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Abstract

The cops and robbers game is a classical topic in graph theory and combinatorial
game theory, where the cop number of a graph represents the minimum number of
cops required to guarantee the capture of a robber. It is known that for k-step circulant
graphs generated by k elements, the cop number is at most k£ + 1. However, existing
results mainly provide existential proofs based on structural properties of the graph
and do not explicitly describe a concrete capture strategy. In this paper, we present
a constructive proof of this result by developing an explicit pursuit strategy. By
introducing a distance representation between the cops and the robber, the positional
relations among vertices are expressed as linear combinations of the generating steps.
Based on this representation, we design a cooperative strategy for k£ cops such that
after finitely many moves their distances to the robber form a specific configuration.
Under this configuration, all possible movements of the robber are blocked, forcing
the robber to remain stationary, and the (k+ 1)-th free cop can eventually capture the
robber. This approach provides a strategy-based explanation for why k-+1 cops suffice
on k-step circulant graphs and offers a new perspective for studying pursuit-evasion

games on circulant graphs.
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Kl F I8 1825 (Cops and Robbers Game) & Bt 5240 & 182818 TH & B FT ) il 2 —. i
7 £ 5. Nowakowskifll Winkler LA & Quilliot /£ 20 tH 0 804E AR 2 Hi [1,2] fEIX — A, 2 -85
A —AN SR S AL BT BT SR, WO s, MR ER GG AT [F — T, SRS
WAk, ZEUAN B FEEMNAELN, B 5M% 2, PLas AR DL L B HeK R 555 0]
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TEAZAI A, — /M0 & 2 B 2 580 (Cop Number). 8240 e N R UIEE 22 RE 18
LY E R BT M D E 5, BH 12 Ne(G). Aigner5Frommeilk i) 7 3 4 45 R R EIE
T TH RO I3 [5]. B S, FrankliF 72 17 KEHKE B 5 Cayley B A 1 22 40 1) #E [6],
Chiniforooshan 5 Scott 55 N 73l 45 15— MBI i B 28 B Hh it [7,8], T Lu5PengXf
MeynielSF A BT T HEHEZE [9). BbAL, Pratat®f 70 17 BEALE 25501474 [10], Bollobas% A
WL T RN LSS R [11]. USRI, RS B BAR SRR IO, 2
2] ) P 5 2R VE ) S S 4

EHE— B R ZR ST, Alspach 5 Parsons R4 7T 7 LB ALY [12], Hahnby
MacGillivray 1718 T 22 L im XA [13], Clarke5MacGillivray X k-cop-win B 145 #3417 1
Z|iH [14], BonatojNowakowskiff] & 3 [3]LL &k Nowakowski5 Pratat ) 5 [4]%F 1% 4038 1) & & itk
1T 1T ARG 4h.

fif ¥4 B (Circulant Graph){E € XAEEIAHE LI Cayley B, & —FRBA w1 B R AL 1 B 45 4
H T H I AR, R EIERT U M0 BN B 2 3 Fitzpatrick 5 Larkin@if 78 1 634 ]
ERVESEI R, IRt T T RS R [15]. Ak, —LEBE T A Cayley BB — A M R, R E
R LR AT T T (6]

ERRE, DA R TR S S0 7T 32 AR T &I I A5 A R R 4 B 5 A AE PR IE
XSRTy i H A AR E 78 o 45 B 0 i 5 L, AR b o3 A e 3 o 2 ) e 1
(8], AT IE B A A2 M SRR (0 S e A8 e 24 3Rk, SR, IR SR B AR AR AN B 4 Y B AR 1 g0l
PR B F a7 3, R AR SR 2 T bk = AT 4R

HWAR, #iE B E RS BRI AT s, AR RR RSN, W
B L Y SR L AR (T Wi S, AT AEAT PR A SEBLAI . X ST VA R % B B W b 8 7 S % B ki o7
FRIHLA, A B 20 b 4l S 1] 45 SEORS 240 ) 1] i

AT AN RRTTHIE RS AR, AR ERAGH L c(G) <k + 1, HEMKRERE
FLE IS SRR W R AFAEVEIE R, Tk = WA O SRS AL i

ARSCAE EARBEFUIEA b, MRS 14 A W TR IR A P B IB 28 AR i L. e 5] N5
550 E 2 (8] B R R, R TR 2 8] (R 7 B 5% AR s N AR e R PR &, A B 1] = A 3l
S, VTR BRI FE NS, (AR RO AR B E B AL S A M. fEIZE T,
SRS A AR AT AR A, AR ORIFER AL, AT 2R ke 4 142 B R S R 2 T

5OH R TR AENEERAME, RSO0 m e T i B UG a i 5ns, Bk
MR E RSP RATSIN, WIER A T —Fh “an e KR, X JREADOIEY] 7
2% (G nE <11} VAR /A bt e 227 RS NS B B L 2 B T NS

ARG B A BRI B R FER B AT S =S 1R R AR OR T
B R + 1A E R MG MBS, SR T4 tH A5 SRt — BB ST .

2. MEMIREERENX
2.1. BEFEINIEX

{i& 4 B (Circulant Graph)s& — 28 F A7 = B0 AR VE (0 B 454, & AT BUA 1R € SCAE 8 A 8 1
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fiCayley . Bny ERHL 182, = {0,1,2,...,n — I HinB BM 8, 405 — Ak 08
85 C 7, HiRS = —SHO¢ s, WIEHKECire(n, S)iE L ATHE, LTAEENZ,, %
HAYYj —i=s (mod n)XHHAs € SHALIN, Tki5 R A2 M7F2E— it

fhy 5 R P 2 SFEAR R 0 Cayley B, BRI P FLA TR f s b, B0 AT R P AN TR
P, € V(G), BRAELE— /N N T BT i, S 86 R T (03 08 9 ¢ PR e
LA S RIS b LT T TEMORE, (RIS U L 36 6 P28 L RS T R4 1

2.2. kKEEFE

FEMERE Cire(n, S)H, R4 BIGES S KN K, MNHZEIEE SRS IR E. A
TCEARS = {£s1, 50, ..., ks}, HF1L < s) <59 <0 < s < ne BB, EHEEATIAGHTS T
i sy,idsg,. .., 0 £ s A (BNE R Rk, BTS2k, T AE e EiE e, Ti
MZ A A ZMA SR, XESD IR E RS @ AE R E e 2. Mk
KA, P E AR A g M i 2 & AR AR AR, AT IR b A S AR S R, (R, W
FehS A B B e 1 2% ) SR — s R R

2.3. ER5RAIETRE

e 55m 15 7] 8 (Cops and Robbers Game)s& —Fi7E B S5 14 F g AT B R 2R B AL, &G =
(V,E)y—fa s m . e, —7islnTE%E, 55— J0iEd— . MIRgR LT
AT«

1. FEMZETFAANS, B ek T TR E AR & ;
2. BEJE RIS TURAE A IR AL E

3. fERE—Re, BERENSREWRIXEE), BRI & U sh BRI, A Ak R
FRIE AN

AHNER G SRIEA T T, SRR IR, HERAE R

H~
/

FEGRER T, — AN EESHOZ K E S (Cop Number). EIGHEREILN(G), FARRIE
BRI AL S T F B R B RYCE. WORAAE DBk, (15 E4 B SR AENS IRAEITIR
SREE, WFRe(G) < ke

AR BN, ERGATREAARNBE. B, XF5RRRpkE g, o)l
LA I B A SR R 4 B R . T R R B R IS R, AnPEIA I, BT T SR AU
FLIB A S Rt B FAE R IR M T R 22—,

3. EmEm R EMEERR
3.1. EEE=EHIENX

FEOEIA ] LB R 2R v, S 5 0 s 2 T A7 B 5% 2R 20 s ol SR 1) EE AR . O 1 %)
H IR AR, ARG NER 5515 2 A BE B R T
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WG = Circ(n, S)YN— NP IERE, HAEMIGEARNS = {5, +sq,...,Es,} WIREAT
T, BT Tdice BT EE XAEEABEZ, b, DRI AN T 2 (8] A7 B 22 v AR IR AN
Bnl B Zd = r — ¢ € Ly, A NEEZ 550K 2 (B T %,

ERS IR E Y, =B N T AERTEEG RN ITR. Bk, T ZEd] LRRN
AT G Bk, WRAFERE R, a0, ... a, F13d = ays1 + azsa + - + agsy,
(mod n), MFRFIEY = (ay,as, ..., ar) € ZF AT ZdRTHEWITs, 89, .. ., s I NEEHE (8¢
TR A D,

TEFR MR, BRI EoHAEME— T M. ASE L & ] 580 R R — AT 2 d,
I, RS, MR R R R AR, PR R — e RO T 1 ) 2 AR .

¥ BIRFRIRTE, AT DA R 1A R A IR 5 S 0 1 IR A AL R R R SR B
IR SCORSM FY BE E 1) AR EOR BT E R A B A2 B SRms,  fi 2 NE R AR AT IRAD A P s
FEMIBR S AL A A, MTTT PR SR S AR B 22 6], JF e 28 SEILIA

3.2. IBERESHIMR

WG = (n,8) N— Ak BIEHE, HPHERITEENS = {£s1,£50,..., £} Wi NEFC,
SR R AR N ZI R ZNd; = R — C; € Ly,

HTEG & HAEBIGs), 2, ..., s, FTAEBBITEIRE, Fitd, 7T PARIR I LA ploo i 504
MG, BIFEBEAN Ry = (4, i, - . ., ai) € ZF 18d; = an 81 + ainss + - - - + apse (mod n).
MRz B, NELRZC, 5B R M — N EE A A,

R, XERE R i, i, . .., apdFARBEAZR), 2R IR XU
Malmah A2, F5 b, BEAE KRN U ROR A B, AR,

WAESE — T, BIBIETT Mes; s — 2, He € {+1, -1}, MERCIRFFEMAZ), W
BT S ZAd, = (R+es;) — Ci = d; + esj. fERFFIA — R T7 BTG O T, XS 8 EE A
;= (i, - - vaik)@éyfwg = (ajy,- -, ai)s ﬁtljaéj = a;; t+ ¢, HR5nERFEAE,

[F R, e — R b B RO Mes; 8 — 5, 158 1 R T MO AN 2, 00K A% T A 22 3
Rd; = R — (Ci +es;) = d; — es;, WINE A ER N, HPa); =a;; —e, HRPEAZL,

HIUE AT, B SE Ry, R 5RE L MR IR R d IR AEZ, AR, T H B R
By € ZFWZIE 7% I0E AL ROTARRR N RIS, SR A SO M s, 2R
7S [ AR I o R AR LI AR AL B U I — AR RO T A IR 3, U 2 (AR 2 R AR T 1A
.

PRI, g mT Dl e a2 i mi i 7 2, 0f R 1) B i A o B AT IR M. X1k
JRUCHT, fER SBIRIAE Y, 5 5 R s 2 1A AR R B AN AT BAR AR o IRV Aok 3R, T
HZE R PREN R AA RSSO T XM, Ber] DEEZEd R b iEP
AR A G IR, BT e b€ M A ARIE e 5 SR A A 3K — 1R A 3 2 52 1) 1 [R) S
TEA BRI T J e 4 B R R e S AL 5 A AT R A 56 125 1) 4 T A s A I die 4 S BT
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4. k + 12 ERRIE R

5 O 3 B B 1 8 A 8 40 1 T 4 R R R E AN ], AR SO B IR R R
W2 R AT AL S, Frim it B B A B 2h A R T R B FE 1B i TR .

fEE—Fd, RAVGH TEE S5imik 2 S M ERRRTE, HEXL T SENEEE R
PRSI S, [ Hamik 2 (A FIE B E A S, ML Esnl DESE N Boc TR, M AE
SRR VAR A e T M s, HReRREER L. AR B anferim i 2 b R SR, fEA R
WNIRBIX AR FE S A G450, FFm &5 .

WG = Circ(n; si, 82,...,8.) N — NS IEHRE, HAEWRITESNS = {s1,50,...,5:}. EF
ﬁk—l—lg%%Cl,Cg,,Ck,Ck-H’ U\&Q/I\BIEQRO ﬁé*ﬁﬁk%%%)ﬂ?*@iﬁﬁﬁ%éﬂé\%m,
Bk + 10 ERENE HEE, B 5e .

4.1. FEEH IR BRSNS

WG = (n;s1,82,...,88), D ={£s1,xs0,...,Es:}. B¥ITHEED K5 Ak DNEAHZN
JeT4EDy, Dy, ..., Dy, Di = {~a;,~B;}, ¥eha,, B € D, a; # 8, Wi RUL, Dy = D. BAEHE
—Z|, BRIEA TSR, 5 KEEMTIEC, € XS ZEd = R~ C; € Z,. WHAERITE
Nd; = Z§:1 a;j8;. Pz Rtz kil Nd; = uiai‘i‘viﬁi‘l'z,yeEi Mi A7, HHE; = D\{—a;, -0},
Hug,vi € Z, m;., € Z. WEITHRBUN BAnsriE, HRNIEBRSE.

SRR, = 3 [y |, BIHEEONO = T, @ 290 = 0 Hou; #0, v; # 0, B
B0, BB E RS,

X RIS BB B IRSERC,, Rt

IR HIRE BN T FJE T {—ou, —Bi}, WEREFENIAY € E; Hm,, # 0 7RIS, i
REATHER 1 HRERIRBNTTVANE T {—cu, B}, WEERIRZIT FBRIT S, AR
ABAEE D 1.

SIEEL (BB 1), £, >0, N ALE—F0EEEEFTD, = — 1.

WERR. BT @, > 0, Ay € E; Fm,;, # 0. RB/FIT P RAH TN, ERTUALLEY
TR, AEE RN 1, RRRBRE M, KRiFEO, =, — 1.

SIEE2 (MARBTIF). EAEALIHIESRENHER, NE—RAHD < -1

SERR. T Ak eWAD = UL, D, BENEESH T QL ETEND. ERHEERIALA,
W E—AFIRTRAD, A 1 FHERCEK, Miks ALk, b EkELT A,
WAE—RES RS, FitkZo

EIEL. ATk LERTAEA RS RABIHB AL RS,

JERA. @ HAE S, AHE—RBZE VRV I, AAEARTERD =0. AdxFr A, Ad =uwo; +
viBi,  u; #0, v; # 0. BPAIE R B ERS
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4.2. 515 EIBHLE
fE =T, B8 3d; = v, + v Bi, ug, v # 0.
SIEE3 (J7mFt). Fu; >0, v >0, WERC, TUARANBZREE—a;, 56, 9.

MUERR. &3 E L —a; B, DI'J%&%{‘J%B,; 3, Hd=di —o; — Bi = (u; — Doy + (v; — 1),
L MR, P T e S

HiF{on, B, s o, Bry = {Fs1, 50, .., e}, EHB2E AT7AIHEEBL BLE I LT
A TETT R 3, R RE DR AR LA Z

EIB2. Tk FBFAEG = Circ(n;si,...,s1), Ac(G) <k+1.

JEBR. HATHR LR, ATk LERAAR T EHB LN T W, E£RELESH, T FHL+1 HER
BRAAIEIZIGNIRE, BT REH L, BHLIARY, AREART AZTEINM. #Kc(G) < k+ 1.

4.3. TELIP
BRI A AT LA B0 T S8
EIE3. G = Circ(n; s1,82,...,85) N —NkFTBFE, We(G) <k+ 1o

WERR. X B P AL+ 14E8K0,,C,y,...,CL Chypr, AR—ARER HREF =V PHEHERELT
Trik, R E5%EZ 00 IEE T AR TR AR &M EEST X,

Hh, WEZFONTo, BiLESAEERGHDER, TUEARS NETEEER S
G2 MMIEHAE — Aok R AH BB BB, AL, B € {ds1,+sy,. .., ks }, 273

dz:xz(az+ﬂz>v i:1727"'5k7
Ao, EER, HiHE

{alaﬂla' .. 7akaﬁk} == {islais% . "7i8k}a

_H.Oéi 7£ _/Bio
HIZERELSEMT, FINERRBRANHIB TG —aife—Bc B TELERF LG TR
LMEIT B E AN ER AT @, BH %ﬁ’z kB ERAT 0455, RRERFRETHA, &

B AKFF N, FEH1LERC,  TRERFT R EREI GRESFN, BTRELEXT
28, EREBEZMGEHFERER Y, FREEAR T AIER - R, KT mINH,

B, kI EFRECire(n; sy, sa,...,s0)%F, k+15ERKERBRIERLINIKZRE, Fce(Q) <
k+ 1.
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5. FILSRE

AW TE T R EA R LR E R SR g R . B 5e 2 TR & 58 R I SRR ) S AL
&, gt 7B S R AR A B RN 5. 8 o b BE R ) B AR BT AL A T B AR
L AL T B A RN IER.

FEBLIEAS b, ARG T RRER S REZ BRI B A S. HER SR
T (R B R A A SR, A4 T DL[A) N s A AR BT T R, AT e 44 T S [
Bl 2k MR ITTT Al ERXMIEILT, 58 EIENE R A RoTTr 3, RAE R Rr IR A E).
BEJE, ERk + 145 R] LUEAT IRD N BIIR 3R B P AE IO, AT 58 eIl s e 1 AR B A A
BCirc(n; s, s2,...,5)H &k + 1A EEREWIRIERZINREL, Me(G) <k+ 1.

AR SNSRI AL IE (VA FEMRRE T ke + 14 B SR RENS DRUEISR R B 10 Js B, Dy B 34 I L iE ik
ZRIR AL T — Mo M W k. ARSRIBTFURT Bt — B BB LU JUAN T A — Rk FEAEAN [ A A
TOEEH N BB IUE: R BT — R Cayley ¥ B R8I 28 1) 8, =2 BR B AR AR Y
FER IR A8 AN 2 B RE AR R GEh I AL N o
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