Pure Mathematics Ei2#*¥, 2026, 16(3), 205-215
Published Online March 2026 in Hans. https://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2026.163083 Hansi

TR 295R N IEMMLRAR S ALY S B AT
FEN OB A

a0, IBE

FHRKFEHESG R, LR 55

Wk H B 2026 4 2 H 10 H; FHAHEM: 2026 £ 3 H 11 H; KAHM: 2026 43 H 25 H

m R

EXBEST. NSEIFMEEEESEREMNERCERAY, ESEEEMEUAR (W%
AR) T, NKERETEZEFIEM—NMFEUFRRUBEHIEFIRAR. ZLEBMATRARIEN
WRERRL: g(S) = f(S) —c(S), B f RIERRREH, c AEAREH. HTENL
MHSIANFREEERERND, FERMEEULTEER, EMEERAIEMIEMESR. KX
RE—MESHUETIEN T OEE: E8RERPHE—IERL X, 0 (fu(S) — Ac(uw)) HIHL
PEE, HAPIIERENEFETTEMANRE, Hb )\ > 1 AFRAETISH. BB E ™S8
FRUDITETEES, IEBAERIE (N) < 2¢(OPT) T, EZEHd S, #EmESUE N RIE
E[f(Sk) — ¢(Sk)] > af(OPT) — B(\)c(OPT), o= 1" B(N) = A1 — e 2). %@ T ETRER
ARG, BEKE N R, FK11SE (0.283,1) AUIEIALLIRIE.

K HE1A

RIEMRAL, BIRELAR, EML, B0, SCEMGEML, S8ASHR

*EIES .

SCEEGI I WRAEI, BB FELHT IENAL SR R KA S E A A TTREAL S0 i [J]. BRI %L, 2026, 16(3):
205-215. DOT: 10.12677/pm.2026.163083


https://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2026.163083
https://www.hanspub.org
https://doi.org/10.12677/pm.2026.163083

A, T

Parameterized Penalty Stochastic Greedy
Algorithm for Regularized Submodular
Maximization under Matroid Constraint

Xianshuai Han, Xiuping Guo*

School of Mathematics and Statistics, Qingdao University, Qingdao Shandong

Received: February 10, 2026; accepted: March 11, 2026; published: March 25, 2026

Abstract

In applications such as big data analysis, machine learning feature selection, and sen-
sor network optimization, it is often necessary to select a subset from a large set of
candidate elements under structural constraints (e.g., matroid constraints) to maxi-
mize the profit while controlling the cost. This kind of problem can be formulated
as regularized submodular maximization: ¢(S) = f(S) — ¢(S), where f is a nonnegative
submodular function and c is a nonnegative modular function. Since the introduction
of the regularization term may cause the objective value to be negative, the tradi-
tional multiplicative approximation ratio is no longer applicable, thus a bi-criteria
approximation framework is required. This paper proposes a parameterized penalty
stochastic greedy algorithm: in each round, it constructs a matroid basis that max-
imizes ) .,/ (fu(S) — Ac(u)), and then uniformly selects an element from this basis to
add to the solution set, where A\ > 1 is an adjustable penalty parameter. We provide a
rigorous probabilistic evolution analysis and complete derivation, proving that under
the assumption ¢(N) < 2¢(OPT), the output S) satisfies the standard bi-criteria guar-
antee: E[f(Sy) — c(Sk)] = af(OPT) — B(\)c(OPT), o = 1+272, B(A) = A1 —e?). This

characterizes the linear influence of the penalty strength on the cost coefficient; by

solving for the optimal A\, we obtain an approximation guarantee of (0.283,1).
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2.1. IET B ST

& N ={1,2,....n} FKAN 0 BERSE, £:2V - Rey NIERELE.
BN L (WHEME). EoBH f ABARBEDH, SARSHTFEEGES STCN, HL:

f)+f(T) = f(SUT)+ f(SNT).
M, STHEZH SCTCN fexEZue N\T, A:
fSu{u}) = £(8) = AT U{u}) — £(T).
EN 2 (HbRiR). L& u dES S HRFRIKER LA
fu(S) £ F(SU{u}) = f(S).

H—HH, HFES ACN\S, 2L fa(S) 2 F(SUA) — f(S).
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EX 5 (ESH). MEP MR RIEMRIL, FALLAMARG KD, RAMEGK, TH ko
AXMBIRAREMADEAR, %A ko

EIR 1 (SRIETHER). ik By 2 By RME M 89RmAK, MNAEE—ARS ¢: B\ By — B\ By,
BFSTFAEE 2€ B\ By, £4 (B1\ {z}) U{o(x)} & M #9—44,
2.3. IENMMLRIE R KL 0]&E
EX 6 (IEM1L HFRER %), £ WA KA R K AL BT 69 B AR 201 X
9(8) = f(5) — <(5),
b f ORAERRBERE, ¢ AIE AR

W g(S) PIBEIUAE, (&R MEIT It SRR, PRI g1 A UHE I BL L -

EX 7 (SHENGLALLE). & S* AL BHREM. S TLEHFK o,8 >0, FHLEMmBGNMK S #
& :
f(S) —c(S) > a- f(5") =B c(S7),

MARZEERER (a,B)-BCEN LML, BHFA TERRA, KMNFZ B ATi D GEL D,

BITE 1 (BENLRREMMIE R, & A(p) AEA A —AMNFE, L E s p s
WAL (0 <p<l). & f HkAEHK, WARDLHL:

E[f(A(p)] = (1 =p)f(0) +pf(A).
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2: for i =1 to k do

3: HEREIRE: FHR—NE M, € BIM), fFHFERN TR SIS T 56

M; EargMglg(%Z fu(Siz1) = Ae(u)).

REFLERE: M M, HI5BEILEFE DN ITER we

EATHRIRIE: WEPIRE R RIS T, TR g(wi) € Sim1s 1015 Simy U {u} \ {g(u:)} € Z-
B S« Si1 U{ui}\ {g(wi)}o

7. end for

8 return S
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2 piu FREEICR u £58 o WIENER TS S, KIME.
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E[f(OPT U S;)] >
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UGZNpmc maxpzu)gvc(u) < %c(N).
IJE& 1
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=
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k k
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ﬁ*X%%%E S\’Ut 2 St—l Eiﬂﬁiﬁ(}&c JH:
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