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Abstract

This paper establishes the boundedness of the multilinear fractional integral operator
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on p-adic Lebesgue spaces, as well as the boundedness of its iterated commutators

with central BMO functions on p-adic central Morrey spaces.
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1. Úó

Cc5§p?�2�/A^3�Å©ÛÚ�«Ôn�.��¡, ¿ïÄÑ
�þ�Æâ¤J.

~X, é������AÛ�&¢!ég^Àæ�ïÄ§$�'X��\E,�XÚ�ù
Ñ�

9p?��nØ�£. e¡ép?��{�£�"

�p��ê, PQp�p?�ê/¤�ê�. p?��ê½Â�

|a|p = |pθ
r

s
|p = p−θ,Q 3 a 6= 0.

Ù¥θ ∈ Z, r ∈ Z, s ∈ Z, rÚsþØ�p�Ø, Ó�θ = θ(a). ea = 0, K|0|p = 0. ?¿p?�êa ∈ Qþ
�±���K/L«�

a = pθ
∞∑
j=0

γjp
j .

Ù¥γj , θ ∈ Z, γj ∈ Z
pZp , γ0 6= 0. du|θjpj |p = p−j , Kþª3p?��êeÂñ. dþã½Âk

|ab|p = |a|p|b|p, |a+ b|p ≤ max{|a|p, |b|p}.

�

Bθ(x) = {a ∈ Qp : |a− x|p ≤ pθ}, Sθ(x) = {a ∈ Qp : |a− x|p = pθ},

KBθ(x)L«±x ∈ Qp�¥%, pθ��»�¥; Sθ(x)L«±x ∈ Qp�¥%, pθ��»�¥¡,

PBθ(0) = Bθ, Sθ(0) = Sθ. Ó�, ´�Sθ(x) = Bθ(x) \Bθ−1(x), Bθ(x) =
⋃
k≤γ Sk(x).

duQn
p3\{$�e´äkÛÜ;5����+, K�3��HaarÿÝdz, ¦�

∫
B0
dx = 1. A

O/, ÏL©ÛO���éu∀x ∈ Qp, |Bθ(x)|H = pθ, |Sθ(x)|H = pθ(1 − p−1). ,	, Qp�n��þ
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�mQn
p�p?�ê½Â�

|a|p = max
1≤j≤n

|aj |p.

p?Lebesgue�mLr(Qn
p )(1 ≤ r <∞)däk±ek��ê�¤k�ÿ¼ê|¤

‖f‖Lr(Qnp ) =

(∫
Qnp
|f(x)|rdy

) 1
r

.

1999c, KenigÚStein [1]0�
õ�5©ê�È©�fIα,m

Iα,m(~f)(x) =

∫
(Rn)m

f1(y1), · · · , fm(ym)
|(x− y1, · · · , x− ym)|mn−α

d~y, 0 < α < mn,

Ù¥d~y = dy1 · · · dym.


p?�õ�5©ê�È©�f½ÂXe

½Â1.1. �m ∈ N, 0 < α < mn, p?�õ�5©ê�È©�fIpα,m½Â�

Ipα,m(
~f)(x) =

∫
(Qnp )m

f1(y1) · · · fm(ym)
|(x− y1, · · · , x− ym)|mn−αp

d~y.

,	, 3þã^�e, éui = 1, · · · ,m, esi > 1, 0 < ui <
1
n
,~b = (b1, · · · , bm), Kõ�5©ê

�È©�f�¼êbi ∈ CBMOsi,ui(Qn
p ) )¤�S���f½ÂXe

Ip,
∏~b

α,m (~f)(x) =

∫
(Qnp )m

∏m
i=1 fi(yi)[bi(x)− bi(yi)]

|(x− y1, · · · , x− ym)|mn−αp

d~y.

Ù¥d~y = dy1 · · · dym, |(x− y1, · · · , x− ym)|p = |x− y1|p + · · ·+ |x− ym|p.

�
Qã�©�(J,�I£�Xe�'½Â.

½Â1.2. [2] �1 < s < ∞, 0 < u < 1
n
§Mp(Qn

p )L«V���ÿ¼ê8. CBMOs,u(Qn
p )�m

½Â�

CBMOs,u(Qn
p ) =

{
f ∈Mp(Qn

p ) : ‖f‖CBMOs,u(Qnp ) <∞
}
,

�

‖f‖CBMOs,u(Qnp ) = sup
θ∈Z

‖(f − fBθ)χBθ‖Ls(Qnp )

|Bθ|uH‖χBθ‖Ls(Qnp )

.

½Â1.3. [3] �1 < q <∞, λ ∈ R, Kp?¥%Morrey�m½Â�

Ḃq,λ(Qn
p ) =

{
f ∈Mp(Qn

p ) : ‖f‖Ḃq,λ(Qnp ) <∞
}
,

�
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‖f‖Ḃq,λ(Qnp ) = sup
θ∈Z

‖fχBθ‖Lq(Qnp )

|Bθ|λH‖χBθ‖Lq(Qnp )

.

�5�õ�Æö'5õ�5�f�ïÄ. ~X, 2023c, Lu ÚZhou [4]ïÄ
õ�5�f

�CBMO¼ê)¤���f3¥%Morrey�m�k.5. Óc, TaoÚShi [5]ïÄ
3p?�e�

o÷Ø�©ê�È©�f�õ�52ÂCampanato¼ê���f32ÂMorrey �m�k.5.

2024c, SarfrazÚAslam [3]�Ñ
©ê�È©�f9Ù��f3p?¥%Morrey�m�k.5.

Éþã©zéu, �©òïÄp?¿Âeõ�5©ê�È©�f9Ù�CBMO¼ê�)¤�S

���f3¥%Morrey�m�k.5.

½n1.1. �m ∈ N, 0 < α < mn, 1 < q, ti < ∞, i = 1, 2, · · · ,m, 1
q

=
∑m

i=1
1
qi
, α =∑m

i=1

∑n
j=1

1
t
ij
− 1

q
ij
, KIpα,m´lL

t1(Qn
p )× · · · × Ltm(Qn

p )�L
q(Qn

p ) k..

½n1.2. �m ∈ N, 0 < α < mn,éui = 1, · · · ,m, k1 < q, ti < ∞�ti < n
α
, t

′

i < si,

α =
∑n

j=1(
∑m

i=1
1
sij

+
∑m

i=1
1
tij
− 1

qj
),
∑n

j=1

∑m
i=1

1
tij
> α, λ =

∑m
i=1(ui+ vi)+

α
n
, Ù¥ui+ vi < −α

n
,

KIp,Π
~b

α,m´lḂt1,v1(Qn
p )× · · · × Ḃtm,vm(Qn

p ) �Ḃq,λ(Qn
p ) k..

3�©¥, éu?¿8ÜE ⊂ Qn
p , χEL«8ÜE�A�¼ê, EcL«8ÜE3Qn

p ¥�Ö8.

|E|HP�Qn
pþ�ÿ8E�HaarÿÝ. ^CL«�Ì�ëêÃ'�~ê, �Ù��3ØÓ� �

�±Ø¦�Ó. Ó�, ^f . gL«f ≤ Cg; ^f ≈ gL«C1g ≤ f ≤ C2g. p = (p1, · · · , pn). é
uj = 1, · · · , n, 1 < p <∞Ò¿�X1 < pj <∞�pj = (pj1, pj2, · · · , pjn).

2. ý��£

�
y²�©(J,�I0�XeÚn.

Ún2.1. [3]�α ∈ (0, n), 1 < r < q <∞�α =
∑n

j=1
1
rj
−
∑n

j=1
1
qj
,KIpαlL

r(Qn
p )�L

q(Qn
p )k

..

Ún2.2. [2] �b ∈ CBMOs,u(Qn
p ), u ≥ 0�i, j ∈ Z, K

|bBi − bBj | ≤ pn|i− j|‖b‖CBMOs,u(Qnp ) max{|Bi|uH , |Bj |uH}.

Ún2.3. [3] �Qn
p�n�p?�þ�m, �1 ≤ r <∞, K

‖χBθ(x)‖Lr(Qnp ) = |Bθ(x)|
1
r

H = p
nθ
r .

3. ½n�y²

½½½nnn1.1���yyy²²² éui = 1, 2, · · · ,m, fi ∈ Lti(Qn
p ),k

|Ipα,m(f1, . . . , fm)(x)| =

∣∣∣∣∣
∫

(Qnp )m

f1(y1) · · · fm(ym)
(|x− y1|p + · · ·+ |x− ym|p)mn−α

d~y

∣∣∣∣∣
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≤
∫

(Qnp )m

|f1(y1)| · · · |fm(ym|
|x− y1|n−α1

p · · · |x− ym|n−αmp

dy1 · · · dym

≤
∫
Qnp

|f1(y1)|
|x− y1|n−α1

p

dy1 · · ·
∫
Qnp

|fm(ym)|
|x− ym|n−αmp

dym

=
m∏
i=1

Ipαi(|fi|)(x),

du 1
q

=
∑m

i=1
1
qi
, dÚn2.1�IpαilL

ti(Qn
p )�L

qi(Qn
p )k., ùpαi =

∑n
j=1

1
tij
− 1

qij
. K

dHölderØ�ª�

‖Ipα,m(f1, . . . , fm)‖Lq(Qnp ) ≤‖
m∏
i=1

Ipαi(|fi|) ‖Lq(Qnp )

≤
m∏
i=1

‖Ipαi(|fi|) ‖Lqi (Qnp )

≤
m∏
i=1

‖fi ‖Lti (Qnp ) .

y..

½½½nnn1.2���yyy²²² duØ���5, =�Äm = 2��/.�m ∈ Z+(m ≥ 1)��aqy².

�m = 2�, -~f = (f1, f2) ∈ Ḃt1,v1(Qn
p ) × Ḃt2,v2(Qn

p ), éuθ ∈ Z, Bθ = Bθ(0) = {a ∈ Qn
p :

|a− 0|p ≤ pθ},k

|Ip,Π~bα,2
~f(x)| . |[b1(x)− (b1)Bθ ][b2(x)− (b2)Bθ ]I

p
α,2(f1, f2)(x)|

+ |[b1(x)− (b1)Bθ ]I
p
α,2(f1, [b2(·)− (b2)Bθ ]f2)(x)|

+ |[b2(x)− (b2)Bθ ]I
p
α,2([b1(·)− (b1)Bθ ]f1, f2)(x)|

+ |Ipα,2([b1(·)− (b1)Bθ ]f1, [b2(·)− (b2)Bθ ]f2)(x)|

:= Y1 + Y2 + Y3 + Y4.

dMinkowskiØ�ª�

‖Ip,Π~bα,2
~fχBθ‖Lq(Qnp )

. ‖Y1χBθ‖Lq(Qnp ) + ‖Y2χBθ‖Lq(Qnp ) + ‖Y3χBθ‖Lq(Qnp ) + ‖Y4χBθ‖Lq(Qnp )

:= J1 + J2 + J3 + J4.

¯¢þ§dué¡5�J2, J3��O�q§Ïd��OJ1, J2, J4.

�fi(yi) = fi(yi)χBθ + fi(yi)χBcθ , (i = 1, 2). dMinkowskiØ�ª�
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J1 . ‖[b1 − (b1)Bθ ][b2 − (b2)Bθ ]I
p
α,2(f1χBθ , f2χBθ)χBθ‖Lq(Qnp )

+ ‖[b1 − (b1)Bθ ][b2 − (b2)Bθ ]I
p
α,2(f1χBθ , f2χBcθ)χBθ‖Lq(Qnp )

+ ‖[b1 − (b1)Bθ ][b2 − (b2)Bθ ]I
p
α,2(f1χBcθ , f2χBθ)χBθ‖Lq(Qnp )

+ ‖[b1 − (b1)Bθ ][b2 − (b2)Bθ ]I
p
α,2(f1χBcθ , f2χBcθ)χBθ‖Lq(Qnp )

:= J11 + J12 + J13 + J14.

éuJ11, �
1
q
=
∑2

i=1
1
si

+ 1
δ
, K

∑n
j=1

1
δj

=
∑n

j=1
1
t1j

+
∑n

j=1
1
t2j
− α. dK�´�

∑n
j=1

1
t1j

+∑n
j=1

1
t2j

> α, dHölderØ�ªÚIpα,2lL
t1(Qn

p )× Lt2(Qn
p )�L

δ(Qn
p )k.�

J11 . ‖Ipα,2(f1χBθ , f2χBθ)χBθ‖Lδ(Qnp )

2∏
i=1

‖[bi − {bi}Bθ ]χBθ‖Lsi (Qnp )

.
2∏
i=1

‖fiχBθ‖Lti (Qnp )‖[bi − {bi}Bθ ]χBθ‖Lsi (Qnp )

. |Bθ|v1+v2+u1+u2

H ‖χBθ‖Lt1 (Qnp )‖χBθ‖Lt2 (Qnp )‖χBθ‖Ls1 (Qnp )‖χBθ‖Ls2 (Qnp )

×
2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp )

. |Bθ|λH‖χBθ‖Lq(Qnp )

2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp ),

éuJ12, ex ∈ Bθ, y2 ∈ Bc
θ, k|x − y2|p > pθ, d�þ���5��|(x − y1, x − y2)|2n−αp ≥

|x− y1|2n−αp ,dHölderØ�ª�

|Ipα,2(f1χBθ , f2χBcθ)(x)|

.
∫
Bθ

|f1(y1)|dy1

∫
Bcθ

|f2(y2)|
|x− y2|2n−αp

dy2

. ‖f1χBθ‖Lt1 (Qnp )‖χBθ‖Lt′1 (Qnp )

∞∑
k=θ

p−k(2n−α)‖f2χBk‖Lt2 (Qnp )‖χBk‖Lt′2 (Qnp )

. |Bθ|v1H ‖χBθ‖Lt1 (Qnp )‖χBθ‖Lt′1 (Qnp )
‖f1‖Ḃt1,v1 (Qnp )‖f2‖Ḃt2,v2 (Qnp )

∞∑
k=θ

|Bk|
−2+α

n

H

× |Bk|v2H ‖χBk‖Lt2 (Qnp )‖χBk‖Lt′2 (Qnp )

. |Bθ|
v1+v2+α

n

H

2∏
i=1

‖fi‖Ḃti,vi (Qnp ).

e 1
q
= 1

s1
+ 1

s2
+ 1

δ
,KdHölderØ�ª9þª�
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J12 . |Bθ|
v1+v2+α

n

H

2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖[b1 − (b1)Bθ ][b2 − (b2)Bθ ]χBθ‖Lq(Qnp )

. |Bθ|
v1+v2+α

n

H

2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖[b1 − (b1)Bθ ]χBθ‖Ls1 (Qnp )

× ‖[b2 − (b2)Bθ ]χBθ‖Ls2 (Qnp )‖χBθ‖Lδ(Qnp )

. |Bθ|λH‖χBθ‖Lq(Qnp )

2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp ).

Ón�y

J13 . |Bθ|λH‖χBθ‖Lq(Qnp )

2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp ).

éuJ14, ex ∈ Bθ, y1, y2 ∈ Bc
θ, k|x − yi|p > pθ, i = 1, 2, qdu|(x − y1, x − y2)|2np ≥

|x− y1|np |x− y2|np .�âJ12 ��OÓn��

J14 . |Bθ|λH‖χBθ‖Lq(Qnp )

2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp ).

(ÜJ11, J12, J13, J14k

J1 . |Bθ|λH‖χBθ‖Lq(Qnp )

2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp ).

e¡�OJ2,dMinkowskiØ�ª�

J2 . ‖[b1 − (b1)Bθ ]I
p
α,2(f1χBθ , [b2(·)− (b2)Bθ ]f2χBθ)χBθ‖Lq(Qnp )

+ ‖[b1 − (b1)Bθ ]I
p
α,2(f1χBθ , [b2(·)− (b2)Bθ ]f2χBcθ)χBθ‖Lq(Qnp )

+ ‖[b1 − (b1)Bθ ]I
p
α,2(f1χBcθ , [b2(·)− (b2)Bθ ]f2χBθ)χBθ‖Lq(Qnp )

+ ‖[b1 − (b1)Bθ ]I
p
α,2(f1χBcθ , [b2(·)− (b2)Bθ ]f2χBcθ)χBθ‖Lq(Qnp )

:= J21 + J22 + J23 + J24.

éuJ21,�
1
q
= 1

s1
+ 1
η
, 1
τ
= 1

s2
+ 1
t2
, K

∑n
j=1

1
ηj

=
∑n

j=1
1
t1j

+
∑n

j=1
1
τj
−α�

∑n
j=1

1
t1j

+
∑n

j=1
1
t2j

>

α, dHölderØ�ªÚIpα,2 lL
t1(Qn

p )× Lτ (Qn
p )�L

η(Qn
p )k.�

J21 . ‖[b1 − (b1)Bθ ]χBθ‖Ls1 (Qnp )‖Ipα,2(f1χBθ , [b2 − (b2)Bθ ]f2χBθ)χBθ‖Lη(Qnp )

. ‖[b1 − (b1)Bθ ]χBθ‖Ls1 (Qnp )‖f1χBθ‖Lt1 (Qnp )‖[b2 − (b2)Bθ ]f2χBθ‖Lτ (Qnp )

. ‖[b1 − (b1)Bθ ]χBθ‖Ls1 (Qnp )‖[b2 − (b2)Bθ ]χBθ‖Ls2 (Qnp )

2∏
i=1

‖fiχBθ‖Lti (Qnp )

. |Bθ|λH‖χBθ‖Lq(Qnp )

2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp ).
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éuJ22, ex ∈ Bθ, y2 ∈ Bc
θ, k|x − y2|p > pθ, d�þ���5��|(x − y1, x − y2)|2n−αp ≥

|x− y2|2n−αp ,d 1

t
′
2

= 1
s2

+ 1
τ ′ , u2 + v2 < −α

n
,Ún2.29HölderØ�ª�

|Ipα,2(f1χBθ , [b2(·)− {b2}Bθ ]f2χBcθ)(x)|

.
∫
Bθ

|f1(y1)|dy1

∫
Bcθ

|f2(y2)||b2(y2)− {b2}Bθ |
|x− y2|2n−αp

dy2

. ‖f1χBθ‖Lt1 (Qnp )‖χBθ‖Lt′1 (Qnp )

∞∑
k=θ

p−k(2n−α)

×
∫
Bk

|f2(y2)||b2(y2)− {b2}Bk + {b2}Bk − {b2}Bθ |dy2

. ‖f1χBθ‖Lt1 (Qnp )‖χBθ‖Lt′1 (Qnp )

∞∑
k=θ

p−k(2n−α)‖f2χBk‖Lt2 (Qnp )

×
(
‖[b2 − {b2}Bk ]χBk‖Lt′2 (Qnp )

+ |{b2}Bk − {b2}Bθ |‖χBk‖Lt′2 (Qnp )

)
. ‖f1‖Ḃt1,v1 (Qnp )|Bθ|

v1
H ‖χBθ‖Lt1 (Qnp )‖χBθ‖Lt′1 (Qnp )

∞∑
k=θ

|Bk|
−2+α

n

H ‖f2‖Ḃt2,v2 (Qnp )|Bk|
v2
H

× ‖χBk‖Lt2 (Qnp )|Bk|u2

H ‖χBk‖Lt′2 (Qnp )
‖b2‖CBMOs2,u2 (Qnp )

. |Bθ|
v1+v2+u2+α

n

H ‖b2‖CBMOs2,u2 (Qnp )

2∏
i=1

‖fi‖Ḃti,vi (Qnp ).

d 1
q
= 1

s1
+ 1

η
9HölderØ�ª�

J22 . |Bθ|
v1+v2+u2+α

n

H ‖b2‖CBMOs2,u2 (Qnp )

×
2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖[b1 − (b1)Bθ ]χBθ‖Ls1 (Qnp )‖χBθ‖Lη(Qnp )

. |Bθ|λH‖χBθ‖Lq(Qnp )

2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp ).

Ón�y

J23 . |Bθ|λH‖χBθ‖Lq(Qnp )

2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp ).

éuJ24,dK��v1 < − α
2n
, u2 + v2 < −α

n
,dHölderØ�ª�

|Ipα,2(f1χBcθ , [b2(·)− {b2}Bθ ]f2χBcθ)(x)| . |Bθ|
v1+v2+u2+α

n

H ‖b2‖CBMOs2,u2 (Qnp )

2∏
i=1

‖fi‖Ḃti,vi (Qnp ).

�J22Ón§k

J24 . |Bθ|λH‖χBθ‖Lq(Qnp )

2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp ).
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(ÜJ21, J22, J23, J24k

J2 . |Bθ|λH‖χBθ‖Lq(Qnp )

2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp ).

���OJ4,dMinkowskiØ�ª�

J4 . ‖Ipα,2([b1(·)− (b1)Bθ ]f1χBθ , [b2(·)− (b2)Bθ ]f2χBθ)χBθ‖Lq(Qnp )

+ ‖Ipα,2([b1(·)− (b1)Bθ ]f1χBθ , [b2(·)− (b2)Bθ ]f2χBcθ)χBθ‖Lq(Qnp )

+ ‖Ipα,2([b1(·)− (b1)Bθ ]f1χBcθ , [b2(·)− (b2)Bθ ]f2χBθ)χBθ‖Lq(Qnp )

+ ‖Ipα,2([b1(·)− (b1)Bθ ]f1χBcθ , [b2(·)− (b2)Bθ ]f2χBcθ)χBθ‖Lq(Qnp )

:= J41 + J42 + J43 + J44.

éuJ41, �
1
γi

= 1
si

+ 1
ti
, (i = 1, 2), K

∑n
j=1

1
qj

=
∑n

j=1
1
γ1j

+
∑n

j=1
1
γ2j
− α. dHölder Ø�ª

ÚIpα,2lL
γ1(Qn

p )× Lγ2(Qn
p ) �L

q(Qn
p )k.�

J41 .
2∏
i=1

‖[bi − (bi)Bθ ]fiχBθ‖Lγi (Qnp )

.
2∏
i=1

‖[bi − (bi)Bθ ]χBθ‖Lsi (Qnp )‖fiχBθ‖Lti (Qnp )

. |Bθ|λH‖χBθ‖Lq(Qnp )

2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp ).

éuJ42, ex ∈ Bθ, y2 ∈ Bc
θ, k|x − y2|p > pθ, d�þ���5��|(x − y1, x − y2)|2n−αp ≥

|x− y2|2n−αp ,l
,éui = 1, 2,d 1

t
′
i

= 1
si
+ 1

γ
′
i

, ui + vi < −α
n
9HölderØ�ª�

|Ipα,2([b1(·)− {b1}Bθ ]f1χBθ , [b2(·)− {b2}Bθ ]f2χBcθ)(x)|

.
∫
Bθ

|b1(y1)− {b1}Bθ ||f1(y1)|dy1

∫
Bcθ

|f2(y2)||b2(y2)− {b2}Bθ |
|x− y2|2n−αp

dy2

. ‖f1χBθ‖Lt1 (Qnp )‖[b1 − {b1}Bθ ]χBθ‖Lt′1 (Qnp )

∞∑
k=θ

p−k(2n−α)

×
∫
Bk

|f2(y2)||b2(y2)− {b2}Bθ |dy2

. |Bθ|v1H ‖χBθ‖Lt1 (Qnp )‖f1‖Ḃt1,v1 (Qnp )‖[b1 − {b1}Bθ ]χBθ‖Ls1 (Qnp )‖χBθ‖Lγ′1 (Qnp )

×
∞∑
k=θ

p−k(2n−α)‖f2χBk‖Lt2 (Qnp )‖[b2 − {b2}Bθ ]χBk‖Lt′2 (Qnp )
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. |Bθ|v1+u1+1
H ‖f1‖Ḃt1,v1 (Qnp )‖b1‖CBMOs1,u1 (Qnp )

∞∑
k=θ

|Bk|−2+α
n ‖f2‖Ḃt2,v2 (Qnp )|Bk|

v2
H

× ‖χBk‖Lt2 (Qnp )‖b2‖CBMOs2,u2 (Qnp )|Bk|u2

H ‖χBk‖Ls2 (Qnp )‖χBk‖Lγ′2 (Qnp )

. |Bθ|v1+u1+1
H ‖f1‖Ḃt1,v1 (Qnp )‖b1‖CBMOs1,u1 (Qnp )‖f2‖Ḃt2,v2 (Qnp )‖b2‖CBMOs2,u2 (Qnp )

×
∞∑
k=θ

|Bk|−1+u2+v2+α
n

. |Bθ|λH
2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp ).

Ïd

J42 . |Bθ|λH‖χBθ‖Lq(Qnp )

2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp ).

Ón�y

J43 . |Bθ|λH‖χBθ‖Lq(Qnp )

2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp ).

éuJ44, aquJ42��O�

|Ipα,2([b1(·)− {b1}Bθ ]f1χBcθ , [b2(·)− {b2}Bθ ]f2χBcθ)(x)|

. |Bθ|λH‖χBθ‖Lq(Qnp )

2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp ).

¤±

J44 . |Bθ|λH‖χBθ‖Lq(Qnp )

2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp ).

(ÜJ41, J42, J43, J44k

J4 . |Bθ|λH‖χBθ‖Lq(Qnp )

2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp ).

nþ¤ã

‖Ip,
∏~b

α,2 (~f)χBθ‖Lq(Qnp ) . |Bθ|λH‖χBθ‖Lq(Qnp )

2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp ).

=

‖Ip,
∏~b

α,2 (~f)‖Ḃq,λ(Qnp ) .
2∏
i=1

‖fi‖Ḃti,vi (Qnp )‖bi‖CBMOsi,ui (Qnp ).

y..
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