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Abstract

Let S, denote the n-th symmetric group, let A be a partition of n, and let y, be the
irreducible character of S,, corresponding to A\. M = (m;;) be an nXn square matrix.

The d,_;immanantal polynomial of matrix M is defined as

dor (M) =Y Xn1(0) [T o
i=1

cES,

Let G be a simple connected graph with n vertices, and A(G) be the adjacency matrix
of G. The d,,_; immanantal polynomial of the adjacency matrix of the graph is defined
as d,_1(xI-A). The nullity of graph G is denoted as 7,_;(G), which is the number of
zero roots of the (n-1)-th immanantal polynomial of G. In this paper, we first use
the Gallai-Edmonds structure theorem to describe the maximum Sachs subgraph, and
establish the relationship between the zero roots of the d,,_; immanantal polynomial of
the adjacency matrix of the graph and matchings. As an application, we give 7,,_1(G))
for trees, cycles, and complete graphs. Furthermore, we characterize the graphs with
Mn-1(G) = 0.
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A JE SR AR, TRk AR M — 6 5 P R AR DB T8 AR R E (L [8-11]). S5 AR AN (R 7 22k FRe A
EE,%in-1 immanantal 2 W1 I FEAS A4 KR AR IR R (5]

A B AE RO EIGH SRR ) R, SC B B BN 2 HE AT AR B2 o FRATT i e B S (e —
1)immanantal % 5 2 (¥ 2 J5 (149 8E & 2 A7 90 28 88 15 78 58375 vh 34T 3 3 v e 7 B R |S(G)| #
n—1MS(G)| = n— INEFELZFEN, fERHEH, EAGH THK B 2B - 1FERE
BRI JEAEERA P BATHE T n,-1(G) = 0K

2. FgER

FERT FCE [ d,,— immanantal 2 I 2 LI B (567 1 RS 3 R EL E2 AR Y.

138 2.1, [124GA—AnANTREMY B AG)R T AR,

Ori(@ AG)) = 3 (=) enn(A(G)2"*

k=0

£ B Gt immanantal % 7 X,

ean(A(G)) = Z ZXA(C)QMTC(B))

B:|B|=k,BCV(G) ¢
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#iL 2.3. 4G R—AB An AMEFm KiA.(dy, d, ..., d,) R TG E R3]0
i) bo(G) =n — 1.

v) b3(G) = —2(n — HH(G).

i) ba(G) = (n=5)((3) = XL, (3) +2¢(G)).-

(vi) bp_1(G) = 0.

APHOATRGY ZABHKE (A TRGYOAHHKE, T2 TAG FHH AT
S HHa,

5 2.4, el 1R E, LR EHn =6,A%m =757 4(1,2,4,2,3,2),t(G) = 1,¢(G) = 1.

Figure 1. Graph of six vertices
1. 6 TIE

T @ RN 2B 6 P F % 69 Gallai-Edmonds?E #) 2 3252 X3.2(1) & B X ak [13] [14]. %
X2.4(i) A= (ii) P 89 FF TR AL AL A

ENX 2.5. EGA—/HA.

(i) ED(G)HGH E YAk — /R K BT A= 0 5T AT TR S A AR 09 £ 6.5 LB(G) = v € (V(G) —
D(G)):AEu € D(G)#4Fuv € BE(G),C(G) = V(G) — (D(G) U B(G)).
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(i) %D}(G) A GD(G)] & BT A 3K 2 TR S & 49 5 & 3% B)(G) A G[B(G)] ¥ 49 ¥ & 5 D) (G) 4
AT &AM R A, F(G)AGID(G)|F AN Z ) A369 5 XA m ey £ 4.

E 2.6. (Gallai-Edmonds##) 2 32 [13] [14]) A GEA—AE,B(G). C(G)#D(G)A L& = Lty

TR X 4 AT 4538 3 M 2

(i) D(G)% t69F B 694/ o L A2 B Fls K49

(ir) C(G)Fh ey T B AT E LA,

(i) GHAEZERKEBRM, #HEESGD(G)HAR L —NET £ EE, ABG[C(G)|HFA % L t)—
AR EEEAMA¥B(G)WHHTH I EEGD(G)) ¥ TR 5 L 6T &3 AT KA.

(iv) BRAEG FHILC(G) BT EAH B(G) A mM9iA,H BK%D(G) B9 LA —ATR EFTF
ey B A E RS (AB(G) HAKEA).

(v) RREFRGAKAL(V(G)| - c«(D(G)) + |B(G)]), i ZcD(G)) % 7 8 D(G) £ A& 49 B 89 5 X 3
H.

S 2.7. RGAF(G) #VBAAR EEEGE e RGH R KEHEME Z T G[D(G))F AT % 638
SR INAF(G)FLABEEEY —AGD(G)FH»ERAMME %,

3. BIHd,,_1Immanantal ZINNHNEE

EId,, 1 immanantal 2 WU 1) % FE 2 1% 2 A EAR A3 T d, - immanantal 2 T &
Kby, A2 FH AN TR AR 1 B H TR 2 113X BL AT 2 TOS B K I 36 AR 7 NS (G), T 408 —
AT NS (G),2k(k # n — 1) DTS HIS(G)IFEAER by, # 0,1 F 4k = n — 1 i ,by THNE BT
DL 24 £ K Sachs T TH %1 S(G)| = n — 1,d,_immanantal % B 1 5, S (G) Frie 2 . A 1k 3%
%5 RE|S(G)| # nAl|S(G)| =n — 1 IXHFE.

513 3.1. |S(G)| - |9'(G)] = 132.

Y. RBEEATEGE L ACHEELATRS(Q)RAZALEM ARRIHER, FLE
. EEE5ARAXE GRS TasrEHitie:

1. ZS(G)H b I BLLE M) M) FAE T —ANTR G 3 TE AL A% 3 ) A I8 B 32 1, B S(G) —
S(G) =2.
2. #S(G)VAH TR B H:
o FHTH BY¥AIGE ABE T AN EE, )3 L E sk IE R

o H WA B AL A BN EE A2k + LMK H FIANTA EE, 7 BB A26ATA & 4958 7T 2
FENEATR R IEE SIS (G) — S'(G) = 1.

ES(G)A TS B 69 R A LA ARE M LT ST & 254 (BBl /27 B A% 8 ), 5 A1) 249 2 LR
RWEH, AL R 2.
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L, FIAHAHRSG) - S'(G) € {1,2).

i 3.2 RN FHF—ARGCEHRALATASG)FA THRGARINS A E—IF
B 0|S(G)| — |S(G)] = 1.

BWH1.%|S(G)| #n— 1 & Td,_immanantal% A XN RE — N ZEELNTR R &L KT
BS(G)EmAm X, B &AM T @4 it

#iL 3.3. AGEA—AnAMENE, WwX[S(Q)| #n— 1,1
M-1(G) =n = [S(G)

B3 3.4. [6]RGR—AT S0 > 360 BT 06 B M AT 261 & 2.

(i) GRENT Sv e V(G) A& TG AN B+,
(ii) HEGH—ANFBCA—MRRKERMEFGHEC)UMAEZ BLGHAFH-FRGEC)U
(M — E(G[V(O))]#9 & KEAH2. (A, GE(C) U M|AGH— % K SachsT B ).

51 3.5. (6] RGA—AMNARANA A EDE, LR K EHY KD Av(G). AT ERF0N:
(i) 1S(G)] = 2v(G).
(ii) GELAHETERI, 2 LZE(GD(G)]) =0(BPD(G)F 6T B IL AL ).

EX 3.6, EMABEGH —A & K BB (& FME ZG[D(G))F 89 I8 0 & # % 2 % K, M(G)
AGD(G)) Y HES AN LB LR E AP HENIHGREY LBA —ATMEAMM & E.
WEL2.5(1)T 4, F(G)FWHEANEALR TR . 051235 F(G) #0,MS(G)| > 2v(G).F
— AN IR HAF(G) # 08B R K SachsT BA.

138 3.7. [6]ACGAAANATAELLE £ LA EEE ZF(G) £ 0,0

Mo1(G) = n — 20(G) — M(G).

@it 5]323.5427]323.7, EANFE T AT HEZ T
EIE 3.8. HGANNMEL|S(G)| #£n — 1698 £ B, MA#H &2 L 2. 789 GA— /N3 K I AL, )

© n —2v(Q), * G AREEBRR F(G) =0,
Nn- =
! n—2(G) - M(G), BN

W 2.%|S(G)=n-18
FE R e X AN ) R Z AT, &A1 & A Gallai-Edmonds4 #) € 3 k36— TF IRAP B L4 ¢ 895|G| =

n—1.
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FE 3.9. %|D)(G) - |BY(G)| = 1,M[S(G)| = n— 1,X 289|S(G)|-S(G) 8T 532

MERA. H1 7 Y2471 &0 AT 7 B G T 5 48 7] 4% IR Gallai-Edmonds 23 i %1 0 N C(G), B(G), D(G) =
o5 RN TFEEC(G) I BT A 70 4y S AR 5E R ILEL, RO (G) A B T A 3 T gy N e KA 7
ES(G),F(GYNGID(G)H AN A/ NF3HRFE TR A5 3, A|B(G)| — |B'(Q)| M REF(G) M
ERLTUAF(G) 5|B(G)| — | B (G)|MER LM ALS(G) B1—#53,24|D'(G)| — |B'(G)| = 15 MR 4
TR B 38 A 7| B (G) | AN 48 m e 2 A REVL L 7 25 | B (G) | AN IRAE A, R e s 5 — A S ek T B IT
B, BT LLIS(G)] = n — 1.

Bl 3.10. =& 2577, Dy (G) = [V7, Vs, Vo, By(G) = B(G) = [V5, V5|,C(G) = [V1, Va, V3, Vi],.C(G) R
H R FEEE,HLC(G)T AH RS (G4 — 35 ,F(G) = [Vig, Vi1, Via], € £ B T ik F 69, L i B
KAV T A H,C R G T AM RS (G) 49 — 35, B)(G) 5 D) (G) A8 I Be 3,7 mi, IE Be 4 ikS(G) 89 —
H A2 & T|IDYG)| — |By(G)| = LA AED)(G)F — = & — A &% A M mS(G) 8 — 36 5 B
AS(G)| =n — 1.

Figure 2. S(G)=n—-1
B2 S(G)=n—1

313 3.11. HGANANTAELIS(G)| =n— 18 EEE Wn,_1(G) =n—|9(G)|.

HAMNFilE R R RKARATF RGN EH AL, N B Fd,_immanantal % 0 X 69 & # & g — A
Abp A2 Rk = n — 1, &AM %08 3F 2 6b, = 0, B KMNEFH BT —R,BREMNA AT L. i
8. 28 AT A 2
HIL 3.12. RGARNTRER|S(G)| =n— 1895 F B 4o X34 T S(G) T A 7T it 69 B3 2 — A
B M, 1(G) = 2.

3138 3.13. KGANANTEL|S(G)| =n— 169H £ =3B Wy, (G) =3.
MERR. 2GREn M H|S(G)| = n— 1HER L H|S(G)] = n— 1,HRE — D REHS (G)

fif 78 FRATT A 0] T — A R R SR B 0 A TR T DU R4 D VT AR A 0 L A T
Ji,RIES(G) — S'(G) =2, Filhn, 1(G) = 3.
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3132 3.14. KGR EL|S(GQ)| =n— 18R 2B ML F(G) £ 08,0, (G) = 2.

MERR. IAIS(G)| = n — 1, BGANEAE 58 R IULAC MR € 325, Fc(D(G)) > |B(G)|. KL, 2=/ AA7E
—/NH € F(G)fER/HEA AT AR M 88, ol #3.6,LA1VMIE|S(G)| = 2v(G) + M(G),H
BE[S(G)| = 2v(G) + M(G) — 1 =n — 2, bk, _1(G) = 2.

IS 3.15. %P, BC, A2 22 B K, N %n-limmanantal % A X 69 E B % LT @69 R

(Z) nper n 0

0 it -{
(i) Nper(K ) {

4. n,—1 = 0RVE

PATTENIE XS T — AT ) ] B B G0 RAFAEn DN TV R AT g,y = O ZEARTT i 3RAT]
PR (n — 1)immanantal 2 I ZF B FHE.

L 4.1, RGA—AnATEM 2% B E o BGH % £ B, M0 (G) = 0.

S

Pt
by
}&z}‘\:

S

Pt
-
=
P

it 4.2. KGR —An(n > )N &6 F F 2B E o RGEAA FE EZGD(G)|WHEANIN LT L K
RER, M (G) = 0.

#iL 4.3, HGA—An(n > 2)ATMENH L EBE 4o RG[D(G)AAH IR ZIE, Wnye (G) = 0.
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