈fi(x)〉.

Proof. Ø��I = {1, 2, · · · , n}. dÚn3.11��〈fr(x)〉+ Jr = R[x], ÏdR[x]�ü �1k©)

(ar(x)fr(x)br(x) + cr(x)fr(x) + fr(x)dr(x)) + gr(x) = 1, (6)

Ù¥, gr(x) ∈ Jr, ar(x), br(x), cr(x), dr(x) ∈ R[x]. é?¿(hr(x) + 〈fr(x)〉)r∈I ∈
∏
i∈I

R[x]/〈fi(x)〉 �

?¿©þhr(x) + 〈fr(x)〉��L��hr(x), ^§3ª(6)üý�¦, �:

Hr(x) := hr(x) ·
(
1− (ar(x)fr(x)br(x) + cr(x)fr(x) + fr(x)dr(x))

)
= hr(x)gr(x),

±9

ϕr(Hr(x)) = hr(x) ·
(
1− (ar(x)fr(x)br(x) + cr(x)fr(x) + fr(x)dr(x))

)
+ 〈fr(x)〉.

= hr(x) + 〈fr(x)〉 (7)

Ó�, é?¿r 6= s ∈ I, k

ϕs(Hr(x)) = hr(x)gr(s) + 〈fs(x)〉 ∈
⋂
i6=r

〈fi(x)〉+ 〈fs(x)〉 ⊆ 〈fs(x)〉. (8)

?�Ú/, ª(7)Ú(8)�Ñ


ϕs(Hr(x)) =

hs(x), XJr = s;

0, Ù§�/.

l
, ��õ�ªH(x) =
∑
r∈I

Hr(x) �Ñ
(hr(x) + 〈fr(x)〉)r∈I3N�ϕΠe�����, ÏdϕΠ´

÷Ó�. �

4. Ì½n3��N�þ��/

��N���´Ó�´¹N��¦{÷v��Æ��. 3ù�Ù¥, �©¤?Ø��Rþ�b

����N�, KR[x]�´��N�.

4.1. Bezout½n

íØ4.1 (Bezout½n). éR[x]¥�ü�õ�ªf(x)Úg(x).

(1) XJ(f(x), g(x))�p�, K�3u(x), v(x) ∈ R[x]¦�

u(x)f(x) + g(x)v(x) = u(x)f(x) + v(x)g(x)

= f(x)u(x) + v(x)g(x) = f(x)u(x) + g(x)v(x) = 1.
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(2) ?�Ú/, (f(x), g(x))�p���=�〈f(x)〉Ú〈g(x)〉p�.

Proof. (1)Ú(2)�7�5díØ3.10�(1)����. e¡y²(2)�¿©5.

�〈f(x)〉Ú〈g(x)〉p�, K1 ∈ R[x] = 〈f(x)〉+ 〈g(x)〉, `²ü �1�3©)1 = f̃(x) + g̃(x), Ù

¥, f̃(x) ∈ 〈f(x)〉, g̃(x) ∈ 〈g(x)〉. duR[x]´��N�, Ïd〈f(x)〉 = {h(x)f(x) | h(x) ∈ R[x]}, ù
L²f̃(x)/Xu(x)f(x) = f(x)u(x). Óng̃(x)/Xv(x)g(x) = g(x)v(x). Ïd(f(x), g(x))´�p�

kSé. �

þ¡íØg,p�
p��Vg.

½Â4.2. �R´��N�, K��õ�ª�R[x]þ�ü�õ�ªf(x)Úg(x)XU¦�kSé

(f(x), g(x))Ú (g(x), f(x))Ù¥��´�p��, K¡f(x)Úg(x)p�.

4.2. 'u½n3.12¥�R[x]-�Ó��Ø

Ún4.3. 3½n3.12¥�R´��N�, KéÙk��I8I�?¿��f8J , k∏
r∈J

〈fr(x)〉 =
⋂
r∈J

〈fr(x)〉

Proof. {Bå�, é?¿r ∈ J , ò〈fr(x)〉P�Xr. K¦yªC�
∏
r∈J

Xr =
⋂
r∈J

Xr. Äk, du¤k

�XrÑ´V>n�, ¤±§ÏLV>n��½Â��“⊆”g,¤á.

,��¡, ?�t ∈ J , K�âÚn3.119Ùy²¥�ª(5), ��Xt�
∏
r 6=t

Xrp�. ¤±R[x] =

Xt +
∏
r 6=t

Xr. þªL²R[x]�ü �1k©)1 = f(x) + g(x), f(x) ∈ Xt, g(x) ∈
∏
r 6=t

Xr, Ó��L²

é?¿
⋂
r 6=t

Xr¥���õ�ªh(x), k

h(x) = h(x)1 = h(x)(f(x) + g(x)) = h(x)f(x) + h(x)g(x)

∈
⋂
r 6=t

Xr ·Xt +
∏
r 6=t

Xr ⊆
⋂
r 6=t

Xr +
∏
r 6=t

Xr =
∏
r 6=t

Xr.

Ïd�k“⊇”. �

·K4.4. 3½n3.12¥�R´��N�, KϕΠÓ�´��m�R[x]-�Ó�, �§�ØKer(ϕΠ)÷v:

Ker(ϕΠ) =
∏
i∈I

〈fi(x)〉 =
⋂
i∈I

〈fi(x)〉.

Proof. �âÚn4.3, �Iy

Ker(ϕΠ) =
⋂
i∈I

〈fi(x)〉.

?�h(x) ∈ Ker(ϕΠ), Kéz�i, kh(x) + 〈fi(x)〉 = 0 + 〈fi(x)〉, Ïd, kh(x) ∈ 〈fi(x)〉. l
,

h(x) ∈
⋂
i∈I
〈fi(x)〉. ùÒ��
“⊆”. ��, ?�h(x) ∈

⋂
i∈I
〈fi(x)〉, Kéz�i, kh(x) ∈ 〈fi(x)〉. Ïd,
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ϕ(h(x)) = (0 + 〈fi(x)〉)i∈I , ùÒ��
“⊇”. �

4.3. �����õ�ª�þ�¥I�{½n

½n4.5 (�����õ�ª�þ�¥I�{½n [13]). ÷^½n3.12¥�PÒ, KkAbel+Ó�

R[x]

/∏
i∈I

〈fi(x)〉 = R[x]

/⋂
i∈I

〈fi(x)〉 ∼=
∏
i∈I

R[x]/〈fi(x)〉,

�TÓ�Ó�´�R[x]-�Ó�ÚmR[x]-�Ó�.

Proof. d½n2.7��

R[x]/Ker(ϕΠ) ∼=
∏
i∈I

R[x]/〈fi(x)〉.

2dÚn4.3±9·K4.4��þª®²�¤�y²�Ó��Ó. �

Ä7�8
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