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Abstract

The cops and robbers game is a classical topic in graph theory and combinatorial

game theory, where the cop number of a graph represents the minimum number of

cops required to guarantee the capture of a robber. It is known that for k-step circulant

graphs generated by k elements, the cop number is at most k + 1. However, existing

results mainly provide existential proofs based on structural properties of the graph

and do not explicitly describe a concrete capture strategy. In this paper, we present

a constructive proof of this result by developing an explicit pursuit strategy. By

introducing a distance representation between the cops and the robber, the positional

relations among vertices are expressed as linear combinations of the generating steps.

Based on this representation, we design a cooperative strategy for k cops such that

after finitely many moves their distances to the robber form a specific configuration.

Under this configuration, all possible movements of the robber are blocked, forcing

the robber to remain stationary, and the (k+ 1)-th free cop can eventually capture the

robber. This approach provides a strategy-based explanation for why k+1 cops suffice

on k-step circulant graphs and offers a new perspective for studying pursuit-evasion

games on circulant graphs.
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2. ý��£�Ä�½Â

2.1. Ì�ã�½Â

Ì�ã(Circulant Graph)´�aäkpÝé¡5�ã(�§§�±w�½Â3Ì�+þ
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�Cayleyã"�n���ê§PZn = {0, 1, 2, . . . , n − 1}��n��ê8Ü"�½��)¤�8
ÜS ⊆ Zn§�÷vS = −S�0 /∈ s§KÌ�ãCirc(n, S)½Â���Ã�ã§Ùº:8Ü�Zn§�

�=�j − i ≡ s (mod n)é,�s ∈ S¤á�§º:i�º:j�m�3�^>"

duÌ�ã´½Â3Ì�+þ�Cayleyã§ÏdTãäkº:D45§=éu?¿ü�º

:u, v ∈ V (G)§Ñ�3��ãgÓ�òº:uN��º:v"ù«pÝé¡5¦�Ì�ã3ãØÚ

|Ü(�ïÄ¥äk­�/ §Ó���ïÄãþ�J<Æ�¯KJø
B|^�"

2.2. kÚÌ�ã

3Ì�ãCirc(n, S)¥§XJ)¤�8ÜS����k§KTãÏ~�¡�kÚÌ�ã"�)¤

�8ÜS = {±s1,±s2, . . . ,±sk}§Ù¥1 ≤ s1 < s2 < · · · < sk < n"d�§ã¥z�º:iÑ�º

:i ± s1, i ± s2, . . . , i ± sk��(�n¿Âe)"Ïd§z�º:�Ý�2k"du)¤�êþ�k§º

:�m���´»�äkõ«|Ü/ª§ù¦�kÚÌ�ã�(�'ÊÏÌ�ã�\E,"�kO

��§ã�ëÏ5ÚÛÜ(����u)Cz§l
éãþ�J<üÑ�)­�K�"Ïd§ï

ÄkÚÌ�ãþ�J<Æ�¯Käk�½�nØ¿Â"

2.3. ´	�r�Æ��.

´	�r�¯K(Cops and Robbers Game)´�«3ã(�þ?1�J<Æ��."�G =

(V,E)��{üÃ�ã"3TÆ�¥§����eZ´	§,������r�"Æ�Uì±e5

K?1µ

1! 3Æ�m©�§´	ÄkÀJeZº:��Ð© �¶

2! ��r�ÀJ��º:��ÙÐ© �¶

3! 3z�Ó¥§´	Úr��g£Ä§zg�±÷ã��^>£Ä���º:§��±ÀJ�

±�/ØÄ¶

4! e,�´	�r� uÓ�º:§Kr��Ó¼§Æ�(å"

3T�.¥§��­�ëê´ã�´	ê(Cop Number)"ãG�´	êP�c(G)§L«�y

´	U
�ª84r�¤I����´	êþ"XJ�3���êk§¦�k¶´	U
�y8¼

r�§K¡c(G) ≤ k"

éuØÓa.�ã(�§´	ê�UäkØÓ���"~X§éu,
AÏã(�§�±Ï
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3.1. ål�þ�½Â
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�G = Circ(n, S)���kÚÌ�ã§Ù)¤�8Ü�S = {±s1,±s2, . . . ,±sk}"�r� u
º:r§´	 uº:c"duÌ�ã½Â3Ì�+Znþ§Ïdü�º:�m� ���±L«�
�n��ê�d = r − c ∈ Zn, ¡d�´	�r��m�º:�"

3kÚÌ�ã¥§z�Ú£ÄéAu)¤�8Ü¥�,���"Ïd§º:�d�±L«�

)¤���5|Ü"äN/§XJ�3�êXêa1, a2, . . . , ak§¦�d ≡ a1s1 + a2s2 + · · · + aksk

(mod n),K¡�þv = (a1, a2, . . . , ak) ∈ Zk �º:�d'u)¤�s1, s2, . . . , sk���ål�þ£½
L«�þ¤"

I��Ñ�´§ål�þv¿Ø´��(½�"ØÓ��ê�þ�UéAÓ��º:�d"Ï

d§3�Y©Û¥§�?Øål�þ�Cz�§þ�3,��½L«e��þCz"

ÄuþãL«�{§�±|^ål�þ5£ã´	�r��m��é �'X"3�Y©Û

¥§�©ò|^ål�þ�Cz5Æ5�O´	��Ó£ÄüÑ§¦õ�´	3k�ÚS/¤A

½�ål|Ü(�§l
��r��£Ä�m§¿�ª¢y8Ó"

3.2. ål|Ü�5�

�G = (n, S) ���k ÚÌ�ã§Ù¥)¤�8Ü�S = {±s1,±s2, . . . ,±sk}. �1i �´	Ci
�r�R 3,����º:��di = R− Ci ∈ Zn.

duãG ´d)¤�s1, s2, . . . , sk ¤)¤�Ì�ã§Ïddi �±L«�ù
)¤���ê�

5|Ü"=�3�ê�þvi = (ai1, ai2, . . . , aik) ∈ Zk ¦�di ≡ ai1s1 + ai2s2 + · · ·+ aiksk (mod n).

¡T�þvi�´	Ci�r�R�m���ål|Ü"

I��Ñ�´§ùp��Xêai1, ai2, . . . , aik¿Ø´�½ØC�§
´�XÆ�L§¥V��

£Ä
Ä�Cz�"¯¢þ§ål|Ü�Cz�±ÏLL«�þvi �Cz5£ã"

�3,�Ó¥§r�÷��εsj£Ä�Ú§Ù¥ε ∈ {+1,−1}§
´	Ci�±�/ØÄ§K
#�º:��d′i = (R + εsj) − Ci = di + εsj . 3�±Ó�L«�ª��¹e§éA�ål�

þvi = (ai1, . . . , aik)C�v
′
i = (a′i1, . . . , a

′
ik)§Ù¥a

′
ij = aij + ε, Ù{�©þ�±ØC"

Ón§e3,�Ó¥´	Ci÷��εsj£Ä�Ú§
r��±�/ØÄ§K#�º:�÷

vd′i = R− (Ci + εsj) = di − εsj , d�ål�þC�v′i§Ù¥a′ij = aij − ε, Ù{©þØC"

dd��§3J<Æ�L§¥§´	�r��m�º:�di©ª3Zn¥Cz§
ÙéA�å
l�þvi ∈ ZkK�x
Tº:�3)¤��Ie�L«"r�÷,�)¤����£Ä§¬¦L
«�þ�éA©þu)±1�Cz¶´	÷,�)¤����£Ä§K¬¦�A©þu)∓1�C

z"

Ïd§´	�±ÏLÀJ·���A�ª§éål�þ¥���©þ?1ÅÚN!"ù�5

�`²§3k ÚÌ�ã¥§´	�r��m��é �Ø=�±^)¤���5|Ü5L«§


�TL«¥���Xêäk²(�Ä�üz5Æ"Äuù«�N5§´	�±3Æ�L§¥ÅÚ

UCål|Ü�(�§¦Ù%Cýk�½�8I/ª"�Yò|^ù�5��E´	��ÓüÑ§

3k�ÚS/¤��µ£.�ål|Ü(�§l
��r���Ü�1Ä�¿�ª¢y8Ó"
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4. k + 1¶´	�JÓüÑ

�®kÌ��6ã��N(�5��Ñ´	êþ.�y²ØÓ§�©�{���l´	�r

��m��é �§¿ÏLål|Ü�Ä�N!�EÅÓJÓüÑ"

3þ�!¥§·��Ñ
´	�r��mål�þ�L«�{§¿½Â
Ü{���µ£.

ål|Ü"�´	�r��m�ål÷vT|Ü�§z¶´	�±µ£ü�)¤���§l
¦

r�Ã{÷?Û)¤���£Ä§�U�±·�"�!ò`²XÛÏL´	��ÓüÑ§3k�

ÚS��ù��ål|Ü(�§¿�ª�¤8Ó"

�G = Circ(n; s1, s2, . . . , sk)���kÚÌ�ã§Ù)¤�8Ü�S = {s1, s2, . . . , sk}"ã¥
kk + 1¶´	C1, C2, . . . , Ck, Ck+1§±9��r�R"Ù¥ck¶´	^u�Eål|Ü(�§

1k + 1¶´	��gd´	§3�ª�ã�¤8Ó"

4.1. ��µ£ål(���E

�G = (n; s1, s2, . . . , sk), D = {±s1,±s2, . . . ,±sk}. ò��8ÜD y©�k �pØ����
�f8D1, D2, . . . , Dk, Di = {−αi,−βi}, Ù¥αi, βi ∈ D, αi 6= −βi, ¿÷v

⋃k
i=1Di = D. �3,

���§r� uº:R§1i ¶´	 uº:Ci§½Âº:�di = R − Ci ∈ Zn. �Ù)¤�L
«di =

∑k
j=1 aijsj .òTL«U��y©�di = uiαi+viβi+

∑
γ∈Ei

mi,γγ,Ù¥Ei = D\{−αi,−βi},
�ui, vi ∈ Z, mi,γ ∈ Z. ¡cü��8I©þ§Ù{��8I©þ"

½ÂÛÜ³¼êΦi =
∑

γ∈Ei
|mi,γ |, o³¼ê�Φ =

∑k
i=1 Φi. �Φi = 0� ui 6= 0, vi 6= 0, ¡´

	Ci ��µ£O�G�"

éuÿ���µ£O�G��´	Ci§3z�Ó¥µ

er��£Ä��áu{−αi,−βi}§K´	ÀJ÷,�γ ∈ Ei �mi,γ 6= 0 ���£Ä§¦T

Xêýé�~�1¶er��£Ä��Øáu{−αi,−βi}§K´	÷T������£Ä§¦éA
Xêýé�~�1"

Ún1 (üÚeü). eΦi > 0§K�3�«�AüÑ¦�Φ′
i = Φi − 1.

y². duΦi > 0§�3γ ∈ Ei ¦�mi,γ 6= 0"�â13!¥XêCz5Æ§´	�±ÏL÷·�

��£Ä§¦TXê�ýé�~�1§Ù{XêØO\§l
��Φ′
i = Φi− 1.

Ún2 (o³¼êeü). e�3���µ£O�G��´	§Kz�ÓÑkΦ′ ≤ Φ−1.

y². du��8Ü÷vD =
⋃k
i=1Di, r��?¿£Ä��7áu,�Di"eéA´	ÿ��¤§

Kdþ��Ún�¦ÙΦi ~�1¶eT´	®�¤§KT��®�µ£§r�Ã{ÀJT��"Ï

dz�Ó��~�1§(Ø¤á"

½n1. ck ¶´	�±3k�ÚS��µ£O�G�"

y². Φ ��K�ê§�z�Ó��~�1§Ïd3k�Ú�kΦ = 0. l
é¤ki§kdi = uiαi +

viβi, ui 6= 0, vi 6= 0.=�Ü´	��µ£O�G�"
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4.2. µ£���Å�

3þ�!¥§®��di = uiαi + viβi, ui, vi 6= 0.

Ún3 (��µ£). eui > 0, vi > 0, K´	Ci �±[Èµ£r�÷−αi �−βi �£Ä"

y². er�÷−αi £Ä§K´	÷βi £Ä§kd′i = di − αi − βi = (ui − 1)αi + (vi − 1)βi.

er�÷−βi £Ä§K´	÷αi £Ä§kd′i = di − βi − αi = (ui − 1)αi + (vi − 1)βi.

Ïd(��±§ü��þ�µ£"

du{α1, β1, . . . , αk, βk} = {±s1,±s2, . . . ,±sk}, �Ü2k ���þ�µ£"Ïdr�Ã{÷?

Û)¤���£Ä§�U�±�/ØÄ"

½n2. éuk ÚÌ�ãG = Circ(n; s1, . . . , sk)§kc(G) ≤ k + 1.

y². dcã(J§ck ¶´	3k�Ú�µ£�Ü��§¦r�Ã{£Ä"d�1k + 1 ¶´	

÷�á´»%Cr�"dur�·�§ålüN~�§Ïd3k�ÚS�¤8Ó"�c(G) ≤ k + 1.

4.3. Ì�(Ø

dþã©Û�±��Xe(Ø"

½n3. �G = Circ(n; s1, s2, . . . , sk)���kÚÌ�ã§Kc(G) ≤ k + 1"

y². �ã¥kk + 1¶´	C1, C2, . . . , Ck, Ck+1§±9��r�R"�â1n!¥�ål�þL«

�{§´	�r��m�ål�±L«�)¤���5|Ü/ª"

Äk§d1n!�©Û��§ÏL·�N�´	�£ÄüÑ§�±3k�ÚS¦ck¶´	�

r��m�ål����Ü{���µ£.ål|Ü"=�3αi, βi ∈ {±s1,±s2, . . . ,±sk}§¦�

di = xi(αi + βi), i = 1, 2, . . . , k,

Ù¥xi���ê§¿÷v

{α1, β1, . . . , αk, βk} = {±s1,±s2, . . . ,±sk},

�αi 6= −βi"

3Tål|Ü(�e§1i�´	U
Ó�µ£��−αiÚ−βi"duk¶´	¤éA���8
ÜTÐCX�Ü2k�)¤���§Ïdr�Ã{÷?Û)¤���£Ä§�U�±�/ØÄ"�

r��½�±·��§1k + 1¶´	Ck+1�±÷ã¥�´»ÅÚ�r�£Ä"dur�Ã{UC

 �§´	�r��m�ålòÅì~�§¿�ª3k�ÚS��Ó�º:§l
�¤8Ó"

Ïd§3kÚÌ�ãCirc(n; s1, s2, . . . , sk)¥§k+ 1¶´	oU
�y�ª8¼r�§=c(G) ≤
k+ 1"
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5. (Ø�Ð"

�©ïÄ
kÚÌ�ãþ�´	�r�Æ�¯K"Äk0�
Ì�ã�J<Æ��.�Ä�V

g§¿�Ñ
´	�r��m�ål�þL«�{"ÏL©Ûål�þ3)¤�|Üe�Cz5

Æ§ïá
ål|Ü�L«µe"

3dÄ:þ§�©�Ñ
k¶´	�r��m��«Ü{��µ£.ål|Ü"�´	�r�

�m�ål÷vT|Ü(��§z¶´	�±Ó�µ£ü�)¤���§l
¦k ¶´	�Óµ

£�Ü2k�)¤���"3ù«�¹e§r�Ã{÷?Û)¤���£Ä§�U�±�/ØÄ"

��§1k + 1¶´	�±3k�ÚS��r�¤3º:§l
�¤8Ó"ddy²
3kÚÌ�

ãCirc(n; s1, s2, . . . , sk)¥§k + 1¶´	U
�y�ª8¼r�§=c(G) ≤ k + 1"
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