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Abstract

This paper investigates elliptic optimal control problems with Robin boundary condi-
tions. Based on the finite element discretization method, the problem is transformed
into an optimization problem and solved numerically using the adaptive alternating di-
rection method of multipliers (adaptive-ADMM). Without relying on the existence of
Lagrange multipliers, the convergence of the ADMM method is proved. Furthermore,
by exploiting the sensitivity of the problem to the penalty parameter p, an adaptive
adjustment strategy for p is proposed, which significantly improves the robustness and
convergence speed of the ADMM method. Both ergodic and non-ergodic convergence
rate estimates are established. The proposed adaptive ADMM method is compared
with the standard ADMM method using different fixed parameter values, and the

numerical results verify its effectiveness.
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min J(y,u) = 7”2/ —yalizq + 7||y —yrllam) + §HU||2L2(Q) (1.1)

T RN T AR [ 2R AR il 73 7 A
— Ay = fuin Q (1.2)
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BL R il 2 R
Usa = {u € LX(Q)NCY(Q)|ua <u<uwy ug,up € Q) €U =LQ).

WO IO B, nEmQIIANE R, AFACNIEFRFE, NP IESL. AN, 8 e Lo(Q),
a€ L*M). Hi, o> 0fET LA, MAIER. H sk HyrMyo 7 5l & T L2(Q), LA(T).
A5, EORIS | EE AR I AE R A F C R oR.

2. NRRBRHEFFIEKME(.1)-(1.3)

FEAR T, JRATIE I A A B TC I B R (1.1)-(1.3) HEAFsHe, RS B e T
9577 A ] R SRR M T, 640 B . N T TR B BULE (0, XIRQ ¢ R
B SO — AR, BRI BONU = L2(Q), REZRNY = H(Q).

SN Ry € RY flu e RY, I 3] \ABUR B FEM, M35 HFRR R M, (K
NN x N OFREERE), 52 15 (1.1) 28 -

. A A A
minJ(y,u) = Ty = yo) Mu(y = yo) + 5 (v = yr) My(y = ya) + Su’ Mou,

FIFRE AR A 6T (1.2)-(1.3) 4T 403, AT45

/Vva—i—/ayv:/Buv,
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(2.3)
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BiEl: KRB EREBINRZBERFHEVEEE(2.1)-(2.2).
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3.1. M1 LER
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#(3.6)10N(3.3)-(3.5), &AM F W10 N HT I T7FE4H -

8la.0(€) = O (Y1) = (/! = pA* ! —u" )} (€ —yMH) >0, €Y, (3.7)
VJ(uF ) 4+ ATHF =0, (3.8)
priga =" =" (3.9)

AT A EAE R B w, HE SON:

w = v e RV
y

FATE NG : R2Y — R U +oolii /2

O(w) = J(u) + Ola,b] (y), Yw= (u,y)T c RV, (3.10)
BORHY, BT () P18 0 () O, OB TEREPE, TRA,
VJ
90(w) = {s = ( q“‘)) € D0y (3)) (3.11)

s'w={VJu}a+q'y, Vqed.yly) we RV,

XHERIT G € D8q4)(y), EWALIET IRBEE I Bregmanii 8510 N Dag(w) 0 (W, w;s), HE X N:
Dop(un 0, w3 8) == O(w) — O(w) — s” (W —w), Vw e R (3.12)

DR R T A A T
(VJ(w) = VJI(0)T (w—v) > |lw—v|>, Yv,weU. (3.13)

BEAh, BT O o 2 I R E, Al Bregman i B 2 40 F AN

1
Do) 0(t, w; 8) > S llu—al?,  Vw,d e R*. (3.14)
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3.2. A1 /e
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pATr 1 = VJ (") — VJI(uF ),

p(rk+1)T(yk+l _ yk) Z p(A(uk+1 _ uk:) _ A(uk _ ukfl))T(ykJrl _ yk).
513#83.2. KE), = pllrl]? + pl|A(w* —u* )2, WA
B < Ep — 2 u* ™ — ¥ |2 (3.16)
B (3.16) 751, Epre—MNREEEST S, HIb w2 F .
o0 o0 1
k+1 k2 _ _ _
; Ju u”||® < ;(Ek Eyy1) 2(E1 Ey)

Ek > O#Eﬁﬁégi‘ﬂﬁﬁﬁ’ ﬂEooIEll‘:ﬁ??‘B{]’ I)_l\]J

D Uttt = uF|? < oo (3.17)

k
31383.3. %t {w" = (uk>} RS 1A ST I B D g0 (w1 wh; %) it 2 (3.12) 89 52 Lo N
y

Z Dag 'u)k k+1, ’LUk, Sk) + Ek> < 00, (318)
k=1
Z AU —u®)|? < oo (3.19)

I, BRI {uk ey} AR E R L2 (Q) A= H (Q) Ao
B3 19 & G B3 2% B 15 X, A4S
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k
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y

L= () R—ATHE, H{Doswn (o, wh;s*) PEEEE — 400
y
BIEE3.5. A 7] {u" } e {y"} 5 B L2(Q) A0 HL(Q) 8947 8 F 7.

RYEGIEE3.5, un, y" # R T &SR L2 (Q)MHY(Q)F)Cauchy 741, XEWKREFE, yHf:

u’—u and y"—y, as n— +o© (3.21)

[EI, AR (3.1) AT R, w = 1:1 WiRAu—y = 0. J53C, [18]HIERA$52 7 LA B firde H

y
(Y EE VO 5 5 FH DAAIE B AR SIS Pk
EIE3.6. Aw* = (u,y) AR E109E—M. WEEAn — 400, Au” — ufry” >y, B
#Fn — +oo, AJU")+5(y") = J(u)+d(y)e

UEH: BB, FATKUEMEAUT IS, 28 — B FRUE ISR R Rt . iR HE0(3.11). X(3.8).
3(3.9) 1 (3.6) 4 T =

(s" — ™7 (w™ — W)
= (VJ(@u") = VJ(u™)" (u" - @)+ (¢" —q")" (y" ~ ¥)

= p(A(u™ —u"") — A(u" —u" ),y —§) —p Z P17k

k=m

A PR Y- it BL AN RS 3 BL K B A B R SR DR (B < ), TSR At

(8" = ™) (w" — )|

n—1
P m m— n ~ m — N .

<7 Bl + Iral®) + pl(AQ™ =" )T (y" = 3)| + pl(A@™ — w7 (y" = 3)
k=m
; 3 m m—

k=m+1
1 <« )

k=m+1

< Z Ep+plly" =yl ([AQ@™ —um [ + [[A(u™ —u™ 7))
k=m-+1
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geAh, ARYE SB35 (3T KIS R, K = @fQAN(3.22), AT WeSoE ) .

ply = 3I([A@™ =™ )| + [[A(” —u"H)[) >0 as n— oo

A AT, N
|(s" — ™) (w" — w)| < Z E, as n— o
k=m+1
= AN A SRR R A AN,
+oo
limsup [(s")" (w" —w)| < Y Ex (3.23)

n— oo k=m—+1
UBh BE ST A9 2,

O(w") < O(w) + (s")T (w" — o) (3.24)

T R(3.20) % W T, B R B Yim — ool Y, B — 0, 2545 #® Y
X(3.23) MR (3.24) ML &, W15

lim sup §(w") < 6(w) (3.25)
n——+oo

FIF(3.21) FHOR) B LA, TATH
f(w) < hrjl}rnf O(w™) (3.26)

4540 (3.25)F1(3.26)F
PR R FATH AR I S e s AL s, BIHE B w, #A0(w) < 6(w). #E TR0, 5l
3.3, R (3.17) LA (3.22)MLE R, AT 1540 UScSiHE I -

(8" —s™) T (w" —w)| -0 as n,m — +oo (3.27)
BRI OR TP, AHEERe > 0, FLEM >0, HHESMIn > M,

pl(u™ —uMHTAT(y" —y)| <, (3.28)
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0(w) + € — (Ay™)T (0" — @) + (" = pA — ™) (y" - 3)

=0(w) + e~ (V)T (" =y +ra) + (M = pA@Y —uMT)) (" —y)
0(w) + 2¢ + [y |||

Ak, HT4|r, || — O, n — +oo, HILA:

lim sup f(w") < O(w) + 2

SUEW R RTSCEE AL, AT BRI N &S, Ciw” — w, EMIER EE o 5o (7K
9‘%/\,
f(w) < limJiran(w") < limsup f(w") < §(w) + 2¢
n—-+00 n—+o0
TRA
() < 0(ab)

T, BATSUEH AT Swtb i 2 RS Aw*, Blw = w* H(w) = 0(w*).
WE B 58 B, 0

3.3. BB 7 R IAE Bt

A2 T R 313 B WL SIGH R p A 3 AR W U 5 p BB K, 2 g i el 10 B 3k
A pBUERE AN, W2 R SN QRO R L, IR S LA 2 S BUN SR FE AR 18 T X — il
e, ASCRH BEN B pH X IR #4720t BAk, HIE NS B IR T A B R,
BEAR SRR W06 pid e 2 25 PR R SR IS R Ik, PR SRR XS AT 40 p BOUAEL R
X BRATE k2 4 RS S,

BiX2: BENRERFHEVEKRE(2.1)-(2.2)

ﬁgﬁlﬁﬁ%ﬂ'fﬁj, 91, 92, 93, 94, {110, ’)/0, po}‘iﬁiEU xY xR.
WIR2ZA Tk > 0, {ub, 4%} — y* ! — bt = AR R R

y* ! =arg min £, (u*,y;7%), (3.30)

uhtl = arg Lnel(r} Lo (u,y* 148 (3.31)

YR = k4 pF (K + aM)y — BM,u}. (3.32)
Jxp b <103 <ey,

Pt = g Oy > 13,04 > ey, (3.33)
p else.

L R AN

DOI: 10.12677/pm.2026.164095 108 R H


https://doi.org/10.12677/pm.2026.164095

MR

EIE3.7. Fw* = (u,y)T R H &K209°E— . W AN — +oo, AU" — ukey” — y. BB
Fn — +oo, AJ(U")+5(y") = J(u)+d(y)e

SE 3. 6HAIE T 5 8 B3 TRITE W] S8 s 8L, R /5 20K 8 23,6 7P AN AR 11 PR 1 p Sl B 3 I AR A 411 ]
T RIAT, BRACANEBEIR. 12N RBATRE 2 H SR 2008 I ) 7 U S0 A AIE B o
3.4. WSLR R SR

ARATHEA B G LA 7 1 e ) P WS 2 S R St 2, AR BT iR BVEAE K
A R R 4 1 RN B O (1 /m) BB LIS SR %, JE T Bid R SEIR S R, SR RIZ A%
Ryl USSR e, eAh, Sgh T R T SOE A A [FE B AR
BREHIRAR(34), 255

vJ(uk+l) 4 AT,.Yk+1 _ pATA(uk+1 _ uk) — 0

X AT AT M2 20 (3.8)
VJ(uk—‘rl) + AT’}/k—‘rl —_ 0
P T XL, AR RIS EIR Z ey,
er = —pAT AU —u*) = —pAT (y"H! —y")
JR GG 5% 2 vy, RN 5% 22 e #1023 A2
re, e — 0 as k— o0
T IR B OE A P R ZE ), 5 R TR ZE e, (R R /IME N p ) B I8 S B AE L), FRATTER B & N AL
TR R HENOR, FRATE A g i P e S0 22 5 A ik D Wi S0 2R 1Y) s BRAIE EH
k
Eﬂ&&%ﬁﬁ—(i)ﬁﬁﬁwiﬁ%%ﬁﬁﬂﬂWQQQQXﬁﬂoMﬁﬂ%%inzLé&
y
fi15E 3L

1 ¢ 1 ¢
w, = E w, an Thn = ﬁ Tk
k=1 k=1

%%ﬁﬁ@ﬁqwn:Cj},%&
y
~ 1 1
0(@,) ~ 0(w") + 17 < & (GlAc? —wl+ o 127IR). (3.31)
UERA:0(w) P Hu® € 00(w"), A4
O(w") — O(w*) < (s")" (w" — w*) (3.35)
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R (3.33)HIE X, FAMRBpKAE TpUdE R, gk, oA, H
P =4 p+qt+o=k ,p,qgoeN"
R (3.6)-(3.8), 153
(") (w* —w") = =(*)T A" —w) + {* + pAL* T — ")} (" ~y)
= (" —y + )+ {7+ pAET - d )M (v - )} (3.36)
= —p{AW" —u" N} —y) = ()T
SE4(3.34)F1(3.36),
O(w") — O(w") < —p{A(u* —u"" )} (¥ —y) = (+") 7. (3.37)

g N &R .
w—bsziﬂMW—Ha—MF—HWﬂw (3.38)

5] #E3.171(3.38)
= p{A@" =" (v —y)
= p{A(u" —u* )}y — p{A(u" —u" )} AU - u) (3.39)
= g{llA(uk_1 —u)|* — [A@* —u)|* — A" —u" |7},

LB = A(uF~ —u)filb = A(uF — u)fF 3,
[FHE, MR¥E(3.9)F1(3.38)F

1 _ 1 _ _
—() ' = ;(7’“,7’“ Pt = ;p(llv’“ (e et [ o[
(3.40)
1 - P
= ;p(llvk P =R - §Ilmll2-

MR (3.37), (3.39)F1(3.40), FAI1FE

mwﬂ—mww+gg

N

{IlAQ* ! —w)|* = [[A(u® —w) [} + ;p(llv’“ll2 I (341)

moZ M, T

O(w,) < 6(w"),

k=1

_ 1 —

171 < gZ (]2,
k=1

SER
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Table 1. ADMM solution results for different p
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p iter ||y_yQ||L2(Q) ||y_yF||L2(Q) J(y,u) ||U||L2(ﬂ)
0.5 - - - - -
1 43 5.63376e-01 2.10195e-01 1.92040e-01 3.35454e-01
2 32 5.66067e-01 2.14567e-01 1.94598e-01 3.37089e-01
3 23 5.66075e-01 2.14551e-01 1.94602¢-01 3.37136e-01
adaptive 18 5.66136e-01 2.14428e-01 1.94654e-01 3.37782e-01
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