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Abstract

Delay differential equations serve as core tools for characterizing dynamic systems
with memory effects in fields such as biomathematics, control engineering, and non-
linear physics, where the analysis of the existence and multiplicity of periodic solutions
is a critical issue for system stability assessment. Restricted by the complex topol-
ogy of the solution space and the loss of functional self-adjointness caused by delay
terms, traditional analysis methods for ordinary differential equations are difficult to
directly migrate and apply. Critical point theory and variational methods provide a
new solution framework for such problems: by transforming solutions of differential
equations into extreme points or saddle points of the corresponding energy function-
als, the existence and multiplicity of solutions can be determined. This paper sorts
out the technical evolution context of this theory from ordinary differential systems
to periodic solution analysis of delay differential equations, and summarizes the core

research achievements.
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MTERHBFAEE 3 HTiE. Lyapunoviz Bk, OB g B, B0 B2 Mo iTiESE, HhAs 4y
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AU EESR, GG S 0%, JCHEAESRARA . JE BRI R SR A2 AR PR IE B
JEBL AR OL S, IR SR S R AT LT 18] 22—

2. BROHIERES T

19784F, P. H. Rabinowitz [1] & {XFI A IG A AEIRUE I T s % R S8 A E, &
QUL T ARy JTiES A LRI TR BR B SRR 200 R G A IR 0@ AR AL, 7EPI R0 5 T EL
19RME: EAEREMTEE T, IEH T UaeE TS oA BRI AR m R BT H S BN, LR
TER/D— K BRANIE, RO TS EN RGN BRG] fE45 2 ISR T, F0h e 5
SHE IR, TE S B 2 I K A A I B R, UE R AR R N AR LR AR A e
HFE— DR R BN AR RS, EE RSN R G AR )% IR TR A S 5.
Z AR A PR YEIE T, ARG S it SRR AR 4 B R IR 28, NG 4RI 2 R
G5 JE AR IT T 858 7 5 A, ELIEHESD T Weinstein F5A8. 22 8 HIBHE 5025 — R 50RO 10 U
WA, NGB E) 71 R U I B RE R

20034, Chunlei Tang5Xingping Wu [2]Z £ 77 715 BRIk — [ J& BA 28 4 1) J B A A7 A5 1
i) 25«
i) = VE(t u(t)) ace. te 0,7,
w(0) — u(T) = (0) — (T) = 0

BTl AR AR R INROR T, R T A S ME R B VR AL B S BN B RE R IR R
PR: fERabinowitz{X —{XKIGKSFAFEEAN b, 7 AES e 2R —BoRml. IEWE LR, -k
A0 (B, y)- RN Z HTERMBER T, R T RS IR AR, RO T EA BTN R
PE ARTE. FEIME. A mambl. B SRR, AR B IR ZHr e R IR SRt 7 A
T EVER A BT HESRE, R 3 1) J) 30 i o — B0 o) 45 & (AT I ek il o B S MR SR U LR, oA (R
KNI i B TR T R B AT

20074, Bo Xu. Chunlei Tang [3] ¥ i 2 61 5 Gt J& AR 9T o I 0 — g K Sk gk — 2
e~ &2 — % p-Laplacian R 4037 5t :

{— ([ (=2 (1)" = VE(t, u(t)),
uw(0) —u(T) =u'(0) —u/'(T) =0

Xt A 3913 5 26 A I p-LaplaciandZ 5 )@, 78 35 bR 206 a2 2 A4S rT 0 AT Ak 3R K IROR
i, R0 < p < pflifH|a| R KN (VF(t, 2),2) < pF(t,x). FI77A 5 HAE LN R4 EoR
Taurfl], SRR R E S KRR RIS T, B I8 U RE 2 BR i R CeramiZf 45 & 4%
MOEE, UEW] T Sobolev?E 8] i AR M A-AENE, HASRE S p = 2 M H WA S, ik
T p-Laplacian 2 Gt il R PERI PLIRIA FF, DyARZe ks ith. AR A W00 A4 7 2 S5 AU A R 5% A A6 ) R 42
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20094F, Shiwang Ma [4]%£1 %} p-Laplacian % 4t Ji W g A7 75V i) 2T e i 7% -

(I’ ()P~ () + VE(t,u(t)) =0, ae teR

R T 28 fiAmbrosetti-Rabinowitz 2% £ A9 FR i, 3 I 52l B8 o 50 W K T 3 5 58 89
ICerami%E P 26 15, UEW] T 9% o0 B 2 AR S rh. T RAUMT B AR MG, T8 55 3 W p ik 3 K
T f P 5 34 BRI BT 22 AR PR 2% A B, — fip-Laplacian R GiA71E L 75 2 A W T I8 55 0 AEF LI
s fEp = 20— W ARG T, 2P0 7 AP LA IR A R A, 2R
UKL ST N 2 R4S ) Blp-Laplacian R%48, MIEIREIER HIZ45 100 #E & OF 4
RIEFAEB I FH B, NARLYEIRSD A AR W0 A 7 22 T A SR T RE A E VE o 4 41 1738 (14
g T H.

20114, Xingyong Zhang [5|IHF 7% % £ T & p-Laplacian & 7 19 15> R 4t F Wi A7 76 1% )
o
(|Ju'(H)|P~2d/(t)) = VF(t,u(t)), ae. tecl0,T]

I SR B TP G E B, Kp = 20 S R WUR G 0 B IR AR AR SR AT B > 210
7] Ep-Laplacian R 437 5 31 Jo1E A WISobolev s (MW, P _EFENT T X B R GEHIAR o HESE, IE B
T FTAL S PR R R R T A B S I C R A, BB S SRR TV BRLE S (B BN i T I ER G8 J LA 45 44,
RALESRBAR T, R Xpth K, BT miEpE K. IR G K P& Ambrosetti-Rabinowitz 4 5%
HESLEIZIRTS, 53] 7 ARE T IR RAEENE S, Ap-Laplacian R 40 1) JE B0 L5218
(AR 73 ISR, A A8 T AR I e S R AR A I S 2R R SR ) B A R

20154, Chun Li. Ravi P. Agarwal FlChunlei Tang [6]28 £ % p-Laplacian 5 4t 1) Ji $if# £ fi
P I 2« J

SO a() + VF(t, u(t) =0,

u(0) —u(T) =0,

4(0) — w(T) = 0,
A I 5 B P AR AR OK T 3%, AE PSS L — IR A 35 R BB s 3o 1 T 95 % R R R A7
FEVEE B — IR B RR BT R 9 O TS IR MR FE TR A, 9 — 2 3 R OB B s /2 p — 1K
Z WAL R, WEAHIE T IR R G RN AR BB T 1EJ0 55 M 55 0 P B A 7] & 391 A
ZAE R T MRT B % 1 R G fllp-Laplacian R A A L5 0, VAR MRS I 2 AR
RHE SR T B FE AR A BRI 2 F

20224F, Chungen Liu&E223 (7140 x] 1 110 5 26 2F 1928 48 B p-Laplacian il 7> &2 G T FEAE 53«

{;i (&) PO-2a(8) + VE(t u(®) = 0, u e RY,
u(0) — u(T) = u(0) — u(T) = 0,

AP 5 r 2R P AR MR R T 1%, AR SRARZR IR A MR 1255 2 IR A7 AEE: 2
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FBRBAT (N, ) — TS p— IRERNME SRR, HLAE RV DI R 4R M B, R AE
PIFRE R 5 T IR TE 55 A R 0 o 2 38 R O P2 0 /e p— R MEIE IR 20T HL 3 R
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T R 1 2 SUER VS B FH PR, K% p-Laplacian R 41 5 4 JUG Wl R G 2 AL 2] T4
TREEI, st /) S U A A AR HE R K B0 F7 A R SR AL T S 0 M (1 AR S

3. FE M2 BB i
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o377 A IR TSRS T — RIBRENEBCR, HESIZ T R BE FAR RIB e, 19944, HITT
)T Bt HRE B AR DR T — S I I B T R R R AR AR s 200348, XSO,
F B YA B EEAR A T mBDuffing 8545y 5 e MR RO A7 AEE, FE—ERERE Bk T O
FER AHIX B BaZ BT 7 R 2 ik 7 T (R T AR B =

EL#2005%F, Zhiming Guo MlJianshe Yu (8] VCKE I 5 s 1 A AE 73 75925 B T e 48 I i
TR TR, ST GO — R I By T

()= —f(z(t—r)), z€R" r>0,

R T BERTAL 73 TT AN REAL B AR B 7 A HR O S H I e B R R RR. 1XH 5
BEXTZn e i R0, I 7R 2 SO BRSPS S5 A K Sobolev1- 2 1] 4438 A 55 I iy IO ) i 72 B
G55 Zo JUIT 4R AR 5Bencith F8 b5 BEIG, FEARLAME DU A7 BRI A. WA 2oV Ho 2 AR LR S A4 i ik
T, @ th 7 RGARE e A B0 T ST, S R SR E S T W4 #iKaplan-Yorke € 2
TEAMA, U m N AR G0 R IR 2 TRt 1R B AR AR

20094, Chengjun Guo MZhiming Guo [9)3# — K im 5 S #Ie 5 SHEIRELE BN H T =k
ISR o3 J7 R 2 FRRRIE 7T, 7 Hr e RO

a'(t) = = f(z(t = 7)),

T T AL GURIE 5T 75 5 I i 5 R B AL R I B R e A BR s 122 A B s N e T AR 1 bR
GEE T AN NI E TS AT, A T B9 I R (R IR S ) AR R = R 2k
PR JE B AT AR PR 0, AR A N B S m 3 e v U A R A B A R A o BRI B FR A 22 p EL B 11
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ST N FH 2 7

20244F, Xinjie Ye 5 Chengjun Guo%E A\ [10)%] %45 I i (1) —- B p-Laplacian £ 4t & A i 47 75 14
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{— (2(OP=22 (1)) = f (£ 2(t+7), 2(8), 2(t — 7)),
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RT3 B iR BB 18 SO
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RO 5 2 HEAS F I A T AR U EL B T B BOBF AR, (L7 46 T AR 0 1
B R B 2R A s KRR AT A 1 TR, BT PRk 2 o i (0 R ol L
ARETREE I R G — R R AT RS, IR B W0 R 55, I A A D 11038 43 2
Py A S A B IR S M BT AL, LS B 15 92 TR
Fi%: 4

KA BN T 7 FIRTF: — G5 AR MBI, A S0 oMW 77 i, 40 PR T A R 1 4 2
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AR = RIS IE S I TR 105 A, SO IS R AR 5 7 e 4 4
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