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Abstract

Let Sn denote the n-th symmetric group, let λ be a partition of n, and let χλ be the

irreducible character of Sn corresponding to λ. M = (mij) be an n@@@n square matrix.

The dn−1immanantal polynomial of matrix M is defined as

dn−1(M) =
∑
σ∈Sn

χn−1(σ)

n∏
i=1

mi,σ(i),

Let G be a simple connected graph with n vertices, and A(G) be the adjacency matrix

of G. The dn−1 immanantal polynomial of the adjacency matrix of the graph is defined

as dn−1(xI-A). The nullity of graph G is denoted as ηn−1(G), which is the number of

zero roots of the (n-1)-th immanantal polynomial of G. In this paper, we first use

the Gallai-Edmonds structure theorem to describe the maximum Sachs subgraph, and

establish the relationship between the zero roots of the dn−1 immanantal polynomial of

the adjacency matrix of the graph and matchings. As an application, we give ηn−1(G))

for trees, cycles, and complete graphs. Furthermore, we characterize the graphs with

ηn−1(G) = 0.
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1. Úó

-SnL«n�é¡+§λ´n ���y©,χλ´Sn�Ø��A�I.ùimmanant ¼êdλ´ÏL

òØ��A�Iχλ �^un× n Ý
M = (mi,j)����dλ ,½Â�µ

dλ(M) =
∑
σ∈Sn

χλ(σ)
n∏
i=1

mi,σ(i). (1)

AO/,�λ = (k, 1n−k)�,·�¡d(k,1n−k)(M)�Ý
M�Hook−immanant,{P�dk(M).�k =

1�,d1(M)éAM�1�ª.�k = n�,dn(M)éAM�ÈÚª,=per(M).

3ù�©Ù�¥,·�Ì��Ä�λy©�(n− 1, 1),1(n− 1)immanant½Â�¶

dn−1(M) =
∑
σ∈Sn

χn−1(σ)
n∏
i=1

mi,σ(i), (2)

ùp�χn−1(σ) = F (σ)− 1,ùpF (σ)L«��σ�ØÄ:�ê.dTA�Iúª��dn−1(M)���

|ÜL�ªµ

dn−1(M) =

n∑
i=1

mi,i per(M(i))− per(M), (3)

Ù¥, M(i)L«lÝ
M¥íØ1i1�1i�����fÝ
. dn−1(M) �O�E,Ý�ÏLÈÚ

ª(permanent)�8�5(½:duÝ
ÈÚª�O�´#P -��¯K(#P-complete) [1],�ÈÚª�

O��8��é�EÑ�Ý
M ′ O�dn−1(M),Ïdéu��Ý
M ,O�dn−1(M)Ó�´#P - �

�¯K.

�G = (V (G), E(G))´��äkn�º:Úm^>�{üã.ãG�º:8Ú>8©OP

�V (G) = (v1, v2, ,, vn)ÚE(G) = (e1, e2, ,, em).-n = |V (G)|Úm = |E(G)|©OL«G�º:ê
Ú>ê,ãG���Ý
A(G) = (ai,j)½Â�

ai,j =


1, eº:vi �vj ��,

0, ÄK.

ãG�����´�>�8Ü,Ù¥?¿ü^>Ñvkú�º:.e����CX
ãG�¤k

º:,K¡Ù�G��{��. ãG�Ä�fã´ãG�¥¤k©|�ü>½��)¤fã.

éun× nÝ
A,½Âdn−1(xI −A)�A�1(n− 1)immanantalõ�ª.XJG´��ã,A(G)´

ãG���Ý
,K½ÂG�1(n− 1)immanantalõ�ª�φn−1(G, x) = dn−1(xI −A),ãG�1(n−
1)immanantalõ�ª�Ì^psn−1(G)L«,´φn−1(G, x)�¤k�(ëÓ§��õ­ê),φn−1(G, x)�

"��õ­ê,^ηn−1(G)L«,¡�ãG�1(n− 1)immanantalõ�ª�"Ý.

ã�ÌnØ´�êãØ�Ø%ïÄ����,²;�ãÌ,=ã���Ý
!.Ê.dÝ
��

A�õ�ª��9Ùõ­5,ë� [2]?è
ã��þ'�|Ü&E,õc5,ã�(��Ì�m�é
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A'X®²��
4�2���\�ïÄ,¤�ãØ+��²;ïÄ�ª.3²;ÌnØ�	,Ý


�immanantal õ�ª´A�õ�ª�­�í2.8cÈÚÌ(ÈÚõ�ª��)�ïÄ®²��
�

X�­�¤JµBrenner ÚBrualdi [3] y²
�KÝ
�[Èõ�ª�Ñá3±Ì�»��»��

�S¶Merris [4] �Ñ
��Ý
¢[È��«m.¶Borowiecki [5]�x
[ÈÌ�XJê�ã�

(�;Ç [6] y²
ÈÚ"ÝÚ���'X,Ü�< [7]y²
ãØ�3K�¢[È�,��ÜãØ"

	Ã¢[È�,Ó�ÈÚÌ��(½ã��'ïÄ�3±Yí?(� [8–11]).�ÈÚÌ�ïÄ?Ð�

',1n-1 immanantal õ�ª�Ì�ïÄE�3�þ�&¢��m.

�©�3&?ãG�¦)¯K,©Ù�Ù!SüXe:312!¥,·�Äkéã�1(n −
1)immanantalõ�ª�"Ý�Vg?1ÐÚ&?,313!¥,·�©O?Ø
ã¥|S(G)| 6=
n − 1Ú|S(G)| .= n − 1�"ÝÓ�§��$^§·��Ñ
´!�!��ã�n − 1"Ý�L

�ª:��314 !¥,·�(½
é¤kηn−1(G) = 0�ã.

2. ý��£

3ïÄã�dn−1immanantalõ�ª�"Ý�,ã�Ä�fã½nåXé­���^.

Ún 2.1. [12]-G´��n�º:�ã.A(G)´§���Ý
,

φλ,k(x,A(G)) =

n∑
k=0

(−1)kcλκ(A(G))xn−k

´ãG�immanantalõ�ª,K

cλ,κ(A(G)) =
∑

B:|B|=k,B⊆V (G)

∑
c

χλ(C)2k(τC(B))

Ù¥B´V (G)¥k����f8,C´f+(Sn)B��Ýa,τC(B)´dσ ∈ c(½Ù©|´º:�B�
ü>½ö��ã,k(τC(B)) ´τC(B)¥���ê.

íØ 2.2. -G´��n�º:�ã,A(G)´§���Ý
,

φn−1(x,A(G)) =
n∑
k=0

bkx
n−k

´ãG�1(n− 1)immanantalõ�ª,K

bk = (−1)k
∑
k

(n− k − 1)2κ(H)

ùp�¦Ú´�HãG¥¤kk�º:�Ä�fãH,κ(H)´H¥��êþ.

w,3�º:�Ä�fã´��n�/,
o�º:�Ä�fãkü«a:ü��á�>Ú��

o>/,Ïd�âíØ2.2·���Xe(J:
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íØ 2.3. -G ´��ã,kn �º:Úm ^>.(d1, d2, . . . , dn)L«G�ÝS�.K

(i) b0(G) = n− 1.

(ii) b1(G) = 0.

(iii) b2(G) = (n− 3)m.

(v) b3(G) = −2(n− 4)t(G).

(iv) b4(G) = (n− 5)(
(
m
2

)
−
∑n

i=1

(
di
2

)
+ 2q(G)).

(vi) bn−1(G) = 0.

Ù¥t(G)L«ãG¥n�/�ê8,q(G)L«ãG¥o>/�ê8,TjL«ãG ¥¤kn�/�

ÝêÚ.

~ 2.4. Xã 1¤«�ã,Ùº:ên = 6,>êm = 7,ÝS��(1, 2, 4, 2, 3, 2),t(G) = 1,q(G) = 1.

(i) b0(G) = 6− 1 = 5.

(ii) b1(G) = 0.

(iii) b2(G) = (6− 3)× 7 = 21.

(v) b3(G) = −2× (6− 4) = −4.

(iv) b4(G) = (6− 5)(21− 12 + 2) = 11.

(vi) b5(G) = 0.

(vi) b6(G) = −1.

Ïdã 1�1n− 1immanantalõ�ª�φn−1(x,A(G)) = 5x6 + 21x4 − 4x3 + 11x2 − 1

Figure 1. Graph of six vertices

ã 1. 6�º:�ã

e¡·�0�ã���¥Í¶�Gallai-Edmonds(�½n.½Â3.2(i) 
g©z [13] [14].½

Â2.4(i)Ú(ii)¥�ÎÒò3�©¥¦^.

½Â 2.5. �G´��ã.

(i) �D(G)�G¥���������Ø�Ú�¤kº:�¤�8Ü.½ÂB(G) = v ∈ (V (G) −
D(G)):�3u ∈ D(G)¦�uv ∈ E(G),C(G) = V (G)− (D(G) ∪B(G)).
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(ii) �D′0(G)�G[D(G)]¥�¤k�áº:�¤�8Ü,�B′0(G)�G[B(G)]¥�¤k�D′0(G) ë�

�º:�¤�8Ü,F(G)�G[D(G)]¥z�����3�©|�¤�8Ü.

½n 2.6. (Gallai-Edmonds(�½n [13] [14]) �G´��ã,B(G)!C(G)ÚD(G)´þã½Â�

º:y©.±e(Øþ¤á:

(i) D(G)�Ñ�fã�z�©|Ñ´Ïf�.�.

(ii) C(G)�Ñ�fã�3�{��.

(iii) G�?¿����M§Ñ�¹G[D(G)]z�©|���C�{��,±9G[C(G)]z�©|��

��{��:�M¬òB(G)�¤kº:�G[D(G)]¥ØÓ©|�º:?1��.

(iv) ÏL3G ¥íKC(G) �º:ÚdB(G) )¤�>,¿�Â D(G) �z�©|���º:¤�

���Üãk�J{(lB(G) ��Ýw).

(v) �����>ê� 1
2

(
|V (G)| − c(D(G)) + |B(G)|

)
,ùpcD(G))L«dD(G))¤�ã�©|ê

8.

Ún 2.7. �G�F(G) 6= ∅�Ã�{���ã.XJG�����MCX
G[D(G)]¥¦�Uõ��

áº:,@oF(G)¥7L�3����G[D(G)]¥�©þvk�MCX.

3. ã�dn−1Immanantalõ�ª�"Ý

ã�dn−1immanantalõ�ª�"Ý´Tõ�ª"���ê,dudn−1immanantalõ�ª�X

êbk´dk�º:�Ä�fãH¤(½�,ùp·�-º:ê���Ä�fã�S(G),º:ê1��

�Ä�fã�S′(G),�k(k 6= n− 1) �º:�S(G)�3�,bk 6= 0,du�k = n− 1 �,bk ð�",¤

±���Sachsfã�º:ê|S(G)| = n − 1,dn−1immanantalõ�ª�"Ý,dS′(G)¤(½.Ïd·

�ò�Ä|S(G)| 6= nÚ|S(G)| = n− 1 ùü«�/.

Ún 3.1. |S(G)| − |S′(G)| = 1½2.

yyy²²². �âÄ�fã�½Â,ãG�?¿Ä�fãS(G)=kna(�:üüØ����!Ø��

�¿!���Ø���·Ü¿.e¡©�/?Ø:

1. eS(G)�X��(�:í�?¿��º:�,éA��>�»�,�{��êþ~1,ÏdS(G) −
S′(G) = 2.

2. eS(G)�Ø���¿:

• e¤k�þ�ó�:ó��©)���,8��X���/:

• e�¹Û�:�TÛ�º:ê�2k + 1.í�Ù¥1�º:�,Û�òz�2k�º:�´,�©

)�k�Ø���,d�S(G)− S′(G) = 1.

3. eS(G)������·Ü(�:�âí�º:¤á(�(��>/Û�/ó�),©O8��þãü

a�/,��E=�1½2.
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nþ§¤k(�þ÷vS(G)− S′(G) ∈ {1, 2}.

íØ 3.2. XJéuéu��ãG,§���Ä�fãS(G)¤k�U�|¤Ü©�3��Û

�,K|S(G)| − |S′(G)| = 1.

���///1.���|S(G)| 6= n − 1��� dudn−1immanantalõ�ª�����Xê�k�º:�Ä�f

ãS(G)���',Ïd·�de¡�íØ

íØ 3.3. -G´��n�º:�ã§XJ|S(G)| 6= n− 1,K

ηn−1(G) = n− |S(G)|

Ún 3.4. [6]�G´��º:ên ≥ 3�Ïf�.ã,K±e(Øþ¤á.

(i) G�z�º:v ∈ V (G)Ñ¹uG�,�Û�¥.

(ii) �3G���Û�CÚ������M ,¦�G�E(C) ∪MCX,�G�>�ÑfãG[E(C) ∪
(M − E(G[V (C)]))]���Ý�2.(Ïd,G[E(C) ∪M ]´G�����Sachsfã).

Ún 3.5. [6]�G´��kn�º:�ëÏã,Ù��������ν(G).±e(Ø�d:

(i) |S(G)| = 2ν(G).

(ii) G�o�3�{��,�oE(G[D(G)]) = ∅(=D(G)�Ñ�fãvk>).

½Â 3.6. �M´ãG�������,¦�MCXG[D(G)]¥��áº:ê����,M(G)

�G[D(G)] ¥����3�ëÏ©|�êþ,Ù¥z�ù��ëÏ©|Tk��º:��M CX.

d½n2.5(i)��§F(G)¥�z�ãÑ´Ïf�.�.dÚn3.4,eF(G) 6= ∅,K|S(G)| > 2ν(G).e

��Únò£ã÷vF(G) 6= ∅�ã���Sachsfã.

Ún 3.7. [6]�G´äkn�º:�Ã�{���ëÏã,eF(G) 6= ∅,K

ηn−1(G) = n− 2ν(G)−M(G).

ÏLÚn3.5ÚÚn3.7§·���
�!�Ì�½nXe:

½n 3.8. �G´n�º:�|S(G)| 6= n− 1�{üã,M´÷v½Â2.7�G�������,K

ηn-1(G) =

n− 2ν(G), e G k�{��½ F(G) = ∅,

n− 2ν(G)−M(G), ÄK.

���///2.���|S(G)|=n-1���

3)ûù�¯K�c,·�k^Gallai-Edmonds(�½n�?Ø�e,@«ã(�§�S|G| =

n− 1.
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½n 3.9. e|D′0(G)| − |B′0(G)| = 1,K|S(G)| = n− 1,ùp�|S(G)|´S(G)�º:êþ.

y². d½Â2.4��,?¿ãG�º:8�UìGallai-Edmonds©)y©�C(G), B(G), D(G)nÜ

©.Ï�f8C(G)�¤këÏ©|þ�3�{��§ÏdC(G)¥�Üº:þ�B\��Ä�f

ãS(G),F(G)�G[D(G)]¥¤k�Ø�u3�Ïf�.©|,k|B(G)| − |B′(G)| �:´��F(G) �

ë�,¤±F(G) �|B(G)| − |B′(G)|�ë�±�¤S(G) ��Ü©,�|D′(G)| − |B′(G)| = 1�,�â

���Ä�5�,|B′(G)|��:�õ=U��CX|B′(G)|��á:,Ïd7½k��:Ã{/¤�

�,¤±|S(G)| = n− 1.

~ 3.10. Xã 2¤«,D′0(G) = [V7, V8, V9], B
′
0(G) = B(G) = [V5, V6],C(G) = [V1, V2, V3, V4],C(G)ä

k�{��,ÏdC(G)�±�¤S(G)��Ü©,F(G) = [V10, V11, V12],§´Ïf�.�,�dã

·��±wÑ,§���±�¤S(G)��Ü©,B′0(G)�D′0(G)�p�é,/¤���¤S(G)��

Ü©,�´du|D′0(G)| − |B′0(G)| = 1,¤±3D′0(G)¥�½d��:,vk�¤S(G)��Ü©,¤

±|S(G)| = n− 1.

Figure 2. S(G) = n− 1

ã 2. S(G) = n− 1

Ún 3.11. �G´n�º:�|S(G)| .= n− 1�{üã,Kηn−1(G) = n− |S′(G)|.

·���,XJ��Ä�fã�º:ê�k,KéAudn−immanantalõ�ª�Xê����

�bk,�XJk = n − 1,·���éA�bk = 0,Ïd·���Äc��,Ïd·�k±e(Ø. dí

Ø3.2·��±��

íØ 3.12. �G´n�º:�|S(G)| .= n− 1�{üã,XJéuS(G)¤k�U�|¤Ü©�3��

Û�,Kηn−1(G) = 2.

Ún 3.13. �G´n�º:�|S(G)| .= n− 1�{ü�Üã,Kηn−1(G) = 3.

y². -G´n�º:�|S(G)| .= n− 1�{ü�Üã,d|S(G)| .= n− 1,Ïd����XêdS′(G)¤

(½,·���éu���Üã5`,§�Ä�fã�±w¤����,�â�ÜãÄ�fã�5

�,ÏdS(G)− S′(G) = 2§¤±ηn−1(G) = 3.
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Ún 3.14. �G´n�º:�|S(G)| .= n− 1�{üã,K�F(G) 6= ∅�,ηn−1(G) = 2.

y². Ï�|S(G)| .= n− 1,ÏdGØ�3�{��,�â½n2.5,kc(D(G)) > |B(G)|.Ïd,���3

��H ∈ F(G),¦�HTk��º:��M CX,dÚn3.6,·���|S(G)| = 2ν(G) + M(G),Ï

d|S(G)| = 2ν(G) +M(G)− 1 = n− 2,¤±ηn−1(G) = 2.

íØ 3.15. ´Pn,�CnÚ��ãKn�1n-1immanantalõ�ª�"Ý÷ve¡�5�.

(i) ηper(Cn) = 0;

(ii) ηper(Pn) =

3 n ´Ûê,

0 n ´óê.
;

(iii) ηper(Kn) =

1 n = 1,

0 n ≥ 2.

4. ηn−1 = 0�ã

·���éu��n�º:�{üãG,XJ�3n�º:�Ä�fã,Kηn−1 = 0,3�!¥·�

ò£ã1(n− 1)immanantalõ�ª�"Ý�"�ã.

íØ 4.1. �G´��n�º:�{üëÏã,XJGk�{��,Kηper(G) = 0.

íØ 4.2. �G´��n(n ≥ 2)�º:�{üëÏã,XJGäkCXG[D(G)]�z��áº:��

���§Kηper(G) = 0.

íØ 4.3. �G´��n(n ≥ 2)�º:�{üëÏã,XJG[D(G)]vk�áº:,Kηper(G) = 0.
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