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Abstract

This paper investigates the low-regularity global well-posedness of the energy-subcritical

nonlinear Schrödinger equation (NLS) on the two-dimensional torus T2. We consider

the initial-value problem (i∂t + ∆)u = |u|2ku, where k ≥ 1 and the nonlinearity is of

order 2k + 1, with initial data u0 ∈ Hs(T2). By constructing a modified energy via the

I-method, combined with Littlewood-Paley projections, bilinear Strichartz estimates,

and almost conservation laws, we establish estimates for the long-time behavior of

solutions to the equation. The main result of this paper is as follows: for any integer

k ≥ 1, the initial-value problem is globally well-posed in Hs(T2) whenever the regu-

larity index satisfies s > 1 − 2
5k

. This result extends the application of the I-method

to the general energy-subcritical power-type nonlinearity for periodic NLS equations,

and complements the existing theory on low-regularity global well-posedness on the

two-dimensional torus.
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1. XØ

1.1. ïÄ�¯K

�©Ì��Ä���¡þ��5Uþg�.�/�Å½��§)��N·½5¯K,=XeÐ

�¯K

(i∂t + ∆)u = |u|2ku, u(0) = u0 ∈ Hs(T2). (1.1)
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1.2. ïÄ�µ

��5Å½��§(Nonlinear Schrödinger equation, NLS)´��5ÚÑ�§¥�²;!�Ø

%��.��.ÙÄ�/ª���

i∂tu+ ∆u = µ|u|p−1u,

Ù¥u = u(t, x) �E�Å¼ê,∆ �Laplace �f,µ = ±1 ©OéAÑ��à��/.T�§Q´�

�5ÅDÂ�­�êÆ�.,�´ë�NÚ©Û!ÄåXÚ!M�îXÚ�êÆÔn�­�xù.

lÔnï��Ýw,NLS �¤±­�,3u§Ó��x
ÚÑ�A���5�p�^�¿�Å

�:�5Ü©i∂tu+ ∆u �NÅ�*Ñ���,��5�|u|p−1u K�N0��A!g� N�½âf

�p�^���5Å�.ØÓ��5�g¬éAØÓrÝ!ØÓ�.5�ÄåÆ1�,Ïd�7�

g!�ê!>.^��Ð��K5¤Ðm�·½5ïÄ,¢�þ´3£�:�½o÷Ý�Ð©êâ,�

.´ÄE,äk�ýÿ5!��5��Ïüz­½5.

lêÆ�Ýw,ïÄNLS ���Ø%?Ö´ïáÙÐ�¯K�·½5nØ,=?Ø)��3

5!��5±9éÐ��ëY�6.Bourgain 3'u±Ï5��5üz�§�CÄ5ó�¥²(

r“well-posedness” .½�:3Ü·¼ê�m¥,)A��3!��¿�±�A�K5¶ù�´êÆ

þ�y�.“�^”�Ä�cJ.éNLS 
ó,eëÐ�¯KÑØ·½,K�.éÐ©Ø�4à¯a,Q

ØU���xÔnL§,�J±?�ÚïÄÙ�ÏÄåÆ!ÅðÆ!­½5�pªUþD4�¯K.

éNLS 
ó,ÛÜ·½5Ï~�±/ÏØÄ:�{ÚBourgain �m5ïá¶�lÛÜ��N

¿�gÄ¤á.eÐ�áuUþ�mH1,K  �|^�þÅð�UþÅðòÿÛÜ),l
���

Û).,
,�Ð�=áuHs, s < 1 �,²;Uþ�¼Ï~Ø2��·^,u´“Ã�UþÐ�”��N

nØ¤�(J¤3.De Silva �<²(�Ñ:és ≥ 1 �dUþÅð���N·½,�ò�NnØí2

�s < 1 �Ã�UþÐ�,´�����©�¯K.

ù�´$�K5�N·½5ïÄ�ÄÅ¤3.§¿Ø´üXJ¦“rs ����”,
´3¯:

1. éõo÷�Ð�,�§EU�±�Ï�)º

2. �§�Åð(�UÄ3$uUþ�m��?þ�“CqòY”º

3. 3±Ï>.ÚfÚÑ�µe,=
ªÇ�p�^¬{N�ÛnØº

ù
¯KQäkÔn)º))o÷Ð��n)�&EØ��!¹pªD(�Ð©�))�äkXê

Æ¿Â,Ï�§��«
ÚÑ!��!ªÇÍÜ�Åð(��m���'X.

�
â»Uþ�mH1 ���,Colliander!Keel!Staffilani!Takaoka �Tao JÑ
Í¶�I�

{.ù��{�@XÚ5/Ñy3¦�2001 c'u�ê.Å½��§�ó� [1]¥:�ö�Ñ,I�{�

Ø%g�´ÏL��ªÇ¦f�fI rHs ¥�o÷)“J,”��CH1 ��?,l
�E��?�

Uþ,TUþ�,Ø2î�Åð,�äk“A�Åð”�5�,�^uS�òÿ).

��,Iìè(Colliander, Keel, Staffilani�Æö)32002 c'uCubic defocusing NLS �Ø©

[2]¥?�ÚuÐ
ù�g�,²(JÑÏLïá“Almost conservation law” 5¼�o÷)��

N·½5:¦�y²
R2,R3 þngÑ�NLS 3Hs ¥��Û(Ø,Ù¥��îª�m�/��
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4�³

�s > 4/7.ù�ó�I�XI �{¤�$�K5�N·½5ïÄ�IOóä��.

I �{�¤±K���,3u§Jø
�^�ß�Eâ´�:

• kÏLÛÜ·½5¼�á�m)¶

• 2é?�UþE(Iu) ïáOþ�O¶

• y²z�á�m«mS?�Uþ�O\é��Ü©¶

• ��ÏLS�rÛÜ)©�¤�Û).

éu±Ï�/,ù�üÑcÙ­�,Ï�I�{�±r“ÅðÆØ
^”�¯K=z�“?�UþOþv


�”�¯K.De Silva �<3��±ÏNLS �ïÄ [3]¥Ò²(`²,¦���{�´òI�{N�

�±Ï�µe,¿(Ü ��êØ.OêE|5�Örefined Strichartz �OØv�¯K.

à���©¤?Ø����¡¯K,KÙuÐóä�N�±©�±eA��ã.1993 cBourgain

3©z [4]ÏLlÑFourier restriction�Xs,b �m�{,ïá
±Ï5Å½��§���@NÚ©Û

µe.éu���¡þ�ngNLS,�Y©zÊHòÛÜ·½5�å:J��Bourgain:3Hs(T2), s >

0¥�±ïáÛÜnØ.éu���¡þ��þ�.�/(ngNLS),2006/2007cDe Silva–Pavlović–

Staffilani–Tzirakis 3©z [3]r�N·½5í?�s > 2
3
.¦�¤ïÄ�´L2-critical semilinear

Schrödinger equation with periodic boundary data,¿²(�Ñ��(J(@
Bourgain ���`

{¶ÙÌ�óä�´I�{�rescaled torusþrefined Strichartz�?n.2018c,Fan-Staffilani-Wang-

Wilson3©z [5]y²
��Ãn�¡þ�V�5Strichartz�O,¿±d��cubic defocusing NLS

3��Ãn�¡þ�$�K�N·½(J.2024 c,Herr-Kwak 3©z [6]y²
��kn�¡þ

Å½��§��`L4-Strichartz �O,¿��ng�þ�.NLS 3s > 0e!é��.�êêâ�

�N�3.Tó�wÍU?
Bourgain ��'�O.�?�Ú,2025 cHerr-Kwak 3©z [7]y²


���¡þngNLS ��.�N·½5:3Ñ��/e,é?¿���±ÏÐ�Ñ�3�þ�.�

êd = 2 þ¼��N·½¶3à��/e,�I�þ$uÄ�K�.ÙØ%#óä´inverse Strichartz

inequality, ¿/Ïincidence geometry�additive combinatorics,òEuclidean mass-criticalnØ=£

�
±Ï�µ.

1.3. Ì�ó�

�©±���¡þ�àgUþg�.�/�Å½��§�ïÄé�,±I �{�Ø%óä,(Ü

NÚ©Û!�¼©Û�'nØ,�7�§)��N·½5¯KmÐXÚ5ïÄ,ÏL©�ã�nØí

��y²,ÅÚ¢ylÄ:nØÁ=�Ø%(ØØy�ïÄ8I,�Ù!Ø%ó�Xe: �©1nÙ

ÏLI �{�E?�Uþ�¼,(ÜFp�C�!øl��úªò?�Uþ��mOþ
©�È©

�¿?1°[�ªÇ©�/?Ø,Ó�|^¥�½n!â��Ø�ª!Littlewood-Paley ÝK�f

�5�9V�5�OÚn,éØÓªÇ��e�È©�?1Åa�O,�ªïá
���¡ ��

me�§)�?�UþA�ÅðÆ,y²
?�Uþ��mCzþ���ªÇëêN�êP~�þ

��,�)��mòÿJø
'��Uþ�O�â. �©1oÙÏLÚMr�úªòI - Ð�¯K�

)©)��5Ü©���5Ü©,(ÜBourgain �m��ê�O!4ÙZ[{K9��5����

È©�O,æ^IOgÞ{y²
I-Ð�¯K�ÛÜ·½5¶¿ÏLé��§?1ºÝC�,ò��
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4�³

m�Ð�¯K=z����¡ ��me�¯K,|^I �f��K5J,5�À�Ü·� �ë

ê,(Ü1nÙïá�A�ÅðÆòÛÜ)?1ëYòÿ,�ªïá
���¡þ��5Uþg�.

�/Å½��§)��N·½5(Ø,y²
½n1.1,=�s > 1− 2
5k
�,�§3Hs (T2) �m¥�3

���éÐ�ëY�6��N).

Theorem 1.1. é?¿�k ≥ 1, Ð�¯K(1.1)3�mHs (T2) ¥,�s > 1− 2
5k
�,äk�N·½5.

2. ý��£

2.1. ÎÒ`²

^PÒA . B L«�3~êC ¦�A ≤ CB. �A . B . A �,P�A ' B. AO/,^A .u B

L«�3�6uu �~êC(u),¦�A ≤ C(u)B.

2.2. ½Â

PT = R/Z,α1 ∈ [ 1
2
, 1],λ ≥ 1. ½Â

T2
λ = (λT)× (λα1T)

Z2
1/λ =

1

λ

(
Z× 1

α1

Z
)
.

(2.1)

�©¥©ªb�α1 = 1 (=���¡��� �Xê��).½Â���ê

‖u‖LptLqz(It×T2) =

(∫
It

(∫
T2

|u(t, z)|q dz
) p
q

dt

) 1
p

. (2.2)

aq/,�±½Âdn�Lp .�ê�¤�EÜ�ê,~XLptL
q
xL

2
y.

d	,Ú\Fp�C��Littlewood-Paley nØ. 3T2 þ½ÂFp�C�Xeµ

f̂(ξ) = (Ff)(ξ) =

∫
T2

f(z)e−iz·ξdz, (2.3)

Ù¥ξ = (ξ1, ξ2) ∈ Z2. Ó��ÑFp�_C�úª

f(z) = c
∑

(ξ1,ξ2)∈Z2

(Ff)(ξ)eiz·ξ, (2.4)

Ù¥c = 1.e¡½ÂLittlewood-Paley ÝK�f.Äk�½η1 : R→ [0, 1] �1wó¼ê,÷v

η1(ξ) =

1, |ξ| ≤ 1,

0, |ξ| ≥ 2,
(2.5)
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4�³

¿PN = 2j ��?�ê. -η2 : R2 → [0, 1],÷vη2(ξ) = η1(ξ1)η1(ξ2). ½ÂLittlewood-Paley ÝK

�fP≤N �PN �

F(P≤Nf)(ξ) := η2

(
ξ

N

)
F(f)(ξ), ξ ∈ Z2, (2.6)

±9

PNf = P≤Nf − P≤N2 f. (2.7)

é?¿a ∈ (0,∞),½Â

P≤a :=
∑
N≤a

PN , P>a :=
∑
N>a

PN . (2.8)

?�Ú,½ÂÅ½�DÂfeit∆ �

(
Feit∆f

)
(ξ) = e−it|ξ|

2

(Ff)(ξ). (2.9)

aq/,éu�����feitφ(∇/i),k

(
Feitφ(∇/i)f

)
(ξ) = e−itφ(ξ)(Ff)(ξ), (2.10)

¿^Uλ(t) L« ����5Å½��§�)�f,(
i∂t + ∆T2

λ

)
u(t, z) = 0, Ù¥z ∈ T2

λ,

�d/,

Uλ(t)u0(z) =

∫
e2πik·z−(2πk)2itF (u0) (k)(dk)λ,

Ù¥T2
λ = [0, λ]× [0, λ],(dk)λ ´éAu �Fp��m

(
1
λ
Z
)2
�ÿÝµ∫

a(k)(dk)λ :=
1

λ2

∑
(k1,k2)∈( 1

λZ)
2

a(k).

PBourgain �m�Xs,b = Xs,b (T2
λ × R), T�m´�ü¼ê�mS (T2

λ × R) 'ueã�ê���

z�m(ë�©z [8])µ

‖u‖Xs,b = ‖Uλ(−t)u‖HsxHbt =
∥∥∥〈k〉s 〈τ + 4π2k2

〉b
ũ(k, τ)

∥∥∥
L2
τL

2
(dk)λ

,

Ù¥ũ(k, τ) L«��Fp�C�.þãBourgain�mX s,b �½Â§��þ´�
·�ÚÑ�§(X

�©ïÄ�NLS�§)�)���1�
�E�/��·Ü�ê�m0"�DÚ�Sobolev �m=�

x�m�K5ØÓ§Bourgain�mÏLÚ\�m����K5�Ib§ò)��müzA5��m

�K5(Üå5§U
�°(/ÓPÚÑ�§)�ÅÄ5Æ"ÙØ%g�´|^Fp�C�ò�

§=z�ªÇ�m§ÏLé��ªÇ�\��O§��)3ØÓªÇã�O��Ý§l
�V�5

�O!Uþ�O�'�Ú½JøÜ·��êµe§ù�´?n$�KÚÑ�§�Ø%óä��"
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4�³

�φ ∈ S(R)��K¼ê,÷vsupp(φ) ⊂ [−1, 1],φ3[− 1
2
, 1

2
]þð�u1,φ̂3Rþ�K�3[−1, 1]

þ÷vφ̂ ≥ 1. ù��¼êφ´�3�£ë�©z [9]¤. Pφ0 = φ,éN ∈ 2N,-φN = φ
( ·

2N

)
−φ

( ·
N

)
.

½Â

P̂Nf(ξ) = φN (|ξ|)f̂(ξ).

½Â¼êu ∈ Hs �?�Uþ�

E1(u) := E(Iu)

Ù¥

E(u)(t) =
1

2

∫
|∇u(t)|2dx+

1

2k + 2

∫
|u(t)|2k+2dx.

I�{´ïá½n�Ø%óä,´dIìè(I-team)JÑ,äN�ë�©z [1, 2].Äk£�I-�f

�s < 1 Ú�½ëêN >> 1 , ½Â¦fm(ξ) ,Ù¥ξ = (ξ1, ξ2) ∈ Z 1
λ
× Z 1

λ
,

m(ξ) =


1, if |ξ| < N,(
|ξ|
N

)s−1

, if |ξ| > 2N.

(2.11)

½Â�fI : Hs → H1 �¦f�fµ

(Îu)(ξ) = m(ξ)û(ξ).

T�f´1− s �1wz�f, òHs �m¥�¼êJ,�H1 �m.=:

‖u‖Xs0,b0 . ‖Iu‖Xs0+1−s,b0 . N1−s‖u‖Xs0,b0 (2.12)

é?¿s0, b0 ∈ R ¤á.I�f�½ÂwqE,§�ÙØ%õU´/?�Uþ0±�Ñ$�K�m¥

²;UþØÅð�¯K"3$�K�/e§�§�²;Uþ(XH1 Uþ)Ø2äkûÐ�Åð5§

Ã{��^u��)���m1�"
I�fÏLépª©þ?1/²wz0?n(=ÏLªÇ�­

¼êf(ξ) ³�pª���z)§�EÑ��?�Uþ§T?�Uþ3�müzL§¥äkCqÅð

5(=A�ÅðÆ)"Ï�
ó§I �f��u�$�K�)/Bþ��1w�	�0§¦�·�U


|^Uþ�{�g�§ÏL��?�Uþ�O�§m�¢yé��§)��Û��§ù�´I�

{A^�Ø%°�"

2.3. �O

d©z [3]¥�·K4.6,¿(Ü;Í [10]¥IOTransference argument,�±¼�XeÚn

Lemma 2.1. λ� 1,N1 ≥ N2 ≥ 1,k

‖PN1
φ1PN2

φ2‖L2
tL

2(R×T2
λ) .

(
1

λ
+
N2

N1

) 1
2

‖PN1
φ1‖X0,1/2+(R×T2

λ) ‖PN2
φ2‖X0,1/2+(R×T2

λ) .
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Lemma 2.2. eu ´Ð�¯K1.1���),KkXe�O

‖u‖LptLp(R×T2
λ) . λ0+‖u‖Xα(p),1/2+(R×T2

λ), (2.13)

Ù¥,�4 < p ≤ ∞ �,α(p) =
(

1− 4
p

)
+ .AO�,�p = 4 �,α(p) = 0 .

y². Takaoka-Tzvetkov3©z [11] ¥y²,3T2þ,k

‖u‖L4
t,x,y(R×T2) . ‖u‖X0, 1

2
+(R×T2)

.

éu ^ �C�,K�mC�T2
λ ,�A�OC�

‖u‖L4
t,x,y(R×T2

λ) . λ0+‖u‖
X0, 1

2
+(R×T2

λ)
.

¿�,�k

‖u‖L∞t L2(R×T2
λ) = ‖Uλ(t)Uλ(−t)u‖L∞t L2(R×T2

λ)

. ‖Uλ(−t)u‖L∞t L2(R×T2
λ)

. ‖u‖X0,1/2+(R×T2
λ).

(2.14)

|^¢Ë�Åi\,�

‖u‖L∞t L∞(R×T2
λ) . ‖u‖X1+,1/2+(R×T2

λ).

��,|^��,=���¤I.

3. A�ÅðÆ

��!�3|^I�{ïáA�ÅðÆ.

3.1. Ì�(Ø

±e·KL«�§(1.1) )�?�Uþ3�mþ´A�Åð�.

Proposition 3.1. �s > 1− 1
2k
, t > 0, λ ∼ Nα(s) , N � 1 ,�½α(s) > 0 , �½u0 ∈ Hs (Tλ × Tλ)

. eu ´�§(1.1)���), K

∣∣E1(u)(t)− E1(u)(0)
∣∣ . 1

N
α(s)
2 +1

[
‖Iu‖2k+2

X1,1/2+ + ‖Iu‖4k+2
X1,1/2+

]
.

3?\äN�Eâí��c§k{�`²�©¤æ^�Ø%EâüÑ"du���¡T2 þ

�±Ï>.^�¬��ªÇ�p�^�E,5§�$�K�mHs(T2) ¥)�1w5Øv§��

A^²;Uþ�{J±¼��N·½5(J"Ïd§�©òÏLªÇ©)Eâ©lp$ª©þ§
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;�pª��5�Û5K�¶/ÏºÝC�ò�§8�z§{z��5���OJÝ§��Y

�Strichartz �O!A�ÅðÆ�E|�A^C½Ä:"ù
EâÚ½�Ø%8��´�Ñ$�K

5Ú±Ï�µ�5�V­(J§¢y)���m1���"

3.2. y²

y². dUþE �½Â±9�§(1.1) ,k

∂tE(Iu)(t) = Re

∫
Tλ×Tλ

I(u)t
(
|Iu|2kIu−∆Iu− iIut

)
= Re

∫
Tλ×Tλ

I(u)t
(
|Iu|2kIu− I

(
|u|2ku

))
.

(3.1)

é�mÈ©¿|^øl��úª(Parseval’s formula),�

E1(u)(t)− E1(u)(0)

=

∫ t

0

∫
Γ2k+2

(
1− m (ξ2 + ξ3 + · · ·+ ξ2k+2)

m (ξ2)m (ξ3) · · ·m (ξ2k+2)

)
Î∂tu (ξ1) Îu (ξ2) Îu (ξ3) · · · Îu (ξ2k+2) ,

Ù¥Γ2k+2 :=
{

(ξ1, ξ2, . . . , ξ2k+2) ∈ (Z 1
λ
× Z 1

λ
)2k+2 : ξ1 + ξ2 + · · ·+ ξ2k+2 = 0

}
. (Ü�§(1.1), -

E1(u)(t)− E1(u)(0) =: Tr1 + Tr2,

Ù¥

Tr1 :=

∫ t

0

∫
Γ2k+2

(
1− m (ξ2 + ξ3 + · · ·+ ξ2k+2)

m (ξ2)m (ξ3) · · ·m (ξ2k+2)

)
∆̂Iu (ξ1) Îu (ξ2) Îu (ξ3) · · · Îu (ξ2k+2) ,

Tr2 :=

∫ t

0

∫
Γ2k+2

(
1− m (ξ2 + ξ3 + · · ·+ ξ2k+2)

m (ξ2)m (ξ3) · · ·m (ξ2k+2)

)
̂I (|u|2kū) (ξ1) Îu (ξ2) Îu (ξ3) · · · Îu (ξ2k+2) .

8I´y²

|Tr1|+ |Tr2| .
1

N
α(s)
2 +1

(3.2)

Ù¥C = C(‖Iu‖
X1, 1

2
+). ±e�Ñ�ÝÎÒ(ØK��O(J)

Äk�OTr1. 5¿�,

‖∆(Iu)‖X−1,1/2+ ≤ ‖Iu‖X1,1/2+ ,

Ïd, eUy²é?¿¼êφi (Ù��mFá�C�|8÷v〈ξi〉 ∼ 2li ≡ Ni, li ∈ {0, 1, . . .}, i =

1, . . . , 2k + 2.)k∣∣∣∣∣
∫ t

0

∫
Γ2k+2

(
1− m (ξ2 + ξ3 + · · ·+ ξ2k+2)

m (ξ2)m (ξ3) · · ·m (ξ2k+2)

)
φ̂1 (ξ1) φ̂2 (ξ2) φ̂3 (ξ3) · · · φ̂2k+2 (ξ2k+2)

∣∣∣∣∣
.

1

N
α(s)
2 +1

(N1N2N3 · · ·N2k+2)
0− ‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+ .

(3.3)
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4�³

KéªÇN1, N2, · · · , N2k+2 ¦Ú=���Tr1 ��O.

d¦f�é¡5,Ø�b�

N2 ≥ N3 ≥ · · · ≥ N2k+2.

é'�IN ,©o«�/?Ø

�/1. �N � N2. m(ξ) �.

d(2.11)ª¥m(ξ) �½Â,��Tr1 ð�0 ,�¤I�Ow,¤á.

�/2. �N2 & N � N3 ≥ · · · ≥ N2k+2 �.

dΓ2k+2 �½Â, ±9N1 ∼ N2. dI-�f¦fm(ξ) ½Â��Ù1w��§�éξ2 |^¥�½

n,�

∣∣∣∣1− m (ξ2 + ξ3 + · · ·+ ξ2k+2)

m (ξ2)

∣∣∣∣
=

∣∣∣∣m (ξ2)−m (ξ2 + ξ3 + · · ·+ ξ2k+2)

m (ξ2)

∣∣∣∣
.

∣∣∣∣∇m (ξ2)

m (ξ2)

∣∣∣∣N3

∼N3

N2

.

(3.4)

(Üâ��Ø�ª!Ún2.1Úøl��½n,�

|Tr1| .
N3

N2

‖φ1φ3‖L2
t,x,y
‖φ2φ4‖L2

t,x,y

2k+2∏
j=5

‖φj‖L∞t L∞

.
N3

N2

(
1

λ
+
N3

N1

) 1
2
(

1

λ
+
N4

N2

) 1
2

4∏
i=1

‖φi‖X0,1/2+

2k+2∏
j=5

‖φj‖L∞t L∞

|^Ë�d"Ø�ª!(2.14)ªÚ¦f½n, k

‖φj‖L∞t L∞ . Nj ‖φj‖L∞t L2 . ‖φj‖X1,1/2+ ,

UY¦^¦f½n,·�k

|Tr1| .
N3

N2

(
1

λ
+
N3

N1

) 1
2
(

1

λ
+
N4

N2

) 1
2 N1

N2N3N4

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+ . (3.5)

�â 1
λ
�N3

N1
, N4

N2
���'X,e¡©n«f�/?Ø.

�/2a. �N4

N2
> 1

λ
∼ 1

Nα(s) �.
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4�³

d�,kN1 ∼ N2 � N3 ≥ N4, ?
1� N3

N1
∼ N3

N2
≥ N4

N2
> 1

λ
, u´3ù�f�/e,k

|Tr1| .
N3

N2

(
N3

N1

) 1
2
(
N4

N2

) 1
2 N1

N2N3N4

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

.
1

N
1+ 1

2
2

(
N3

N1

) 1
2 1

N
1
2

4

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+ .

Ù¥,Ïf 1

N
1
2
4

�^ué�IN4 ≥ N5 ≥ · · · ≥ N2k+2 �¦Ú;Ïfl(N3

N1
)̊

1
2 �ÏL�Ü-��

]Ø�ªéN1 � N3 ¦Ú,=
∑

N3�N1

(
N

1/4
3

N
1/4
1

‖φ1‖X−1,1/2+

)(
N

1/4
3

N
1/4
1

‖φ3‖X1,1/2+

)
;��Ïf 1

N
1+ 1

2
2

^5

éN2 & N ¦Ú.±þ§nÜ�z´
1

N1+ 1
2

.

��,À��½�α(s), §�I31− 1
2k
< s < 1 �,÷v 1

N1+ 1
2
< 1

N1+
α(s)
2

.

�/2b. �N4

N2
≤ 1

λ
≤ N3

N2
∼ N3

N1
�.

�â 1
λ
∼ 1

Nα(s) , k

|Tr1| .
N3

N2

(
N3

N1

) 1
2
(

1

λ

) 1
2 N1

N2N3N4

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

.
1

Nα(s)/2

1

N2

(
N3

N1

) 1
2 1

N4

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

��/2a?n�ªaq,é¤k�?�¬¦Ú�,��Ù�z�

1

N1+
α(s)
2

.

�/2c. �N4

N2
≤ N3

N1
. 1

λ
�.

dúª(3.5) ±9λ ∼ Nα(s), k

|Tr1| .
N3

N2

(
1

λ

) 1
2
(

1

λ

) 1
2 N1

N2N3N4

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

.
1

Nα(s)

1

N2

1

N4

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

.
1

N (1+α(s))−
1

N4N
0+
2

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+ .

Ù¥,Ïf 1
N4N

0+
2

�^ué�I¤k�?�¬¦Ú.

�/3. �N2 ≥ N3 & N >> N4 ≥ · · · ≥ N2k+2 �.
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4�³

é¦f?1�O§k

∣∣∣∣1− m (ξ2 + ξ3 + · · ·+ ξ2k+2)

m (ξ2)m (ξ3) · · ·m (ξ2k+2)

∣∣∣∣
=

∣∣∣∣1− m (ξ2 + ξ3 + · · ·+ ξ2k+2)

m (ξ2)m (ξ3)

∣∣∣∣
.

m (ξ1)

m (ξ2)m (ξ3)
.

(3.6)

T�OdÈ©«�Γ2k+2 �½Â��. 5¿�m(ξ)|ξ|α ´»��~¼ê, �éα ≥ 1
2k
> 1 − s, |ξ| &

N ,k
1

m(ξ)|ξ|α
. N−α (3.7)

|^øl��½n!â��Ø�ª!Ún2.1!Ë�d"�OÚStrichartz�O,k

|Tr1| .
m (N1)

m (N2)m (N3)
‖φ1φ3‖L2

t,x
‖φ2φ4‖L2

t,x

2k+2∏
i=5

‖φi‖L∞t,x

.
m (N1)

m (N2)m (N3)

(
1

λ
+

min{N3, N1}
max{N3, N1}

) 1
2
(

1

λ
+
N4

N2

) 1
2 N1

N2N3N4

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+ .

(3.8)

��/2aq,�â 1
λ
�min{N3,N1}

max{N3,N1} ,
N4

N2
���'X,©Ê«f�/?Ø.

�/3a. �N4

N2
> 1

λ
∼ 1

Nα(s) �.

dN2 ≥ N3 & N >> N4 ≥ · · · ≥ N2k+2 ��1 � N4

N2
> 1

λ
5¿�N1 . N2, �

m(N1)N1−
1

m(N2)N1−
2

. 1.(

Ü(3.7) ª±9
(

1
λ

+ min{N3,N1}
max{N3,N1}

) 1
2

. 1, d(3.8) ª,��

|Tr1| .
m (N1)

m (N2)m (N3)

(
N4

N2

) 1
2 N1

N2N3N4

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

.
m(N1)N1−

1

m(N2)N1−
2

1

N
1
2

2 m(N3)N1−
3

1

N
1
2

4

N0+
1

N0+
2

1

N0+
3

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

.
1

N (1+1/2)−
N0+

1

N0+
2

1

N0+
3

1

N
1
2

4

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+ .

Ù¥,Ïf 1

N
1
2
4 N

0+
3

^uéN3, N4, . . . , N2k+2 ¦Ú;�
éN1, N2 ¦Ú,I�|^Ïf
N0+

1

N0+
2

ÚN1 . N2,

¿|^�Ü��]Ø�ª,=
∑

N1.N2

(
N

0+/2
1

N
0+/2
2

‖φ1‖X−1,1/2+

)(
N

0+/2
1

N
0+/2
2

‖φ2‖X1,1/2+

)
. �ª,31− 1

2k
< s < 1

�,Tf�/��z�
1

N (1+1/2)− .
1

N1+
α(s)
2

.

�/3b. �N4

N2
≤ 1

λ
∼ 1

Nα(s) �N1 ≤ N3,
1
λ
< N1

N3
�.

du
∑2k+2

j=1 ξj = 0, ¿�N2 ≥ N3 & N >> N4 ≥ · · · ≥ N2k+2, kN2 ∼ N3, (Ü(3.8)ª,
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4�³

(3.7)ª,±9m(N1)N1

m(N2)N2
. 1,��

|Tr1| .
m (N1)

m (N2)m (N3)

(
1

λ

) 1
2
(
N1

N3

) 1
2 N1

N2N3N4

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

.
1

N
α(s)
2

m(N1)N1

m(N2)N2

1

m(N3)N3

(
N1

N3

) 1
2 1

N4

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

.
1

N1+
α(s)
2

(
N1

N3

) 1
2 1

N4

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+ .

Ù¥,Ïf 1
N4
�^ué�IN4, N5, . . . , N2k+2 ¦Ú;5¿�N3 ∼ N2,ù¦�Ïf

(
N1

N3

) 1
2

3é�IN3

¦Ú�,C¤
(
N1

N2

) 1
2

;�
é�IN1, N2 ¦Ú, ·�éÚª

∑
N1.N2

(
N

1/4
1

N
1/4
2

‖φ1‖X−1,1/2+

)(
N

1/4
1

N
1/4
2

‖φ2‖X1,1/2+

)

A^�Ü��]Ø�ª. ��,���z
1

N1+
α(s)
2

.

�/3c. �N4

N2
≤ 1

λ
∼ 1

Nα(s) �, �N1 ≤ N3,
1
λ
≥ N1

N3
�.

df�/e,EkN2 ∼ N3, (Ü(3.8)ª, (3.7)ª±9
m(N1)N

1
2k
1

m(N2)N
1
2k
2

. 1 ,��

|Tr1| .
m (N1)

m (N2)m (N3)

(
1

λ

) 1
2
(

1

λ

) 1
2 N1

N2N3N4

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

.
1

Nα(s)

m(N1)N1

m(N2)N2

1

m(N3)N3

1

N4

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

=
1

Nα(s)

m(N1)N
1
2k

1

m(N2)N
1
2k

2

1

m(N3)N3

1

N4

(
N1

N2

)1− 1
2k

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

.
1

N1+α(s)

(
N1

N2

)1− 1
2k 1

N4

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

Ïf 1
N4
�^ué�IN4, N5, . . . , N2k+2 ¦Ú. é�IN2 ∼ N3, 3Ïf

(
N1

N2

)1− 1
2k

é�IN2 ¦Ú

�,C�
(
N1

N3

)1− 1
2k

. �é�IN1, N3 ¦Ú, �Ä� 1
λ
≥ N1

N3
,éÚª

∑
N1.

N3
λ

((
N1

N3

)1/2− 1
4k

‖φ1‖X−1,1/2+

)((
N1

N3

)1/2− 1
4k

‖φ2‖X1,1/2+

)
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4�³

A^�Ü��]Ø�ª,�� 1

Nα(s)(1− 1
2k

)
. �ª,Tf�/��z�

1

N1+α(s)+α(s)(1− 1
2k )
.

�/3d. �N4

N2
≤ 1

λ
∼ 1

Nα(s) ,�N1 > N3,
1
λ
≤ N3

N1
�. �Ä�Γ2k+2 �½Â!�I'XN2 ≥ N3 &

N >> N4 ≥ · · · ≥ N2k+2 ±9N2 ∼ N1, Ø�òd��N1 ÚN3 ©OÀ��/3b¥�N3 ÚN1 ,l


aq���z�
1

N1+
α(s)
2

.

�/3e. �N4

N2
≤ 1

λ
∼ 1

Nα(s) �N1 > N3,
1
λ
> N3

N1
�.

d�,EkN2 ∼ N1 , �m(N1)
m(N2)

∼ 1, from (Ü(3.8)ªÚ(3.7)ª, ��

|Tr1| .
m (N1)

m (N2)m (N3)

(
1

λ

) 1
2
(

1

λ

) 1
2 N1

N2N3N4

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

.
1

Nα(s)

1

m(N3)N1−
3

N1

N2

1

N4

1

N0+
3

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

.
1

N (1−)+α(s)

N1

N2

1

N4

1

N0+
3

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+ .

Ù¥Ïf 1
N4

1
N0+

3

^5é�IN3, N4, . . . , N2k+2 ¦Ú. éu�IN1, N2, 5¿�N1 ∼ N2 ,�ÄéÚ

ª
∑

N1∼N2

((
N1

N2

)1/2

‖φ1‖X−1,1/2+

)((
N1

N2

)1/2

‖φ2‖X1,1/2+

)
A^�Ü��]Ø�ª. �ª,Tf�/�

�z�
1

N (1−)+α(s)
.

1

N1+
α(s)
2

.

�/4. �3�I4 ≤ j0 ≤ 2k + 2, ¦�Nj0 & N >> Nj0+1(Ø�î>�Lã,�j0 = 2k + 2 �,

N2k+2 & N >> N2k+2 L«�´N2 ≥ N3 ≥ · · · ≥ N2k+2 & N ).

��/3aq,é¦f?1�O ∣∣∣∣1− m (ξ2 + ξ3 + · · ·+ ξ2k+2)

m (ξ2)m (ξ3) · · ·m (ξ2k+2)

∣∣∣∣
=

∣∣∣∣1− m (ξ2 + ξ3 + · · ·+ ξ2k+2)

m (ξ2)m (ξ3) · · ·m (ξj0)

∣∣∣∣
.

m (ξ1)

m (ξ2)m (ξ3) · · ·m (ξj0)
.

(3.9)

|^øl��½n!â��Ø�ª!Ún2.1!Ë�d"�OÚStrichartz�O,k
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4�³

|Tr1| .
m (N1)
j0∏
j=2

m (Nj)

‖φ1φ3‖L2
t,x
‖φ2φ4‖L2

t,x

2k+2∏
i=5

‖φi‖L∞t,x

.
m (N1)
j0∏
j=2

m (Nj)

(
1

λ
+
N3

N1

) 1
2
(

1

λ
+
N4

N2

) 1
2 N1

N2N3N4

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

.
m(N1)N1

m(N2)N2

1

N3N4

∏j0
j=3m (Nj)

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

=
m(N1)N1−

1

m(N2)N1−
2

1

m(N3)N1−
3

1

N4

∏j0
j=4m (Nj)

N0+
1

N0+
2

1

N0+
3

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

.
1

N1−
1∏j0

j=4m (Nj)N4

N0+
1

N0+
2

1

N0+
3

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

.
1

N1−
1∏j0

j=4

(
m (Nj)N

1
j0−3

j

)N0+
1

N0+
2

1

N0+
3

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+

.
1

N2−
N0+

1

N0+
2

1

N0+
3

‖φ1‖X−1,1/2+

2k+2∏
i=2

‖φi‖X1,1/2+ ,

�s > 1 − 1
2k−1

�. Ïf
N0+

1

N0+
2

1
N0+

3

���é�IN3, N4, . . . , N2k+2 ¦Ú, éu�IN1 ÚN2 ,A

TA^�Ü��]Ø�ª�2¦Ú.

�e5©ÛTr2 Ü©. òTr2 ­��,

Tr2 : =

∫ t

0

∫
Γ2k+2

(
1− m (ξ2 + ξ3 + · · ·+ ξ2k+2)

m (ξ2)m (ξ3) · · ·m (ξ2k+2)

)
× ̂I (|u|2kū) (ξ1) Îu (ξ2) Îu (ξ3) · · · Îu (ξ2k+2) dξ1 · · · dξ2k+2

=

∫ t

0

∫
Γ4k+2

m (ξ2k+2 + ξ2k+3 + · · ·+ ξ4k+2) [m (ξ1)m (ξ2) · · ·m (ξ2k+1)

− m (ξ1 + ξ2 + · · ·+ ξ2k+1)]× ̂̄u(ξ1)û(ξ2)̂̄u (ξ3) · · · ̂̄u (ξ4k+2) dξ1 · · · dξ4k+2.

(3.10)

äóXe�ré�O¤áµ

|Tr2| .
1

N2− ‖Iu‖
4k+2
X1,1/2+ .
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4�³

éuTr2 �Iy²Xe�O,=∫ t

0

∫
Γ4k+2

m(ξ2k+2 + ξ2k+3 + · · ·+ ξ4k+2) [m (ξ1)m (ξ2) · · ·m (ξ2k+1)

− m (ξ1 + ξ2 + · · ·+ ξ2k+1)]
4k+2∏
j=1

φ̂j(ξj)dξ1 · · · dξ4k+2

.
N0−

max

N2−

4k+2∏
i=1

‖Iφi‖X1,1/2+ ,

(3.11)

Ù¥,¼êφi ���mFá�C�|8÷v

〈k〉 ∼ 2li ≡ Ni,

þª¥li ∈ {0, 1, . . .}, �INmax, Nmed ©OL«Ni ¥���Ú1��ªÇ.

dÈ©«�Γ4k+2 �½Â, Ø�b�Nmax ∼ Nmed. u´=I�ÄNmax & N �/, ÄK(3.11)ª

¥ LHS ð�0,�O´²��.

(Üâ��Ø�ª!(3.7)ª(^üg) ±9¦fm �k.5,k

LHS of (3.11)

≤N
1−
maxN

1−
med mmaxmmed

N1−
maxN

1−
med mmaxmmed

∫ t

0

∫
Γ4k+2

4k+2∏
j=1

φ̂j(k, t)

.
N0−

max

N2−

∥∥J1−Iφmax

∥∥
L4
tL

4
x

∥∥J1−Iφmed

∥∥
L4
tL

4
x

4k∏
j=1

‖φk‖L8k
t L

8k
x
,

Ù¥Js ´s ���l� ³�f, =Js = (1−∆)s/2.

dÚn2.13 Ú(2.12)ªk,

LHS of (3.11)

.λ0+N
0−
max

N2− ‖Iφmax‖X1,1/2+ ‖Iφmed‖X1,1/2+

4k∏
j=1

‖φj‖X(1− 1
2k

)+,1/2+

.
N0−

max

N2−

6∏
j=1

‖Iφj‖X1,1/2+ ,

�s ≥ (1− 1
2k

)+ �,þã�O¤á. �d,·K3.1�y.
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4�³

4. �N·½5

y3,4·�|^I�{ÚA�ÅðÆ(·K3.1) 5y²½n1.1 .

4.1. I-Ð�¯K�ÛÜ·½5

éI-Ð�¯K

iIut + I∆u− I
(
|u|2ku

)
= 0

Iu(x, 0) = Iu0(x) ∈ H1 (R× Tλ) , t ∈ R.
(4.1)

·�kXe·K

Proposition 4.1 (I-Ð�¯K�ÛÜ·½5.). e‖Iu0‖H1 . 1, Ké?¿�s > 1 − 1
2k

, I-Ð�¯

K(4.1) 3«m[0, δ] ∼ [0, 1
λ0+ ] þÛÜ·½.

y². |^ÚMr�úª±9©z [3]¥�Ún3.3, é�mt ∈ [0, δ], k

‖Iu‖X1,1/2+ . ‖Iu0‖H1 + δ
1
2−ε
∥∥I (|u|2ku)∥∥

X1,−1/2+2ε . (4.2)

(Üâ��Ø�ª, (2.13)ª±94ÙZ[{K(©z [12]), �s > 1− 1
2k
�,k

∥∥|u|2ku∥∥
Xs,−1/2+2ε ≤

∥∥|u|2ku∥∥
Xs,0

. ‖Jsu‖L4
tL

4
x
‖u‖2kL8k

t L
8k
x

. λ0+‖u‖2k+1
Xs,1/2+

,

d©z [13] �ØC5Ún,k

∥∥I (|u|2ku)∥∥
X1,−1/2+2ε . λ0+‖Iu‖2k+1

X1,1/2+ ,

�\(4.2) ª,�

‖Iu‖X1,1/2+ . ‖Iu0‖H1 + δ
1
2−ελ0+‖Iu‖5X1,1/2+ .

ÏL;Í [10]¥·K1.21�IOgÞ{(Bootstrap argument),�δ ∼ 1
λ0+ �,k

‖Iu‖X1,1/2+ . ‖Iu0‖H1 . (4.3)

4.2. Ð�¯K(1.1)��N·½5

y². �Ð�u0 ∈ Hs(T2
λ) , N � 1 ��½�ªÇëê. �Ä�§(1.1)�ºÝC���

)uλ(t, x, y) := 1

λ
1
k
u
(
t
λ2 ,

x
λ
, y
λ

)
,�éAÐ��uλ0 (x, y) := λ−

1
ku0 (λ−1x, λ−1y) . d½Â, éus < 1

,k |m(ξ)|
|ξ|s−1 . N1−s , d¢Ë�Åi\(s > 1− 1

2k
≥ 1− 1

k+1
),k

∥∥∇Iuλ0∥∥L2 =

∥∥∥∥ |m(ξ)|
|ξ|s−1

|ξ|sûλ0
∥∥∥∥
L2

. N1−s ∥∥uλ0∥∥Ḣsx = N1−sλ1− 1
k−s ‖u0‖Ḣsx ,∥∥Iuλ0∥∥L2k+2 .

∥∥uλ0∥∥L2k+2 = λ
1
k+1−

1
k ‖u0‖L2k+2 . λ

1
k+1−

1
k ‖u0‖Hsx .
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4�³

dus > 1− 1
2k
≥ 1− 1

k+1
> 1− 1

k
, À�v
��λ (�6u‖u0‖Hsx ÚN ) ¦�

N1−sλ1− 1
k−s ‖u0‖Hsx � 1 �λ

1
k+1−

1
k ‖u0‖Hsx � 1,

Ïd,

E
(
Iuλ0

)
� 1 �‖Iuλ0‖H1 � 1.

dd(½

λ ∼ Nα(s)

Ù¥α(s) := s−1
1−s−1/k

´'us �4~¼ê,÷vα(1 − 1
2k

) = 1 , α(1) = 0, Ïdé1 − 1
2k

< s <

1�,k0 < α(s)
2

< 1
2
.

(Ü(4.3)ªA^·K3.1 ÚÚn4.1, �3δ > 0, ¦�

E
(
Iuλ

)
(δ) . E

(
Iuλ

)
(0) +O

(
1

N
α(s)
2 +1

)
. 1,

Ïd,�3«m[0,Mδ] = [0, T ] þëY�E),Ù¥T � N
α(s)
2 +1. ¿�

‖Iuλ(T )‖H1 . 1,

(Ü¦fm �½Â, ��

‖uλ(T )‖Hs . 1,

�KºÝC�,k

‖u(T )‖Hs . CN,λ,

é¤kT � N
α(s)
2

+1

λ2 þ¤á. 5¿�N
α(s)
2

+1

λ2 ∼ N

5
2
(1−s)− 1

k
1−s− 1

k ,�N → ∞, s > 1 − 2
5k
�,ÙªuÃ¡

�,�I�À�s ∈ {s > 1− 2
5k
} ∩ {s > 1− 1

2k
} ∩ {s > 1− 1

2k−1
} = {s > 1− 2

5k
}.

5. o(�Ð"

5.1. o(

�©�Ä�´���¡þ�2ÂNLS

(i∂t + ∆)u = |u|2ku, u(0) = u0 ∈ Hs(T2),

Ù¥k ≥ 1.l��5gêw,mà´2k + 1 g�:k = 1 ��ng�,k = 2 ��Êg�,�daí.�Ò

´`,�©¿��ïÄü��cubic NLS,
´ïÄ�xÛêg!Uþg�.��5Å½��§.
ù

a�§3���¡þ3$�KSobolev �m¥��N·½5,¿�Ñ�Ì(Ø´:é?¿k ≥ 1,�

s > 1− 2

5k
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4�³

�,Ð�¯K�N·½.

ù�(Ø�¹Â3u:Áã3“�½��5�gk”�cJe,¦�Uü$�N·½¤I��K5

K�s.ék = 1 
ó,þª�Ñs > 3/5,ù����¡þngNLS 3Cc����ã5�`K��

�¶�l2025 c��#(Jw,ng�/X8®²í?�
�.�?s = 0 (�O(/`,´L2 Ð�

e��NnØ).Ïd,er�©�3��uÐó^¥w,§3k = 1 þ�N�´I �{´�U
���

²;$�KK�,
Ø´�#sharp (J.

���5¿�´,�©�d�¿Ø�3k = 1 þ.Ï�2024-2025 c�â»Ì�à�u��ng�

þ�.�/,
�©?n�´����|u|2ku ��5,áur±Ï�µe�I-methodEâí2��2

�Uþg�.�g��aó�.�ó�,�©ïÄ�Ø´“,�A½�#kb(J”,
´:3���¡

þ,é��Uþg�.�g��5|u|2ku,|^I �{ïá?�Uþ�A�ÅðÆ,l
����Ú�

�$�K�N·½5¿©^�.

5.2. Ð"

¦+�©®²|^I-methodïá
���¡þ2Â��5Å½��§3Hs(T2) (s > 1− 2
5k

)¥

��N·½5§�l¯K�uÐóä�yk�{�Û�5w§EkeZ��?�Ú�\ïÄ��

�"

Äk§l�K5K���Ýw§�©���^�s > 1 − 2
5k
´ÄuI-method!A�ÅðÆ�

±Ï�µeV�5�O�(Ü¤�Ñ�Ú�¿©^�§�Ò���g�/
ó§ù�K�ålº

Ý�.�K5Ek?�ÚU?��m"AO´é$���5§Cc5���¡þngNLS �ïÄ

®²w«Ñ�kb��.nØ´k�Uïá�"Ïd§XÛ3��k ≥ 1 ��/e(Ü�`�±

ÏStrichartz �O!_Strichartz Ø�ª!�5/�{½�p�?�Uþ�E§UYü$�N·½

5��K5�¦§´���~g,�­��¯K"

Ùg§lïÄé��í25w§�©Ì�?Ø�´��IO�¡þ�Ñ�.2ÂNLS"8��

±?�Ú�ÄÃn�¡!��É5�¡½���;6/�µe�A�§�$�K�NnØ"ØÓ

AÛ�µ¬wÍUCªÇ��(�9ÚÑ�O�/ª§Ïd3ù
�/e§XÛïá��©�·

A�A�ÅðÆÚªÇ©Ûµe§òäk²w�nØd�"�dÓ�§eò�§í2�à��/§

K�I�?�Ú©ÛÄ�K�!�»)±9�þ½Uþ�å^�e��N�3¯K"

2g§lÄåÆ5���Ýw§�N·½5�´�ÏnØ�1�Ú"3±Ï�µe§duÑ

�nØÏ~Ø�î¼�m@���·^§)���m1�!pSobolev �êO�!ªÇ?é±9U

þ3ØÓ��m�D4Å��¯K§Ñ´��UYïÄ�­��K"AO´3$�Kµee§?

�Uþ�{´Ä�U���©Û!��m­½5�O�óä(Ü§l
�«±ÏNLS �°[�Ä

åÆ(�§´�YïÄ¥äkáÚå���"

��§l�{Øþw§�©�y²´�L²I-method 3?n±Ï�µeo÷Ð��NnØ�

E,äk�r�·^5§�ÙK�  É�u?�UþOþ�O�°Ý"Ïd§XÛ?�Ú`z

ªÇ©)�ª!Jpõ�5�O�Ç!�E�p�?�Uþ§½öòI-method �#CuÐ�êØ

.OêEâ!\{|Üóä9AÛ©Û�{�(Ü§E,´J,(Ø°Ý�­�å»"�&�X
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ù
óä�±YuÐ§���¡þ2ÂNLS �$�K�NnØEk"����C�.�?�(J"
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