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Abstract

Delay differential equations serve as core tools for characterizing dynamic systems

with memory effects in fields such as biomathematics, control engineering, and non-

linear physics, where the analysis of the existence and multiplicity of periodic solutions

is a critical issue for system stability assessment. Restricted by the complex topol-

ogy of the solution space and the loss of functional self-adjointness caused by delay

terms, traditional analysis methods for ordinary differential equations are difficult to

directly migrate and apply. Critical point theory and variational methods provide a

new solution framework for such problems: by transforming solutions of differential

equations into extreme points or saddle points of the corresponding energy function-

als, the existence and multiplicity of solutions can be determined. This paper sorts

out the technical evolution context of this theory from ordinary differential systems

to periodic solution analysis of delay differential equations, and summarizes the core

research achievements.
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¯Kµ −ü(t) = ∇F (t, u(t)) a.e. t ∈ [0, T ],

u(0)− u(T ) = u̇(0)− u̇(T ) = 0

Äu�.:nØ�4�4��{§â»
DÚ���^�nÃ{?ndaþeÃ.Uþ�¼�Û
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í2���~p-LaplacianXÚ|µµ− (|u′(t)|p−2u′(t))′ = ∇F (t, u(t)),

u(0)− u(T ) = u′(0)− u′(T ) = 0
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uxr�§½÷vÈ©r��gà5b��üa�/e§ÏL�yUþ�¼÷vCerami^�(ÜQ
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)′
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2011c§Xingyong Zhang [5]�ïÄà�u¹p-Laplacian�f�~�©XÚ±Ï)�35¯

Kµ

(|u′(t)|p−2u′(t))′ = ∇F (t, u(t)), a.e. t ∈ [0, T ]
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�þp-LaplacianXÚ|µµØ©Äk3±ÏSobolev�mW 1,p
T þïá
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2015c§Chun Li!Ravi P. Agarwal ÚChunlei Tang [6]à�~p-LaplacianXÚ�±Ï)õ)

5¯Kµ 
d

dt
(|u̇(t)|p−2u̇(t)) +∇F (t, u(t)) = 0,

u(0)− u(T ) = 0,

u̇(0)− u̇(T ) = 0,
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dt

(
|u̇(t)|p(t)−2u̇(t)

)
+∇F (t, u(t)) = 0, u ∈ RN ,

u(0)− u(T ) = u̇(0)− u̇(T ) = 0,
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XÚ5ó�µ− (|z′(t)|p−2z′(t))′ = f (t, z(t+ τ), z(t), z(t− τ)) ,

z(τ)− z(−τ) = z′(τ)− z′(−τ) = 0,
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