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Abstract

This paper investigates an n-component series-connected repairable system without

delay. The mathematical model of the system is described by a finite set of partial

differential-integral equations with boundary conditions. By selecting an appropriate

Banach space as the state space, the model is transformed into an abstract Cauchy

problem in the Banach space. Subsequently, employing the C0−semigroup theory

in functional analysis, it is proved that the system possesses a unique, non-negative

time-dependent solution satisfying probabilistic properties.
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1. 0�

��5nØ [1]´��ïÄXÚ$1��5�ÊH½þ5Æ, ¿�7Ù?1©Û!µ�!�O

Ú���nØ��{NX. Ù¯K�@å
u1�g­.�Ô�Ï, ÏA�5�ó�z)��I¦

±9E,�¯C��ïu�¦^
É�2�'5. ¦+EâØä?Ú, ����5®���ÌJ,,

�y�XÚFªE,�(�9ÙFÃ2��õU�¦, ¦�éXÚ��5?1½þµ��±YU?,

�,´���'­��äk]Ô5��K.

3¯õXÚ�.¥, GéXÚ´�«�Ä��~��Ü6�.: XÚ¥¤kÜ�þ�~ó��,

XÚ�U�~$1; ?�Ü�u)�æ, =����XÚõU¥ä. ù«A5¦�GéXÚéÜ�

��5c�¯a, �¦Ù¤���5nØïÄ�²;é� [2–4]. eXÚ���á=m©�?§K¡

?nÃò�. ©z [5] �éÃò��?XÚ, b����mÑl�ê©Ù!�?�mÑl��©Ù,

|^Ö¿Cþ{ [6] ïá
XÚ���5�., ¿í�Ñ��5�I�)ÛL�ª. ©z [7] 3©

z [5]�Ä:þ, ?�Úïá
Ãò� n �ØÓÜ�Gé�?XÚ���5�., ¿ÏL.Ê.dC

���
XÚ�­��^Ý.
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®kïÄõà�u­�5U©Û, 
|^�¼©Û�{ïÄdaXÚ�m�6)�·½5Ek

��\. ©z [8]|^ C0−�+nØ, 3?EÇ���¼ê�^�e, y²
�aü��ÓÜ�¿é

��?XÚ�3����K�m�6). ©z [9] K$^rëY�f�+nØÚ�A�f�ÌA�,

ïÄ
üØÓÜ�¿é�?XÚ)�­½5. �©$^©z [10] ¥�VgÚ�{, �é©z [7]¤ï

á�Ãò� n �ØÓÜ�Gé�?XÚ�., y²Ù�3���!�K�!÷vVÇ5���m�

6), �TaXÚ�Ä���5©ÛJøî>�êÆÄ:.

2. XÚ�.

�â©z [7]��Ãò� n �ØÓÜ�Gé�?XÚ�êÆ�.�±^±e �©È©�§|

5£ã:

d

dt
P0 (t) = −ΛP0 (t) +

n∑
i=1

∫ ∞
0

Pi (t, x)µi (x) dx (1)

∂

∂t
Pi (t, x) +

∂

∂x
Pi (t, x) = −µi (x)Pi (t, x) , i = 1, 2, · · · , n. (2)

P0 (0) = 1, P1 (0, x) = P2 (0, x) = · · · = Pn (0, x) = 0 (3)

Pi(t, 0) = λiP0(t), i = 1, 2, · · · , n. (4)

Ù¥ (t, x) ∈ [0,∞)× [0,∞), Λ = λ1 + λ2 + · · ·+ λn.

P0(t) L«3�� t, n �Ü�Ñ�~ó��VÇ; Pi(t, x) L«3�� t, Ï1 i �Ü�u)�æ


¦XÚ73, �?�m� x �VÇ, i = 1, 2, · · · , n; Pi(t, 0) L«3 t ��1 i �Ü�fu)�æ,

�O�?n��VÇ, i = 1, 2, · · · , n; 1 i �Ü�u)�æ����mÑlëê� λi ��ê©Ù;

µi(x) �1 i �Ü�3?E�m x S�?EÇ, ?E�mÑl��©Ù. Ü��æ�áê?1�?.

Ü��m�pÕá.

�
�Bå�, P

Γ =


λ1 0 · · · 0

λ2 0 · · · 0

...
...

. . .
...

λn 0 · · · 0


À�G��m�

X =

P
∣∣∣∣∣∣∣∣∣∣
P = (P0, P1(x), · · · , Pn(x))

∈ R×

n︷ ︸︸ ︷
L1[0,∞)× · · · × L1[0,∞)

‖P‖ = |P0|+
n∑
i=1

‖Pi‖L1[0,∞)


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´� X ´n<â�m.e¡½ÂÌ�f9Ù½Â�

AP =


−Λ

− d
dx
− µ1 (x) 0

. . .

0 − d
dx
− µn (x)




P0

P1(x)
...

Pn(x)

 ,

D(A) =

P ∈ X
∣∣∣∣∣∣∣∣

dPi(x)
dx
∈ L1[0,∞), Pi(x) (i = 1, · · · , n)

´ýéëY¼ê¿�÷v

P (0) = ΓP (x).



FP =



n∑
i=1

∫∞
0
Pi(x)µi(x)dx

0
...

0

 , D(F) = X

@oþã�§| (1)− (4) �±U��n<â�m X þ�Ä��Ü¯K:
dP (t)
dt

= (A+ F)P (t), ∀t ∈ (0,∞)

P (0) = (1, 0, · · · , 0)
(5)

3. XÚ(5)�·½5

½n1 e µ = sup
x∈[0,∞)

µi(x) <∞ (i = 1, 2, · · · , n),KA+F )¤���Ø  C0− �+ T (t).

y Äk, é?¿�½� Y ∈ X, �Ä�§ (γI −A)P = Y, =

(γ + Λ)P0 = Y0 (6)

dPi(x)

dx
= −[γ + µi(x)]Pi(x) + Yi(x) i = 0, 1, · · · , n (7)

Pi(0) = λiP0 i = 1, 2, · · · , n (8)

) (6), (7) �

P0 =
1

γ + Λ
Y0 (9)
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Pi(x) = aie
−γx−

∫ x
0
µi(τ)dτ + e−γx−

∫ x
0
µi(τ)dτ

×
∫ x

0

Yi(ξ)e
γξ+

∫ ξ
0
µi(τ)dτdξ (i = 1, 2 · · · , n) (10)

(Ü (8)− (10) ��

ai = Pi(0) = λiP0 (11)

|ai| ≤
λi

|γ + Λ|
|Y0| i = 1, 2 · · · , n. (12)

$^ (10), (12) ÚL'Z½n�OÑ(Ø�� γ > 0)

‖Pi‖L1[0,∞) ≤
1

γ
|ai|+

∫ ∞
0

e−γx
∫ x

0

|Yi(ξ)|eγξdξdx

=
1

γ
|ai|+

∫ ∞
0

|Yi(ξ)|eγξ
∫ ∞
ξ

e−γxdxdξ

=
1

γ
|ai|+

1

γ
‖Yi‖L1[0,∞)

≤ λi
γ(γ + Λ)

|Y0|+
1

γ
‖Yi‖L1[0,∞) i = 1, 2 · · · , n. (13)

Ü¿ (9), (13) �OÑ

‖P‖ =|P0|+
n∑
i=1

‖Pi‖L1[0,∞)

≤ 1

γ + Λ
|Y0|+

n∑
i=1

[
λi

γ(γ + Λ)
|Y0|+

1

γ
‖Yi‖L1[0,∞)

]

=
1

γ
|Y0|+

1

γ

n∑
i=1

‖Yi‖L1[0,∞)

=
1

γ
‖Y ‖ (14)

(14) `²� γ > 0 �, (γI −A)−1 �3¿�

(γI −A)−1 : X → D(A),
∥∥(γI −A)−1

∥∥ ≤ 1

γ

Ùg, y² D(A) 3 X ¥´È��. -

Z =

P
∣∣∣∣∣∣∣∣∣∣
P = (P0, P1(x), · · · , Pn(x))

Pi(x) ∈ C1
0 [0,∞), �3

ci > 0 ¦�é∀x ∈ [0, wi]

kPi(x) = 0, i = 1, · · · , n


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K Z 3 X ¥È�, = Z = X. e Z ⊂ D(A), @o

D(A) ⊂ X ⇒ Z ⊂ D(A) ⊂ X ⇒ X = Z ⊂ D(A) ⊂ X = X

⇒ D(A) = D(A) = X

Ïd, �y² D(A) 3 X ¥�È�5, �Iy² Z ⊂ D(A).

?�P = (P0, P1, · · · , Pn) ∈ Z, K�3�êwi > 0, ¦�

Pi(x) = 0, ∀x ∈ [0, wi), i = 1, · · · , n

l
�3~ês > 0, ¦�

Pi(x) = 0, ∀x ∈ [0, s)

Ù¥0 < s < min{wi | i = 1, · · · , n}, ½Â

f si (0) = λiP0, i = 1, · · · , n

f s(x) = (P0, f
s
1 (x), · · · , fsn(x))

Ù¥

f si (x) =

 f si (0)
(
1− x

s

)2
, x ∈ [0, s)

Pi(x), x ∈ [s,∞)
, i = 1, · · · , n

K f s ∈ D(A). d	

‖P − f s‖ =
n∑
i=1

∫ ∞
0

|Pi(x)− f si (x)|dx

=
n∑
i=1

∫ s

0

|f si (0)|
(

1− x

s

)2
dx

=
n∑
i=1

|f si (0)|s
3
→ 0, s→ 0

ù`² Z ⊂ D(A), = D(A) 3 X ¥È�. (ÜþãüÚ�FV–3X��½n [11] �� A )
¤�� C0−�+.

e¡y²�f F ´k.�5�f. éu ∀P = (P0, P1, · · · , Pn) ∈ X,∀Q = (Q0, Q1, · · · , Qn) ∈
X,∀α, β ∈ R, k
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F(αP + βQ) = F


αP0 + βQ0

αP1 + βQ1

...

αPn + βQn



=



n∑
i=1

∫∞
0

[αPi(x) + βQi(x)]µi(x)dx

0
...

0



= α



n∑
i=1

∫∞
0
Pi(x)µi(x)dx

0
...

0

+ β



n∑
i=1

∫∞
0
Qi(x)µi(x)dx

0
...

0


= αFP + βFQ (15)

‖FP‖ ≤
n∑
i=1

∫ ∞
0

|Pi(x)µi(x)|dx

≤ µ
n∑
i=1

∫ ∞
0

|Pi(x)|dx

= µ

n∑
i=1

‖Pi‖L1[0,∞)

≤ µ‖P‖ (16)

(15),(16)L² F ´k.�5�f. Ïd, �â C0−�+�6Ä½n, �f A + F )¤��
C0−�+ T (t).

��y² A+ F ´��Ñ��f.é ∀P ∈ D(A), �

~(x) =

(
[P0]

+

P0

,
[P1(x)]+

P1(x)
, · · · , [Pn(x)]+

Pn(x)

)
Ù¥

[P0]
+ =

P0, P0 > 0

0, P0 ≤ 0
, [Pi(x)]+ =

Pi(x), Pi(x) > 0

0, Pi(x) ≤ 0
, i = 1, · · · , n

XJ½Â
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φ+
i = {x ∈ [0,∞)|Pi(x) > 0, i = 1, · · · , n}

φ−i = {x ∈ [0,∞)|Pi(x) ≤ 0, i = 1, · · · , n}

@o ∫ ∞
0

dPi(x)

dx

[Pi(x)]
+

Pi(x)
dx =

∫
φ+
i

dPi(x)

dx

[Pi(x)]
+

Pi(x)
dx+

∫
φ−i

dPi(x)

dx

[Pi(x)]
+

Pi(x)
dx

=

∫
φ+
i

dPi(x)

dx
dx =

∫ ∞
0

d [Pi(x)]
+

dx
dx

=− [Pi(0)]
+
, i = 1, · · · , n (17)

dª¥^
 Pi ∈ L1[0,∞)⇒ Pi(∞) = 0, i = 1, · · · , n.

é ∀P ∈ D(A),d (4), (17) �OÑ

〈(A+ F)P, ~〉

=

{
− ΛP0 +

n∑
i=1

∫ ∞
0

Pi(x)µi(x)dx

}
[P0]

+

P0

+

n∑
i=1

∫ ∞
0

{
− dPi(x)

dx
− µi(x)Pi(x)

}
[Pi(x)]+

Pi(x)
dx

= −Λ[P0]
+ +

[P0]
+

P0

n∑
i=1

∫ ∞
0

Pi(x)µi(x)dx

−
n∑
i=1

[∫ ∞
0

dPi(x)

dx

[Pi(x)]
+

Pi(x)
dx+

∫ ∞
0

µi(x)[Pi(x)]+dx

]

≤ −Λ[P0]
+ +

[P0]
+

P0

n∑
i=1

∫ ∞
0

[Pi(x)]+µi(x)dx

+

n∑
i=1

λi[P0]
+ −

n∑
i=1

∫ ∞
0

[Pi(x)]+µi(x)dx

=

(
[P0]

+

P0

− 1

)
n∑
i=1

∫ ∞
0

[Pi(x)]+µi(x)dx

≤ 0 (18)

d (18) �� A+ F ´��Ñ��f.

nþ¤ã, d�|Êd½n [11]� C0−�+���5�� A+ F )¤���Ø  C0−�
+ T (t).
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ØJy² X ��Ý�m X∗ �

X∗ =

P
∗

∣∣∣∣∣∣∣∣∣
P ∗ = (P ∗0 , P

∗
1 (x), · · · , P ∗n(x))

∈ R×
n︷ ︸︸ ︷

L∞[0,∞)× · · · × L∞[0,∞)

‖P ∗‖ = max{|P ∗0 |, ‖P ∗1 ‖L∞[0,∞), · · · , ‖P ∗n‖L∞[0,∞)}


X∗ ´��n<â�m.3 X ¥Ú\8Ü

Y =

 P ∈ X
P = (P0, P1(x), · · · , Pn(x)),

P0 ≥ 0, Pi(x) ≥ 0,

i = 1, · · · , n, ∀x ∈ [0,∞)


K Y ´ X ¥�I.é P ∈ D(A)

⋂
Y, �

P ∗(x) = ‖P‖ (1, 1, · · · , 1)

K P ∗ ∈ X∗, �

〈(A+ F)P, P ∗〉

=

{
− ΛP0 +

n∑
i=1

∫ ∞
0

Pi(x)µi(x)dx

}
‖P‖

+

n∑
i=1

∫ ∞
0

{
− dPi(x)

dx
− µi(x)Pi(x)

}
‖P‖dx

= −ΛP0‖P‖+

n∑
i=1

λiP0‖P‖

= 0

dªL² A+ F é8Ü

θ(P ) = {P ∗ ∈ X∗|〈P, P ∗〉 = ‖P‖2 = ‖P ∗‖2}

´�Å�f.Ï� P (0) ∈ D(A2)
⋂
Y, ¤±$^{÷pZ½n [12]��±e(Ø.

½n2 T (t) éuXÚ (5) �Ð�´�å�f,=

‖T (t)P (0)‖ = ‖P (0)‖, ∀t ∈ [0,∞)

Ü¿½n 1 Ú½n 2 ���ª(Ø.

½n3 e µi(x) ÷v µ = sup
x∈[0,∞)

µi(x) < ∞, i = 1, · · · , n. @oXÚ (5) �3�����m�
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6) P (t, x),¿÷v

‖P (t, ·)‖ = 1, ∀t ∈ [0,∞)

y du P (0) ∈ D(A2)
⋂
Y, ¤±d½n 1 �Ä��Ü¯K�·½5��XÚ (5) �3���

��m�6) P (t, x), ¿��±L«�

P (t, x) = T (t)P (0), ∀t ∈ [0,∞) (19)

(19)�½n 2 (ÜíÑ

‖P (t, ·)‖ = ‖T (t)P (0)‖ = ‖P (0)‖ = 1, ∀t ∈ [0,∞). (20)

(20) TÐ�N
 P (t, x) �¢S�µ, =XÚoG�VÇÚ� 1.

4. (Ø

�©±Ãò� n �ØÓÜ�Gé�?XÚ�ïÄé�, ÏLÀ�·��n<â�m��G��

m, ½ÂÌ�f9Ù½Â�, òXÚ� �©È©�§|�.=z�n<â�m¥�Ä��Ü¯K.

Äu�¼©Û¥� C0−�+nØ, î�y²
T�.�Ì�f)¤���Ø  C0−�+, ?
í�

Ñ: T�.�3���!�K�!÷vVÇ5���m�6). �ïÄ�Ãò�Gé�?XÚ�Ä

�üz©ÛJø
�¼©Ûµe, �y
�.�Ün5, ��¹�E,�å��?XÚï����

5µ�Jø
�/��nØ�{"

ë�©z
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