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Abstract

This paper investigates the blow-up behavior of solutions to a class of parabolic equa

tions involving fractional (p,q)-Laplace operators under subcritical initial energy level.

By virtue of the concave function method and potential well theory, we first establish

the finite time blow-up of solutions. Furthermore, we derive blow-up rate estimates

via differential inequality techniques. The obtained results complement and enrich

existing studies on global existence and asymptotic behavior.
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1. Úó

3�©¥§·��ÄXe¹k(p, q)-Laplacian ��ÛÜ*Ñ¯Kµ
ut + (−∆)αpu+ (−∆)βqu = |u|r−2u, (x, t) ∈ Ω× R+,

u(x, 0) = u0(x), x ∈ Ω,

u(x, t) = 0, (x, t) ∈ (RN\Ω)× R+
0 ,

(1)

Ù¥0 < α, β < 1§2 ≤ p, q < ∞§p, q < r§αp < N§βq < N§Ω ⊂ RN �äkLipschitz >.∂Ω

�k.«�"Pp∗ = Np
N−αp �q

∗ = Nq
N−βq ©O�©ê�Sobolev �.�ê§�©ïÄ�´g�.�

/§=r < min{p∗, q∗}§T^��y
��5
�3©ê�Sobolev i\e���f���"©ê

�p-Laplace �f(−∆)αpu(x) ½Â�

(−∆)αpu(x) = 2P.V.

∫
RN

|u(x)− u(y)|p−2(u(x)− u(y))

|x− y|N+pa
dy,
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Ù¥P.V. L«�ÜÌ�§��5�ÛÜ�f(−∆)βqu(x) ±�Ó�ª½Â"�.(1) 5
u�ÛÜõ

�0��§§¿��xõ�0�¥�9þ!�þ±9ÄþDÑJø
Ä: [1]"Ù3α = β = 1 �

�A~§=

ut − div(D(u)∇u) = |u|r−2 (2)

Ù¥D(u) = |∇u|p−2 + |∇u|q−2§T�.Ñy3�lfNÔn!)ÔÔn±9zÆ�A�O¥ [2]"

ùp§u L«£ãõ|©Ô��Ý½ßÝ�G�Cþ§div(D(u)∇u) L«äk*ÑXêD(u) �*

ÑL§§
|u|r−2 KL«�
�Ú��L§�'��A�"�.(1)�(2)¤äk�´LÔn�µÚ

u
�þïÄ,�"®k'u�ÛÜ�.(1) �ïÄÌ�8¥3�K5 [3, 4]!ÛÜ�35 [1, 5]±

9äkìC1���N�35 [6]�¯Kþ"aq/§éuÛÜ�.(2)§ïÄö�&?
Ù�K

5 [7, 8]�)��35 [9, 10]"��5¿�´§�¹ÛÜ��ÛÜ�f·Ü��Ô.�.Cc5�

É�
2�'5§¿3�K5��35©Û�¡��
?Ð [11, 12]"¦+3ÛÜ!�ÛÜ±9·

Ü.�Ô¯K�)��35��K5�¡®kÃõïÄ¤J§�'u�»y�£=)�Ø�35¤

�ïÄE�é��"Ïd§�©ò­:ïÄ�Ô.�ÛÜV��.(1) ��»)Û"

�©�Ì�8I´ïÄÐ�é)3k��mS�»�K�§±�Ö©z [6]¥'u¯K(1) �

�'�x"Li �< [6]3 ³³nØ [13, 14]µee§Ägïá
¯K(1) )�N�3�¿©^�"

ïÄL²­½6/

W :=
{
u ∈Wα,p

0 (Ω) ∩W β,q
0 (Ω) | I(u) > 0, J(u) < d

}
∪ {0}

��EòÛÜ)��3�mòÿ����m¶§=�u0 ∈ W �§¯K(1) �)´�N�3�§Ù

¥Wα,p
0 (Ω),W β,q

0 (Ω) L«©ê�Sobolev �m§J(u)!I(u) Úd ©OL«Uþ�¼!Nehari �¼

±9ì´Y²",
§d­½6/W �	�Ð�¤Úu�)�ÄåÆ1�E��&Ä"�
)û
ù�ÿ�)û�¯K§·�Ú\Ø­½6/

V :=
{
u ∈Wα,p

0 (Ω) ∩W β,q
0 (Ω)|I(u) < 0, J(u) < d

}
,

��§·�}Áïá�Ð�u0 ∈ V �)u)�»�¿©^�"��5¿�´§�©�Ñ��
»(J�©z [6]¥'u)��N�35(J�Ó�¤
«©k��m�»��N�3�K�^

�"

�©(�SüXeµ12 !£�©ê�Sobolev �m¿Ú\eZ­��¼§Ó��Ñ�
Ä�

Ún¶13 !�Ñî��k��m�»(J!�»�Ç�O9�»�me.¶14 !?Ø�.ëê

é�»�K�¿JÑm�5¯K"

2. �
PÒ�ý�Ún

e©¥§‖ · ‖p L«IO�Lp(Ω) �ê§
‖ · ‖ L«L2(Ω) �ê"PÒ(ϕ,ψ) =
∫

Ω
ϕψ dx L«
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SÈ"'u©ê�Sobolev �m

Wα,p
0 (Ω) := {u ∈ Lp(Ω) : [u]α,p <∞, u(x) = 0 A�??u RN \ Ω},

·�æ^©z [6]¥�Ñ�½Â"¼êu �Gagliardo ��ê½Â�

[u]α,p :=

(
P.V.

∫∫
Q

|u(x)− u(y)|p

|x− y|N+pα
dxdy

) 1
p

.

Ù¥,Q := R2N \u§u := C(Ω)×C(Ω) ⊂ R2N §C(Ω) := RN \Ω§éu¼êψ,ϕ ∈Wα,p
0 (Ω)§½Â

〈
(−∆)

α
p ϕ,ψ

〉
:= P.V.

∫∫
R2N

|ϕ(x)− ϕ(y)|p−2(ϕ(x)− ϕ(y))(ψ(x)− ψ(y))

|x− y|N+pα
dxdy,

Ù¥〈·, ·〉 L«Wα,p
0 (Ω) 9Ùéó�m(Wα,p

0 (Ω))
∗
�m�¼êSÈ"aq/§�±½ÂW β,q

0 (Ω)"

�©À��ó��m�Wα,p
0 (Ω) ∩W β,q

0 (Ω)§Ù½Â3©z [6]¥®�Ñ"

ò(1) �1���§¦±ut ¿3Ω× [0, t) þÈ©§�±��XeUþ�¼

J(u) :=
1

p
[u]

p
α,p +

1

q
[u]

q
β,q −

1

r
‖u‖rr (3)

¿�kXeUþØ�ª ∫ t

0

‖uτ‖2dτ + J(u) ≤ J(u0). (4)

�X·�½ÂNehari �¼

I(u) := [u]
p
α,p + [u]

q
β,q − ‖u‖

r
r (5)

±9¤¢�Nehari 6/

N := {u ∈Wα,p
0 (Ω) ∩W β,q

0 (Ω)\{0}|I(u) = 0}. (6)

ì´Y²�±L«�

d := inf
u∈N

J(u). (7)

3e©¥§·��Ñ�Y?Ø¥¤I��
Ún"

Ún2.£©ê�Sobolev Ø�ª [15]¤�0 < β < 1 �1 < q < ∞§÷vβq < N"�Ω ⊆ RN

´RN þ©ê�Sobolev �mW β,q(RN ) ���òÿ�"K�3�~êC∗(N, β, q,Ω)§¦�é?

¿f ∈W β,q(Ω)§k

‖f‖Lm(Ω) ≤ C∗‖f‖Wβ,q(Ω),m ∈ [1, q∗] ,

Ù¥q∗ = Nq
N−βq L«�.�ê"AO/§�Ω k.�§W β,q(Ω) ëYi\�Lm(Ω) ¥§é?

DOI: 10.12677/pm.2026.166153 27 nØêÆ

https://doi.org/10.12677/pm.2026.166153


�§�§�r

¿m ∈ [1, q∗] ¤á"

�
�E]¼êØ�ª¿| �»(Ø§·��ÑJ(u)!I(u) �d �m�'X"

Ún3. �u ´¯K(1) ���)"K

(i) Uþ�¼J(u) 'ut ´4~�¶

(ii) eI(u) < 0§KJ(u)!I(u) �d ÷v

I(u) < µ(J(u)− d). (8)

y². (i) ò(1) �1���§¦±ut ¿3Ω þÈ©§��J ′(u(t)) = −‖ut‖2 ≤ 0§l
y²�¤"

�
y²(ii)§·�ÄkïÄJ(λu) �5�"éuλ > 0§O�J(λu) ��êµ

dJ(λu)

dλ
= λp−1[u]pα,p + λq−1[u]qβ,q − λ

r−1‖u‖rr =
1

λ
I(λu). (9)

Ph(λ) = [u]pα,p + λq−p[u]qβ,q − λr−p‖u‖rr§K

h′(λ) = (q − p)λq−p−1[u]qβ,q − (r − p)λr−p−1‖u‖rr.

�0 < λ ≤ 1 �§dI(u) < 0 ��h′(λ) < 0¶�1 < λ < +∞ �§h′(λ) < 0"Ïdh′(λ) < 0 é

¤kλ > 0 ¤á"duh(0) > 0 �limλ→+∞ h(λ) = −∞§�3���λ∗ > 0 ¦�h(λ∗) = 0"d�

dJ(λu)

dλ

∣∣∣∣
λ=λ∗

= 0.

Ïd§�0 < λ < λ∗ �§J(λu) üN4O¶�λ > λ∗ �§J(λu) üN4~¶3λ = λ∗ ?�4

��"

ddJ(λu)
dλ

= 1
λ
I(λu) ��µ�λ < λ∗ �§ dJ(λu)

dλ
> 0§�I(λu) > 0¶�λ > λ∗ �§ dJ(λu)

dλ
< 0§

�I(λu) < 0¶�λ = λ∗ �§dJ(λu)
dλ

= 0§�I(λ∗u) = 0"

�g(λ) = µJ(λu)− I(λu)§λ > 0"(Üþã(Ø§��

g′(λ) = (µ− p)λp−1[u]pα,p + (µ− q)λq−1[u]qβ,q +
1

λ

∫
Ω

(
(λu)2f ′(λu)− (µ− 1)λuf(λu)

)
dx > 0.

Ïdg(λ) 3λ > 0 þ´4O�"�I(u) < 0 �§dþã(Ø���3λ∗ ¦�I(λ∗u) = 0

�λ∗ > 1"u´

µJ(u)− I(u) = g(1) > g(λ∗) = µJ(λ∗u)− I(λ∗u) = µJ(λ∗u) ≥ µd,

=I(u) < µ(J(u)− d)"y."
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Ún4.£Ø­½6/V �ØC5¤b�u ´¯K(1) ���)"eu0 ∈ V§Ké?¿t ≥ 0§Ñ

ku ∈ V"

y²g´. �y{"��3t∗ > 0¦�u(t∗)��V �>.§KJ(u(t∗)) = d½I(u(t∗)) = 0"dUþ

Ø�ªJ(u(t∗)) ≤ J(u0) < d§J(u(t∗)) = d Ø�U"eI(u(t∗)) = 0 �J(u(t∗)) < d§Ku(t∗) ∈ N§
l
J(u(t∗)) ≥ d§½gñ"Ïdu(t) ∈ V é¤kt ≥ 0 ¤á"

3. Ð�u0 ∈ V��k��m�»

½n5.£�u0 ∈ V ��k��m�»¤�u0 ∈ V§K�3T > 0§¦�¯K(1) �)3k��mS

u)�»§=

lim
t→T

∫ t

0

‖u‖2dτ = +∞. (10)

y². 3y²�c§·�k`²)��K5"�â©z [6]§¯K(1)�f)u÷vu ∈ C([0, T );L2(Ω))∩
L∞(0, T ;Wα,p

0 (Ω) ∩W β,q
0 (Ω))§ut ∈ L2(0, T ;L2(Ω))§�‖u‖ 'u�m3Wα,p

0 (Ω) ∩W β,q
0 (Ω) ¥´

ýéëY�"ù
�K5�y
�YéΨ(t) ?1��©$�´Ün�"e^�y{"b�)u ´

�Û�3�§=T = +∞§Ù¥T ´u ����3�m"�

Ψ(t) :=

∫ t

0

‖u‖2dτ, t ≥ 0, (11)

Kk

Ψ′(t) = ‖u‖2, t ≥ 0. (12)

ò(1) �1���§ü>¦±u ¿3Ω þÈ©§��

(ut, u) =
(
[u]pα,p + [u]qβ,q − |u|

r
r

)
= −I(u). (13)

ù¿�X

Ψ′′(t) = 2(ut, u) = −2I(u). (14)

d(3)!(5)§·�k

J(u) =
1

p
[u]

p
α,p +

1

q
[u]

q
β,q −

1

r

(
[u]

p
α,p + [u]

q
β,q − I (u)

)
=
r − p
pr

[u]
p
α,p +

r − q
qr

[u]
q
β,q +

1

r
I (u)

(15)

Ù¥r > p �r > q"d(4) �(15) (Ü��

J(u0) ≥ r − p
rp

[u]pα,p +
r − q
rq

[u]qβ,q +
1

r
I(u) +

∫ t

0

‖uτ‖22dτ, (16)
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ù¿�X

I(u) ≤ rJ(u0)− r − p
p

[u]pα,p −
r − q
q

[u]qβ,q − r
∫ t

0

‖uτ‖22dτ. (17)

d(17) �(14) ��

Ψ′′(t) ≥ −2rJ(u0) +
2(r − p)

p
[u]pα,p +

2(r − q)
q

[u]qβ,q + 2r

∫ t

0

‖uτ‖22dτ. (18)

�â (∫ t

0

(u, uτ )dτ

)2

=

(
1

2
‖u‖2 − 1

2
‖u0‖2

)2

=
1

4

(
(Ψ′(t))2 − 2‖u0‖2Ψ′(t) + ‖u0‖4

)
,

Kk

(Ψ′(t))2 = 4

(∫ t

0

(u, uτ )dτ

)2

+ 2‖u0‖2Ψ′(t)− ‖u0‖4. (19)

Ïd(Ü(11)!(18) �(19)§k

Ψ(t)Ψ′′(t)− r

2
(Ψ′(t))2 ≥ −2rJ(u0)Ψ(t) +

2(r − p)
p

[u]pα,pΨ(t) +
2(r − q)

q
[u]qβ,qΨ(t)

+ 2r

∫ t

0

‖uτ‖2dτ
∫ t

0

‖u‖2dτ − 2r

(∫ t

0

(u, uτ )dτ

)2

− r‖u0‖2Ψ′(t) +
r

2
‖u0‖4. (20)

dCauchy-Schwartz Ø�ª��§K(20) C�

Ψ(t)Ψ′′(t)− r

2
(Ψ′(t))2

>
2(r − p)

p
[u]pα,pΨ(t) +

2(r − q)
q

[u]qβ,qΨ(t)− 2rJ(u0)Ψ(t)− r‖u0‖2Ψ(t),

(Ü(12) ±9©ê�Sobolev Ø�ª£�Ún2¤§��

Ψ(t)Ψ′′(t)− r

2
(Ψ′(t))2 > Ψ′(t)Ψ(t)

[
2(r − p)

p
C−p1 ‖u‖p−2 +

2(r − q)
q

C−q2 ‖u‖q−2

]
− 2rJ(u0)Ψ(t)− r‖u0‖2Ψ′(t). (21)

Ù¥C1!C2 ©O´i\W
α,p
0 (Ω) ↪→ L2(Ω) �W β,q

0 (Ω) ↪→ L2(Ω) �i\~ê"

y²�Ù{Ü©©�ü«�/"

�¹I. XJJ(u0) ≤ 0§Kk

Ψ(t)Ψ′′(t)− r

2
(Ψ′(t))2 >

2(r − p)
p

C−p1 ‖u‖p−2Ψ′(t)Ψ(t)

+
2(r − q)

q
C−q2 ‖u‖q−2Ψ′(t)Ψ(t)

− r‖u0‖2Ψ′(t). (22)
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�â(4)!(15) ±9J(u0) ≤ 0§·�k

0 ≥ J(u0) > J(u) ≥ r − p
rp

[u]pα,p +
r − q
rq

[u]qβ,q +
1

r
I(u) (23)

éut > 0§dr > p§q ≥ 2 Ú(23)§�±í�I(u) < 0 éut > 0"Äuù�¯¢±9(14)§·

�N´��Ψ′′(t) > 0 éut ≥ 0§=Ψ′(t) = ‖u‖2 éut ≥ 0 ´4O�"duΨ′(0) = ‖u0‖2 > 0§?

�Ú��

Ψ′(t) > Ψ′(0) > 0, t > 0, (24)

ù¿�XΨ(t) éut ≥ 0 �´4O�"Ïdk

Ψ(t)−Ψ(0) =

∫ t

0

Ψ′(τ) dτ >

∫ t

0

Ψ′(0) dτ = Ψ′(0)t, t > 0,

=Ψ(t) > Ψ′(0) t éut > 0"w,§�3��v
��t1 ¦�

2(r − p)
p

C−p1 ‖u(t1)‖p−2Ψ(t1) +
2(r − q)

q
C−q2 ‖u(t1)‖q−2Ψ(t1)− r‖u0‖2

>
2(r − p)

p
C−p1 ‖u0‖p−2Ψ(t1) +

2(r − q)
q

C−q2 ‖u0‖q−2Ψ(t1)− r‖u0‖2

> 0.

,�d(22) ��

Ψ(t)Ψ′′(t)− r

2
(Ψ′(t))2 > 0, t ≥ t1. (25)

�¹II. XJ0 < J(u0) < d§duu0 ∈ V ��âÚn4§·�ku(t) ∈ V éut ≥ 0"(Ü(4)!

(8) ±9^�0 < J(u0) < d§(14) ��

Ψ′′(t) = −2I(u) + 2r(d− J(u)) ≥ 2r(d− J(u0)) := Cr > 0. (26)

éØ�ª(26) �ü>l0 È©§��

Ψ′(t) > Crt+ Ψ′(0) > Crt > 0, t > 0. (27)

aq/§d(27) ÚΨ(0) = 0§·���

Ψ(t)−Ψ(0) =

∫ t

0

Ψ′(τ)dτ >

∫ t

0

Crτdτ =
1

2
Crt

2, t > 0.

=§Ψ(t) > 1
2
Crt

2 éut > 0§ù�(26) Ú(27) �å��

Ψ′′(t) > Cr > 0, Ψ′(t) > Crt > 0, Ψ(t) > Ψ(0) = 0, t > 0.
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Ïd§�3��v
��t2§¦�

2(r − p)
p

C−p1 ‖u(t2)‖p−2Ψ(t2) >
2(r − p)

p
C−p1 ‖u0‖p−2Ψ(t2)

> r‖u0‖2. (28)

±9

2(r − q)
q

C−q2 ‖u(t2)‖q−2Ψ′(t2) =
2(r − q)

q
C−q2 (Ψ′(t2))

q
2

> 2rJ(u0). (29)

éur > p, q ≥ 2",�(Ü(28) �(29)§(21) ��

Ψ(t)Ψ′′(t)− r

2
(Ψ′(t))2 > 0, t ≥ t2. (30)

Ïd(Ü(25) Ú(30)§·���

Ψ′′(t)

Ψ′(t)
>
rΨ′(t)

2Ψ(t)
, t ≥ t̃. (31)

Ù¥t̃ := max{t1, t2}"é(31) lt̃ È©��

Ψ′(t)

(Ψ(t))
r
2
>

Ψ′(t̃)

(Ψ(t̃))
r
2

, t ≥ t̃. (32)

?�Úò(32) lt̃ È©�t§��

(Ψ(t))−
r−2
2 < (Ψ(t̃))−

r−2
2

(
1− (r − 2)Ψ′(t̃)

2Ψ(t̃)
(t− t̃)

)
, t ≥ t̃,

=

Ψ(t) > Ψ(t̃) (Φ(t))
− 2
r−2 , t ≥ t̃.

dur > 2§Ψ′(t̃) > 0§�Ψ(t̃) > 0§·���Φ(t) ´üN4~�"d	§d(24) Ú(27)§Ψ(t)

´��4O¼ê"¦)Φ(t) = 0 ������t̃+ 2Ψ(t̃)

(r−2)Ψ′(t̃)
"Ïd§�3��k��mT ÷v

0 < T < t̃+
2Ψ(t̃)

(r − 2)Ψ′(t̃)
(33)

¦��t→ T �Ψ(t) u)�»§=

lim
t→T

Ψ(t) = +∞.

=(10) ¤á§ù�·��b�T = +∞ �gñ"56. ÏL{ü*	�±uy§ùp¤uÐ�

DOI: 10.12677/pm.2026.166153 32 nØêÆ

https://doi.org/10.12677/pm.2026.166153


�§�§�r

�{�±í2�(1) �ÛÜ�/§=(2)§l
��Ta)�k��m�»�â"½n6.£�»�

Ç¤3½n5 �^�e§)��»�Ç÷v

Ψ(t) ≥ C(T − t)− 2
r−2 , t→ T−

Ù¥C > 0 �~ê"

y². d½n5 �y²L§§·�®��£ë�(32)¤

Ψ′(t)

(Ψ(t))
r
2
>

Ψ′(t̃)

(Ψ(t̃))
r
2

:= C0 > 0, t ≥ t̃.

òþªlt È©�T§��

(Ψ(t))−
r−2
2 <

r − 2

2
C0(T − t), t ≥ t̃,

=Ψ(t) >
(
r−2

2
C0

)− 2
r−2 (T − t)− 2

r−2"�C =
(
r−2

2
C0

)− 2
r−2 =�(Ø"

4. ?Ø

�!?Ø�.ëêé�»�K�§¿JÑeZm�5¯K"

ëêα, β é�»�K�. ©ê��êα, β ÏL±eå»K��»1�µ£i¤α, β ��§©ê

�Sobolev �.�êp∗ = Np
N−αp Úq

∗ = Nq
N−βq ��§g�.^�r < min{p∗, q∗} ér ����r§

=#N�
�O���$¶£ii¤α, β ��§�ÛÜ�f�*Ñ�A�f£Ï�È©Ø 1
|x−y|N+pα �

P~Cú§�ål�p�^Or�*ÑrÝü$¤§ù��u¦�»�N´u)¶£iii¤3�»�m

þ.T < t̃+ 2Ψ(t̃)

(r−2)Ψ′(t̃)
¥§i\~êC1, C2 �6uα, β§Ïdα, β �Cz¬K��»�m��O"

ëêp, q é�»�K�. �p, q O��§�f(−∆)αp Ú(−∆)βq �*Ñ�AOr§��u³��

»"Ó�§p, q �O��¦��.�êp∗, q∗ O�§l
#N�p�
�O��r"

m�5¯K. £i¤�.Sobolev �ê�/£r = p∗ ½r = q∗¤e)�1�XÛºd�©ê

�Sobolev i\��;5§�©��{Ø2��·^§I�uÐ#�C©µe"£ii¤�»:�/�

�8Ü�x´��k��¯K§éu�ÛÜ�f§�»:´ÄE8¥3ÛÜ«�§�´�U¥y

�ÛÜ©Ùº£iii¤��.Ð©U?£J(u0) > d¤e��»�âEk�ïá§du�ÛÜ�fØä

�'��n§ÛÜ�/e��{Ã{��í2"£iv¤�»�Ç�°(ìCúª±9�»��)�

Ó+£profile¤©Û�´��?�ÚïÄ�¯K"

Ä7�8

�H��Æ)M#M�Ôö�8Oy(No. S202410536146)"�H���e�ï�8(No.

24C0173¤"
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