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Abstract

This paper constructs a class of “three-layer” quantum graphs by taking the Cartesian

product of a given single-layer periodic quantum graph with an equilateral triangle

(referred to as the connecting graph) endowed with a cyclic group action. The func-

tion space decomposition and operator decomposition of the resulting “three-layer”

quantum graphs are derived. It is proven that their Fermi surfaces are reducible.

Furthermore, the conclusions are generalized to the case where the connecting graph

is a regular n-gon with a cyclic group action.
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1. Úó

½Â3Ýþãþ��©�fÚÝþã��¤|¤��N, 3êÆÔnïÄ+�¥�¡�þf

ã [1]. ±ÏÝþã�±Ï�©�f|¤��N¡�±Ïþfã, 3�NÔnÆ!á��ÆÚB��

E¥�A^�©2�. �©'5�ãþ�©�f� Schrödinger�f A = −∆ + q(x), Schrödinger

�f A�ãþ�±Ï�©�f��=�³¼ê q(x)�±Ï¼ê, d�ÙÌäk�Y(� [2–4], �

Ò´Ì�±L«�µ4«m=Ì�(U�)�¿, ü���Ì��m�m�¡�ÌmY(UY), UY´

Uþ��SvkU?�«�.

3�NÔn¥, Fermi¡´Äþ�m¥ýé"Ýe>fÓâ���Óâ��©.¡, ÙUþéA

uFermiU?(EF ), =3ýé"ÝeFermiU??��U¡ [5, 6], ´n)7áÚ�7á>f��Ø%

ÔnVg. §���N
á��U�(�9>fW¿A5, ¿û½
$U-ue�>f1�, X>

�!9Ñ$Ú^�A�. Fermi¡�/G(X¥¡!õëÏ(�½ÿÀ�o� Dirac:)dU�ÚÑ

'XEn(k) Ú>f'é�A�Óû½, �ÏLþf��¢�*ÿ. 3>fÑ$¥, Fermi¡�AÛA

�(X16fßÝ!k��þÚ��ÝFÝ)��K�>�Ç!¿��AÚ9>5U; 3r'éN
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X¥(XÔÄ��N),>f�p�^�U��Fermi¡ï½�UYopening. ïÄFermi ¡Ø=��

«á��þf1�Jø
'��â, ��N�Ô5(X��!ÿÀ�)C½
nØÄ:. 3ÌnØ¥,

���Ä�Fermi¡´?¿U??��U¡, �¹�NÔn¥ FermiU??��U¡. d	, Fermi

¡���5�i\A����35���'.±Ï50�~É��	�,�³¼ê υ(x)�6Ä, ù

«6Ä�U�)k�ê�lÑA��(:Ì), ¡�,�A�� [7]. du±Ï�f�Ìäk�Y(

�, ,�A��Ñy� ��kü«ÀJ: Ñy3ÌmY¥, ½öi\�Ì�¥, �,�A��Ñy

3Ì�¥, ·�¡��i\A��. 3và�Ôn¥, i\A��´�«AÏG�, �«
åP�Ú

Ñ���m��©²ï [8]. éþfãFermi¡��5�ïÄ�^5?�ÚïÄi\A����35

ÚéAA�¼ê��'5�, kÏun)þfXÚ��*1�¿A^uØÔn!1ÆÚ>fì��

O¥.

î8��, ¤käk�� Fermi¡�þfã��EÑ�9õ�ÍÜ�. Shipman32014c [9]ï

Ä
�aäké¡(��þfã� Fermi¡��5¯K. ¦ÏLòü��Ó�±ÏþfãB��é

Aº:ë�, �E
�«é¡�V�þfã, Ù¥ë�>þ�±Ï Schrödinger�f�³¼ê'u

ë�>�¥:é¡. ïÄy², éu¤kU?λ, TV�þfã� Fermi¡þäk��5, ¿�6Ä

�)�i\A��¤éA�A�¼ê�| 8´Ã.�. 3dÄ:þ, Shipmanu2019c [10]?�

Úí2
þã(J, òë�>þ±Ï Schrödinger�f�³¼êlé¡^��°��é¡^�, y

²��ë�>þ�³¼êáuÓ�Øé¡a, Kéu?¿U?λ, Fermi¡E,äk��5. 2021c,

Shipman� Fisher!Wei Li [11]?�Ú*Ð
ù�ïÄ��, �E
üaõ�þfã, ¿y²ÙÚÑ

¼ê�±L«�ü�ÚÑ¼ê�õ�ª. ù�5���õ�þfã�Fermi¡3?ÛU?eþ�©

)�eZ©þ, z�©þ�ã�f�Ì�z�|Õá�Ì�.

�©3©z [10]Ú©z [12]�Ä:þ, òÌ�5�±Ï5(Üå5, ÏL�½±Ïþfã�äk

Ì�+�^��n>/�(k�È�EÑ/n�0þfã, é/n�0þfã?1¼ê�m©)Ú

�f©), ddy²
/n�0þfã�Fermi¡��, ¿ò(Øí2��äkÌ�+�^��n>

/�(k�È�EÑ�/n�0þfã, �?�ÚïÄùa(k�Èã�i\A����35Ú�

'A�¼ê�5��eÄ:.

2. ý��£

�Ù{�0��©¤�9��Ä�Vg.

ãΓ´��kS��|(V, E),Ù¥V´º:8, E ´>8. ÏL�.�ã�z^> e = {v, w} ∈ E
½Â���Ý Le, ò e �«m [0, Le] éXå5, Γ¤�
Ýþã. k�> ~e = (v, w) ��I

x~e ∈ [0, Le]�m, x~e = 0éAº: v, x~e = LeéAº: w. é>D��Ý�, B�±3 Γ�?¿> e

þ½ÂIO¼ê�m. ½Â Γþ�¼ê�m H2(Γ)�

H2(Γ) = {f = {fe}e∈E :¼êf´ëY�;

éu¤k�e ∈ E , fe ∈ H2(e);

f, f ′, f ′′ ∈ L2(Γ)},
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Ù¥ f ′Ú f ′′ = D2f 3z^>þé�I¦�Xþ¤ã. 3Ýþãþ½Â Schrödinger�f A, Γd�

¤�þfã. �f A3z^> eþ��^/ª� −D2 + qe(x), Ù¥ D2 = d2/dx2
~e, x´ eþ?¿�

:. - q = {qe}e∈E , z� e ∈ E(Γ)� qe ∈ L2(e)Ñ´¢�³¼ê. �fA�^u¤k½Â3 Γþ�

¼ê f = {fe}e∈E , ¿�3z�º:?÷v Robinº:^�∑
e∈E(v)

f ′e(v) = αvf(v), (1)

Ù¥, fe L« Γþ� f ��3 eþ, XJ e = (v, w), @o f ′e(v)´ fe 3º: v ?l v �� w��

ê, = f ′e(v)´3 xe = 0? fe'u�I xe�m�ê. u´e¡�Ñ�f A�½Â�9Ù�^/ª,

D(A) = {f ∈ H2(Γ) :éu¤k� v ∈ V(Γ), f ÷v Robinº:^�},

(Af)(x) = −f ′′(x) + q(x)f(x).

d� A3 L2(Γ)þ´g��.

b�ù�Ýþ(�3 Zn�^e�±ØC, ¿� g ∈ Zné Γ¥�: x��^P� x 7→ gx ( x�

±3>�SÜ, ��±3à:?), d�Ýþã¤�±ÏÝþã. �f A�^3±Ïãþ¿�Xéu

¤k� v ∈ V(Γ), x ∈ e ∈ E(Γ), Ú¤k� g ∈ Zn, k αgv = αv, qge(gx) = qe(x).

FloquetC�´'uã Γþ� Zn �^�Fá�C�. �½��¼ê f , Ù½Â� Γ3Ýþã¥

�¹>þ�:(½ö3|Üã¥��¹ã�º:8), ½Â f � FloquetC��

f̂(z, x) :=
∑
g∈Zn

f(gx)z−g éuz = (z1, ..., zn) ∈ (C∗)n,

Ù¥éu h ∈ Zn k zh = zh1 ...zhn . ù´��'u z �Laurent?ê/ª, ÙXê´ f � £. éu

f ²L FloquetC����¼ê f̂ , ���5�´§'u x�O±Ï5:

f̂(z, gx) = f̂(z, x)zg,

ù¦� f̂(z, ·)´äkA�� zg � Zn �^�A�¼ê, f ∈ Zn. �fA� Floquet modes (AÚ Zn

�Ó�A�¼ê)¤3¼ê�m�

H2R
loc (Γ) = {f = {fe}e∈E :f ´ëY�;éu¤k�e ∈ E ,

fe ∈ H2(e); éu¤k�v ∈ V,

f ÷v Robinº:^�}.

½Âz^>þ� Dirichlet-to-Neumann (DtN)N�: éu�½��� v � w�> e, Ùþkë

ê x ∈ [0, 1], - cq(x)� sq(x)´ (− d2

dx2
+ q(x)− λ)u = 0�Ä), �÷vÐ�^�:

cq(0, λ) = 1 sq(0, λ) = 0,

c ′q (0, λ) = 0, s ′q (0, λ) = 1,
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½Â

cv,w(λ) = c(λ) := cq(1, λ), sv,w(λ) = s(λ) := sq(1, λ),

c ′v,w(λ) = c ′(λ) := c ′q (1, λ), s ′v,w(λ) = s ′(λ) := s ′q (1, λ),

éu÷v −u′′ + q(x)u = λu� u(x), k

[
c(λ) s(λ)

−c′(λ) −s′(λ)

][
u(0)

u ′(0)

]
=

[
u(1)

−u ′(1)

]
.

½Â DtNÝ
 Gq(λ)�ò Dirichletêâ (u(v), u(w))C� Neumannêâ (u′(v), u′(w))�Ý
, =

1

s(λ)

[
−c(λ) 1

1 −s′(λ)

]
︸ ︷︷ ︸

Gq(λ)

[
u(v)

u(w)

]
=

[
u′(v)

u′(w)

]
. (2)

½Â2.1 éuÌCþ λ ∈ C\σD(A)�?¿�½�, λ?� Floquet¡½Â�

Φλ := {z ∈ (C∗)n : Â(λ, z)u = 0�3�²�)},

òÙ�Ä�OÄþ k �¼ê�, §�¡� Fermi¡. k = (k1, ..., kn) ∈ Cn, ÷v z = (z1, ..., zn) =

eik = (eik1 , ..., eikn) ∈ (C\{0})n, � g · k = 2πZ, g ∈ Zn.

3. �Eþfã

ü�±Ïþfã (̊Γ, Å)Xc¤ã, kº:8 V̊, >8 E̊ ±9³¼ê {qe}e∈E̊ . �f Å�^u½Â

3 Γ̊þ�¼ê f = {fe}e∈E̊ , 3z�º:?÷v Robinº:^�:∑
e∈E̊(v)

f ′e (v) = αvf(v).

d (̊Γ, Å)�n�Ø��B�ÏL�n�/ë�å5�EÑ�#�±Ïþfã (Γ, A), ¡�“n

�”±Ïþfã, Ó���±@�“n�”ã´ÏLü�±Ïã��n>/�(k�È���. Ù>8

�º:8©O�

V := V̊ ∪ V̊ ∪ V̊ = V̊ × {1, 2, 3},
E := E̊ ∪ E̊ ∪ E̊ ∪ Ec,

Ù¥ Ec ´¤kº:?ë�ã�n>/þ�>�8Ü, Pº: v ∈ V̊ ?�ë�ã��n>/ Υv, Υv

´d véA�n�º: (v, 1), (v, 2), (v, 3)�ë���. òº: v?�ë�ã Υv þ�n^>©OP

� {(v, 1), (v, 2)}, {(v, 1), (v, 3)}Ú {(v, 2), (v, 3)}. ã ΓU«
 Zn�+�^.

éu?¿� v1 ∈ V̊, n�º: (v1, 1), (v1, 2), (v1, 3)�ë����n>/P�ë�ã Υv1 , 3

Υv1 �n^>¥:?©O\þ��J[º:, u´�n^>d�¤�8^>. 3ë�ãþ½
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Â Schrödinger �f, ò8^>þ�³¼ê©OP� q11, q12, q13, q14, q15, q16, J[º:©OP�

va1 , vb1 , vc1 . Ón, éu� v1 ØÓ�º: v2 ∈ V̊, n�º: (v2, 1), (v2, 2), (v2, 3)�ë���ë�ã

Υv2 þ8^>�³¼ê©O� q21, q22, q23, q24, q25, q26, J[º:©OP� va2 , vb2 , vc2 . Xã 1.

Figure 1. Virtual vertices and potential functions
defined on the connection graph Υ

ã 1. 3ë�ãΥþ½ÂJ[º:�³¼ê

½Â3.1 (/n�0þfã)�½��äk+Zn�^�þfã (̊Γ, Å),³¼ê {qvi = {qi1, qi2, qi3, qi4, qi5,
qi6}, vi ∈ V̊}½Â3ë�ã Υvi �>þ. -³¼ê qvi 3 Zn �^e�±ØC. ÏL>þäkü �

ÝÚ³¼ê qvi ��n�/ë� (̊Γ, Å)�n�Ø��B����±Ïþfã (Γ, A)¡�� (̊Γ, Å)Ú

³ qvi �'�/n�0±Ïþfã.

4. Fermi¡��½n

Ï~ÏLòþfã{z�ÙéA|Üãþ���5 λ�'�A��¯K A(λ)u = 05ïÄ'

u u ∈ H2R
loc (Γ)�A��¯K (A − λ)u = 0, Ó��¦ λØ´?¿>þ� DirichletA��, =éu

¤k� e ∈ E(Γ), se(λ) := sqe(λ) 6= 0. þfã (Γ, A)� DirichletÌ´d¤k>þ� DirichletA�

�|¤�8Ü. éu±Ïþfã, ÙÄ��dk��º:Ú>|¤, Ù DirichletA��|¤�8Ü

´lÑ�,

σD(A) = {λ ∈ C :�3e ∈ V(Γ)¦�se(λ) = 0}.

éu λ /∈ σD(A), �§ (A− λ)u = 0� A(λ)u = 0�d, Ù¥ u´�ò u��3 V(Γ)þ, � A(λ)´

�^u½Â3 V(Γ)þ�¼ê�±Ï�f(=äk Zn ØC5). ù«{z´ÏLN^ DtNN�5�

¤�, éuz�> e, =�â¼ê u3 v9Ù¤k��º:?��5� Robin^�. �±��,

[A(λ)u](v) :=
∑

e=(v,w)∈ ~E(v)

1

se(λ)
u(w)−

αv +
∑
e∈ ~E(v)

ce(λ)

se(λ)

u(v) = 0.

du�fA(λ)�½Â, �±@�u : V(Γ)→ C ´?¿�. nþ, k

(A− λ)u = 0⇔ A(λ)u = 0,

A(λ)¡�þfã�f A� λ�'�{z|Üã�f.
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�³¼ê3ë�ã�n>/þ´é¡�, =éu vi ∈ V̊, ³¼ê qvi ÷v qi1 = qi3 = qi5,

qi2 = qi4 = qi6. d�, ë�ã���õ>/, duz^>\
��J[º:, o>ê¤�óê, Ïd

áu¥%é¡ã, äkÌ�+ Gn�^.

e¡?1¼ê�mÚ�f�©). éuäkÌ�+�^�¥%é¡ã, �âÌ�+�Ø��L

«, �òãþ�²��È¼ê�m?1©) [12].

n�Ì�+k n��gEL«, P ω� ngü �, ÙØ��L«XeL:

e a a2 a3 · · · an−1

ρ1 1 1 1 1 · · · 1
ρ2 1 ω ω2 ω3 · · · ωn−1

ρ3 1 ω2 ω4 ω6 · · · ω2(n−1)

...
...

...
...

... · · ·
...

ρn 1 ωn−1 ω2(n−1) ω3(n−1) · · · ω

.

� n = 3�, �n>/äk+ G3�^, e¡é�n>/?1¼ê�m©). G3�Ø��L«X

e:

e a a2

ρ1 1 1 1
ρ2 1 ω ω2

ρ3 1 ω2 ω

.

éu?¿ v ∈ V̊ éA�ë�ã Υ, �ã 2, ãþ�¼ê ui éA³¼ê qi, i = 1, 2, 3, 4, 5, 6,�÷

v q1 = q3 = q5, q2 = q4 = q6.

Figure 2. (a) The connector graph Υ for any v ∈ V̊ (b) The fundamental
domain of Υ

ã 2. (a)?¿º:v ∈ V (̊Γ)éA�ë�ãΥ (b) Υ�Ä��

�â G3��ÜØ��L«�±��ãþ²��È¼ê�m L2(Υ)�©)µ

L2(Υ) =
3∑
t=1

⊕Ft,
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Ù¥¼ê

F = {u1, u2, u3, u4, u5, u6} ∈ L2(Υ),

F1 = {u1 + u3 + u5

3
,
u2 + u4 + u6

3
,
u3 + u5 + u1

3
, ...,

u6 + u2 + u4

3
} ∈ F1,

F2 = {u1 + ωu3 + ω2u5

3
,
u2 + ωu4 + ω2u6

3
,
u3 + ωu5 + ω2u1

3
, ...,

u6 + ωu2 + ω2u4

3
} ∈ F2,

F3 = {u1 + ω2u3 + ωu5

3
,
u2 + ω2u4 + ωu6

3
,
u3 + ω2u5 + ωu1

3
, ...,

u6 + ω2u2 + ωu4

3
} ∈ F3,

÷v F = F1 + F2 + F3.

�â¼ê�m©), �±ò½Â3 Υþ� Schrödinger�f A?1©).

½n4.1 ½Â3ë�ã�n>/ Υþ� Schrödinger�f A½Â��

D(A) = {F, F ′, F ′′ ∈ L2(Υ) : F 3 Υ�J[º:?÷v Kirchhoffº:^�,

3�{�º:?÷v Robinº:^�},

�f Aj�du½Â3�m Ftþ� Schrödinger�f At��Ú, =

A =

3∑
t=1

⊕At,

�f At�½Â��

D(At) = {Ft, F ′t , F ′′t ∈ Ft : Ft3 Υ�J[º:?÷v Kirchhoffº:^�,

3�{�º:?÷v Robinº:^�.}

Proof. Ï�

D(A) ⊂ L2(Υ),

� D(At)÷v

D(At) = D(A) ∩ Ft,

u´�f½Â��3�Ú©)

D(A) ∼=
3∑
t=1

⊕D(At).

�f��^/ªØC. é?¿ Ft ∈ Ft, AtI÷v AtFt ∈ Ft. éu F1 ∈ F1,

A1F1 = A1

{
u1 + u3 + u5

3
,
u2 + u4 + u6

3
, ...,

u6 + u2 + u4

3

}
=

{
A1
u1 + u3 + u5

3
, A1

u2 + u4 + u6

3
, ..., A1

u6 + u2 + u4

3

}
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=

{
−
(
u1 + u3 + u5

3

)′′
+ q1

u1 + u3 + u5

3
,−
(
u2 + u4 + u6

3

)′′
+ q1

u2 + u4 + u6

3
, ...

}
,

Ù¥1��,

A1
u1 + u3 + u5

3
=−

(
u1 + u3 + u5

3

)′′
+ q1

u1 + u3 + u5

3

=
1

3
(−u′′1 + q1u1 − u′′3 + q1u3 − u′′5 + q1u5)

q1=q3=q5
====

1

3
(−u′′1 + q1u1 − u′′3 + q3u3 − u′′5 + q5u5)

=
Au1 +Au3 +Au5

3
,

1��,

A1
u2 + u4 + u6

3
=−

(
u2 + u4 + u6

3

)′′
+ q1

u2 + u4 + u6

3

=
1

3
(−u′′2 + q2u2 − u′′4 + q2u4 − u′′6 + q2u6)

q2=q4=q6
====

1

3
(−u′′2 + q2u2 − u′′4 + q4u4 − u′′6 + q6u6)

=
Au2 +Au4 +Au6

3
,

�¡o�Ón. u´ A1F1 ∈ F1, Ïdk AtFt ∈ Ft.

�f A1, A2, A3©Oj�du½Â3ë�ã Υ�Ä�� Υ0þ��f Ã1, Ã2, Ã3, Ù¥ Ã1�½

Â�� D(A1)��3 Υ0 þ, Ã2 �½Â�� D(A2)��3 Υ0 þ, Ã3 �½Â�� D(A3)��3 Υ0

þ.

e¡�Ägdº: vaÚ vb?�º:^�, duÄ�� Υ03^=L§¥, va� vbÊÜå5, Ï

d�Ä va(b):?�º:^�I��Än«Ø��L«éA�n�ûãµ

±1�«Ø��L«�~í�ûã�º:^�, Ï�+��^3¼êþ��u§�L«�¼ê

�¦, ¤± au3(vb) := ωu3(vb) = u1(va),

au′3(vb) := ωu′3(vb) = u′1(va),

d F 3 vb?÷v Kiichhoffº:^��±��u2(vb) = u3(vb),

u′2(vb) + u′3(vb) = 0,
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Figure 3. (a) The connector graph Υ for any v ∈ V (̊Γ)
(b) The quotient graph of Υ

ã 3. (a)?¿º:v ∈ V (̊Γ)éA�ë�ãΥ (b) Υ�ûã

u´�� va(b)?�º:^�� u1(va)− ωu2(vb) = 0,

u′1(va) + ωu′2(vb) = 0,

º: v 3�/n�0ã¥÷v Robinº:^�, dn«Ø��L«éA�n�ûã(�ã 3)§©O

��3 va(b)?n«ØÓº:^��ûã, d ρ1�:u1(va(b))− u2(va(b)) = 0,

u′1(va(b)) + u′2(va(b)) = 0,

d ρ2�: u1(va(b))− ωu2(va(b)) = 0,

u′1(va(b)) + ωu′2(va(b)) = 0,

d ρ3�: u1(va(b))− ω2u2(va(b)) = 0,

u′1(va(b)) + ω2u′2(va(b)) = 0.

y3�±òë�ã�n>/�¼ê�m©)��f©)Ú/n�0±Ïþfã�¼ê�m©

)��f©)(Ü3�å. �ë�ãþ�³¼ê÷v qi1 = qi3 = qi5, qi2 = qi4 = qi6 �, éu?¿

vi ∈ V̊, kò vi ë���n>/�âÌ�+�Ø��L«?1¼ê�m©)Ú�f©), ò�f©

)�ëX]!>� Γ̊þ, ,�éÙ?1 FloquetC�, ò�f©)�ëX]!>�W þ, Ù¥]!

>�z�º: vi ∈W 3 Υ0¥ëX�>, �]!>ë�X�J[º:�gdº:.

Schrödinger�f A½Â3/n�0±Ïþfã Γþ, Ã1, Ã2, Ã3 ©OL«½Â3ã 4(b)þ�

�f, �â½n 4��, Aj�dun��f Ã1, Ã2, Ã3��Ú,

A ∼=
3∑
t=1

⊕Ãt,
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Figure 4. (a) The three-layer quantum graph (b) After decomposing the connector graph
(c) Applying the Floquet transform

ã 4. (a)/n�0þfã (b)éë�ã?1©) (c)?1FloquetC�

- A1(λ),A2(λ),A3(λ)©OL« Ã1, Ã2, Ã3 éA�²L DtNN�{z����� λ�'�|Üã

�f, ¿éÙ?1 FloquetC�, ���f A1(λ, z), A2(λ, z), A3(λ, z). u´ A3 λ?� Fermi¡

�µ

Φλ = {z ∈ (C∗)n : (det A1(λ, z))(det A2(λ, z))(det A3(λ, z)) = 0},

=�{�n�þfã�f Ã1, Ã2, Ã3� Fermi¡�¿, ��±e½n:

½n4.2 - (̊Γ, Å)�±Ïþfã, (Γ, A)� (̊Γ, Å)�n�B��â½Â 3�EÑ�/n�0þ

fã. -ë�ãäkÌ�+�^, ���f©)µA ∼=
∑3

t=1⊕Ãt, éu¤k� λ /∈ σD(A), (Γ, A)�

Fermi¡ Φλ���n� Fermi¡�¿8,

Φλ = {z ∈ (C∗)n : (det A1(λ, z))(det A2(λ, z))(det A3(λ, z)) = 0},

Ù¥ A1(λ, z), A2(λ, z), A3(λ, z)©O� Ã1, Ã2, Ã3z{�|Üãþ2²L FloquetC�����f.

ò/n�0þfã��5?1í2. ÏLü�±Ïþfã�äkÌ�+�^�� n>/�(k

�È��#�±Ïþfã (n > 3). ò.>²1u x¶P�� n>/�Ð© �, 3� n>/7¥

%_��^=�½�Ý θ�, 2òÙ�ü�±Ïþfã�(k�È, ���/n�0ãþ�n�ã

/, ^=��Ý θ÷v θ ∈ (0, π/n)¥, Xã 5¤«, J�þL«ü�±Ïþfã.

3� n>/z^>¥:?Ú\��J[º:, � n>/�Ä���ã 5¥ùÚ�ã9Ùë��

º:, ¿�� n>/þ�³¼ê÷vé¡^�, Ïd�±ÏL n�Ì�+�Ø��L«é� n>/

?1¼ê�m©)Ú�f©), �âþ¡é�n>/ Fermi¡©)�©Û�, éuü�±Ïþfã

�� n>/�(k�È���/n�0±Ïþfã, Schrödinger�f A�^3/n�0±Ïãþ,

�f A3 λ?� Fermi¡�µ

Φλ = {z ∈ (C∗)n : (det A1(λ, z))(det A2(λ, z)) · · · (det An(λ, z)) = 0}.

u´�±��'u½n 4�±eíØµ

íØ4.3 - (̊Γ, Å)�±Ïþfã, (Γ, A)� (̊Γ, Å)� n�B��â½Â 3�EÑ�/n�0þ
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Figure 5. Counterclockwise rotation by angle θ of a regular n-gon, n = 3, 4, 5, 6

ã 5. � n>/_��^=θ, n = 3, 4, 5, 6

fã. -ë�ãäk n�Ì�+�^, ���f©)µ

A ∼=
n∑
t=1

⊕Ãt,

éu¤k� λ /∈ σD(A), (Γ, A)� Fermi¡ Φλ��� n� Fermi¡�¿8,

Φλ = {z ∈ (C∗)n : (det A1(λ, z))(det A2(λ, z)) · · · (det An(λ, z)) = 0},

Ù¥ A1(λ, z), A2(λ, z),...,An(λ, z)©O� Ã1, Ã2, ..., Ãn z{�|Üãþ2²L FloquetC���

��f.

Ä7�8
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