Pure Mathematics Ei2#*¥, 2026, 16(6), 48-61
Published Online 2026 in Hans. https://www.hanspub.org/journal/pm
https://doi.org/10.12677 /pm.2026.166156 Hans Xt

—MriELk It R E TS T IEERY
WEES eSS

LEF, H &
KIPH TREH - 550, Wi Kb

W H B 20265F4 7130 FHHEM: 20264E5H16H; RAAHM: 20264F6 H25H

m 2

AXMARTENERY (N > 3) LBk itieignie, RS EEnTREGRSEER
5% 2 8. JBiTHEPohozaey-Nehari A TR, ERBIDILERT, B2 T REFEESH
BRECH LA AT A2 1

X 5218]

ZMIE M EEEI= 512, Pohozaev-Neharif i, BIAGFEAEM, 1B

Study on the Threshold Conditions

for Solutions of the Second-Order
Nonlinear Schrodinger Equation

Xinyu Kong*, Qiang Lin

School of Mathematics and Statistics, Changsha University of Science and Technology, Changsha

Hunan

Received: April 13, 2026; accepted: May 16, 2026; published: June 25, 2026

* WIRIEE

SCEEGIH]: FLEET, MR, AR I T REAR T THE SR AFRT IEL). BB HL, 2026, 16(6): 48-61.
DOI: 10.12677/pm.2026.166156


https://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2026.166156
https://www.hanspub.org
https://doi.org/10.12677/pm.2026.166156

fLEET, Mok

Abstract

This paper investigates the second-order nonlinear Schrédinger equation defined on
RY(N > 3), with the nonlinear exponent lying between the mass-critical and energy-
subcritical regimes. By constructing Pohozaev-Nehari cross-invariant manifolds, we
establish sharp thresholds for global existence and finite-time blow-up within the po-

tential well framework.
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A SCHF ST 1~ M A2 P 127 2 1 Cauchy 17

iSDt + ASO = _|90|p907 ($7t) € ]RN X [OaT)’ (1)
(p(oax) = 900(‘%‘)’

Hrp (z,t) : RY x [0,T) — C RRBAMEREL LIRS p/r THREIRFAMER LR 26, B

N > 3. (2)

KTIEL MR e TR R CER R TFEE R, CHBRAELMPAENE. JEBUR 4%
BN IEEAT NI, R A E N AN TR R B S BRI

AN > 1Hp < &, BIFE RIS, Masaki [1]iFE ¥ Cauchy ) 8 (1) £7 £ — MR/ B IEBL
B, (1) € L* (RY), $if: ()& (o) = Lpe(0))s MRe()REUT: (1) €(po) < Lpe(0))s M
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(4 PEAEFTI ZE RO 0, JEpe(f) o= | £ 1132 =2 || 2f |2 . Hl(po) TEJUEAEH:
Pu(t,T) = wﬁs@(wzt,wx), w>0 3)

TREFAZ.
£S5 MR 5N FEUETEEER T, Merle 5Raphael [2,3]8F 5t T Cauchy [7] % (1) £
AN R E L. T RAMR R, Weinstein [4]38 H 4 #UfiE A5 45 B Cauchy 0] 8 (1) ) H 44
FAEPERI T IR EESRAF: ol 2 < 1QNlL.» WIfEe € HY (RY)FERS (8] LEEAALAAE; B AAA
FHAE. KRQRETTTE
AQ-Q+QIQIN =0
o —N IE R RS A

N = 3Hp = 2, XX R FFasipht T2 RIE 5 e E i 7 2 8 152, Holmer5Roudenko
[5)% th T Cauchy [ A B — N ERE, 1ZFMHE B RBEAZR R po| 2 |Veoll . 5 M [¢] E ]
ZNEEN LSS

Mol E[p] < M[QIEQ] llvollz2 IVeolle <@l IVQl 2 5
NI (t)BEARAFAEI LB, 45
Mp|E[p] < M[QIE[Q]: llwollz2 IVeolle > [1QNL: V@2 »

Ml (t) A BRI R AR, HHM (ol Elpl. QA MFRREIIFE. e 5HE.

gi BRIk, % T CauchyWA(1)E W IE TN > 1Hp < +HIN = 3Hp = 2i91E T, 1fi H AT LK
T <p< w5 BN = 3R AT 5. A& B #3185 i & Pohozaev-Nehari A&, TEAL
P AL T ORAR YL IX — 7] .

SRR ERLHINT 2 i e AR A5 58 3, I RANE A TP 51 B 28 =7
IE B g BE A A7 A 55 BRI TR AR BB T TR 25 1

2. S 5HLS5IE

WA ~ BRRASBEN. 25 WL (RN ) K6 #012 9]-[], W ARE A [n updz. E X Cauchyld]
() ER A (RY) I NehariiZ i

I(p):= IVel” + lof* = ol"** ) da. (4)
L. )

Boi= [ (5196 - g o™ Jao )
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F
1) = [ (vl 3 lol = g el ) (6)

H (6], AR T AR
—AQ+Q-1Q"Q=0 (7)
160 < p < A NTEAEME (ORI, AR, (DIVESRF TR, BQ =, #
—Ap+o—lof"p=

PLAFEERRL IS ILEKF (mountain pass level), HCauchy [4] 8 (1) % A 77 F2(7) I35 BEZ BRI T
T gekoE 3 AP

T e @iy 100y T (A2))
Mmix5
d: = infpem @y o) 1p)=0y 7 (#) - (8)
Sy, ASTAL B IR E AL (8) K.
LR RARTALAIRIE, BT (@) < dif, &N AR,

Ry :={pecH (RY)|I(p)>0}uU{0},
R_:={pecH (RY)|I(p) <0}.

IV FENehariiz o P24 AR B R E LEES HviallE 2R, (L 5132.3) B9 MIYESRIF BB, N

5] APohozaev 72 B
o 2 Np p+2>
Ployi= [ (196l = gty ol ) da )

PL K Pohozaev-Nehari N5 i

Ki={peH (RY)|P(p)>0,1(p) <0},

_={peH" (RY) | P(p) <0,I(p) <0},
M:={peH (RY)|P(p)=0,1(p) <0}\{0}.
NT U T (o) MG A 52 TFET () = 05 P (p) = OFIME, 44 H R i5] HE.
SI382.1. Fph (7)89 K5/, WI(p) =0EP () =0.
R EE, 4N > ORF, EETEE

2 +2

100 =5 [ (el +1e) do =2 [ (1or*?) da
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F

I(xp) =N’ /RN (IVsOI2 + |¢|2) da — \PF2 /RN (Ith””) da.

ST08) =11 00).

T o (T ISR, B T (o) B 5. T2 i1 (10) 17431 (o) = 0.
B FHRAEWAP () = 0. () FIA R LA - Vo, FFERN RSy, 5

LS E

- Acp(x-Vnp)dx—l—/

RN RN

- Ap(z-Vy)de = V (z- Vo) Vedx
RN RN
N N
[ X g (g ) e
—1j=1
N N
B 0 [ O0p dyp
- [ vetae s 355 g (e
1
=/ |V<p|2dx—|—/ z- V|V’ dz
RN 2 RN

N
:/ |V<p|2dx—/ V| da.
RN 2 RN

LTS

1 2 N 2
Ve)de = > : do = -+ da.
/RNw(x V) dz 2/RN:U V(le) vy ) lelde

BJE IR LRI A

—Aprww-V@dx=—;A¥w-(Odﬂngﬂﬂ>dz

WEE(11)-(14)50, AT BT

N -2 ) 2 o
—_— d de — —— P dx = 0.
= [ wedo+ [ ePar— = [ ot as

w@*vwﬁm—:/ o oz Vi) da = 0.
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(15) AP HRAREY,

N -2

N 2 N +2
—_— Vl|3d — de — —— P dx =0,
[ ekar+ 5 [ jelae— = [ jop*as

AT () = 0FJHIP () = 0. O

A, AR (6,79 A Canchy 178 (1) 57 AR 4 J5) B3 8 1.
W21 (REAAEME [7,8]). EN > 3, Wit &p, € H' (RY), AAT > 00k Bk — &3
B ()i R ATH AL (1)7 Lo (x,t) € C([0,T]; H (RV)) nC* ([0,T]; H (RY)). kst, AE

Tnax = sup {T > 0: ¢ = ¢ (z,) £[0,T]} < o0,

Jlim |V = oo GR&D) .

ENT =co (BRIKBE) .

virial 1H5F A EAERE TS T 5N IEMIBRE R — D F 4 AR T HE, Fiig th Cauchy
1) /5 i virial 1HZE 2.
2.2 (Virial 5% [9)). 4 € C ([0, T]; H (RN)) nCY([0,T|; H' (RYN))h (1) w9fi, =X

7= (1 / 12l? |l de,
RN

)
4Np

T (1) =8 / Vel de— 2 / el e =8P (o (1) (18)

3. BN EAES BIREEEM A THE &4

HTEEM, K MC_&ZELAR, fFaiiPHEARE .
513#3.1. KEM, K A=K 3=,

BB, G210, fFfEe € HY (RY)\ {0} 15
I(p)=0HP(p)=0. (19)

o e M, FFxE AR %
ox = Arp(Az), A> 0. (20)
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u
’y:—i—l—Q—N, B:=—-—N (21)
w1 (2)F1(21) AT 45
A>0, <0, y=8+2.

H(4) (9~ (20)F1(21)1H 515 2

Fon) =X [ (190P = 16l o X [ o s, (22
RN RN
A
Plon=x [ (|W|2 Np |so|p“)dx. (23)
RN 2(p+2)

g4 (19)A1(22), A9

Fen =¥ (3 [ (196l = lol?)ao+ [ 1ofac)
RN RN
AP <A21 @)+ (1= | e dx>
RN
A (1—)\2)/ lp|? dz.
RN

BRI, XHAEREN > 1, #HI (py) < 0. [MHE, H(19)F1(23) %P (p) = 0F[ Hl, XAEEN > 1, ¥
AP (py) =0. TRHN> 1K, o e M, MNiTMIEZ.

FNRIEMIC AR Bl e M,

I(¢)<0, P(p)=0. (24)
Budp, HHA = 17, Mue B (RY). i(4). (9)%(24)7113

I(u)= lim I (A\p) <0, P(u)= lim P (\p) > 0.

A—=1— A—1—

Ritbu € Kyy MK, JE2S,
B EBIC_JE2S . DH0H 2 (24) e, 2vde, HoA > 1, Wy e HY (RY). H(4). (9)5(24)7T
A, SMEEN>1, HH
I(v)<0, P(v) <0, (25)
By e Ko, BRIEC_JE75.
Li LRTR, EAEM, KR R, O
B PRI 5 33,2 Fh 4y SRS I AE > ZI ], %3] BEAE @7 Cauchy (1) 1938 AR
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AR A SRR . TSI NIX — 51 B, RE a0 N A8 XA AR/ IME 7] R
dp = g:iél/f/tj (p) (26)

S383.2. &piH R (2)X, Ady =>d>0.

IEB. ESRUERA > 0. BHdE AT, 41 (o) = ORF, A

L (9P + 1) do = [ 1ol . 1)

Pk

0</ V| da.
RN
N FRSAEN, BEHC >0, 5
O<C’/ |V<p|2dx</ V| d. (28)
RN RN

H1(28) 5 Sobolevik NH! (RY) — LP*2 (RV) 13

é/ |V<p|2dx</ (1IVel® + Il*) dz
RN RN

= [ tertas (29)

p+2

2

< ort? ( V| dm) )
]RN
HHC > 0MSobolevi NF KL, £C = CF 0=, fhi(29)
0<C< / V| da. (30)
]RN

454 (29), (30)F1I (¢) = ORI 13

— 1 2 1 2_# p+2
1) = [ (5196l + el = g el s

p 2 2 1
s L, (96 +16P) det =57 (o) (31)
> CCp7
2(p+2)

BIT (p)ELIHRERT (9) = 0 EFAIET A, Milid > 0.

BT KAEMdpy > d. BI(22), AT &limy o+ T (p2) > OHLT (9) < 0, XATHEH AFAEME—0 <
N< 1, 8T (pa-) = 0. B8R # 0Hey # 0. H(23) P (p) = 0F[ A1, XHAEEN > 0,
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Np—4 1
J =\7 P24 +)\5/ ~ lv|?d 32
) = [ g e [ SR (32)
il N 4
p—2p— 2 2
I(vy) =\ =t dx+Aﬁ/ v|? dz. 33
(va) 201 v RNI | (33)

HH(21) 7 = 2
Np—4=—08p, Np—2p—4=—~p,

PRIt H (32) 5 (33) AT 4% |
1
)‘aj(%) = §ﬂ1(90/\)-

MIMAEAEME A" € (0,1), 15T (o) fEXN = N EHUSR/ME. #E—2, BT1> X1,

J(p) = J(pr) = J (pr). (34)

ZE5 Q) e XL, nIfE
J(pa-) = d. (35)
H(34) 5(35) SERIHEHT (p) > d, Mifida > d. 5 R, 51 EAIE. O

AP Se A BAR A% L, 8RR Y U E R AR AR AR, I8 AR T Y YL
(RTRRR AR, AT 28 B O BRME 25 1F. R iR % Cauchy 1081(1) AR
EIE3.1 (ATHRM). £J (po) <d, MK, K, Ry FoR_ATFToAIATREE.
IR B, PEEE(16) 5 (17) 1R

J(p(t) =J(po),t€[0,T), (36)
HATRIR e ()RR IAAERE]. RS (o) < d> B

J(p(®) <ds te[0,T). (37)

Mikpy € Kyr AFTIUEHXMERL € (0,T), ¥ He(t) € Ky. HAUEHERL € [0,T), #B
BI(p(t)) < 0. KHRUEE FEREBI (o ()R THES:, REAAERDIIE € (0,T), 1531 (p(t)) =
0, HXMEEt € [0,t1), #AHP(p#) > 0. BRe(t1) # 0, HIMH6)THFey = 0, XEHMK
WI (po) < OFJ&E. TR2MRIEAHIE L, H

J (e (t)) = d»

XE@BN)FE. Bk, XHEEt€[0,T), LAHI(p(t)) <O.

B R RAEMXHERL € [0,T), #AP (¢ () > 0. [FIFEF SR AL AL, B S A77E
BNty € (0,T), 3P (¢ (ty)) = 0. HTFEIEXSFTAt € [0, T)EI (¢ (1)) <0, TRe(t) € M.
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5| #E3.2 v 1§
J(p(t2)) = dap = ds

XFEFES (37) 7 )G, R, WHEEt € [0,T), %AHP (¢ (t)) > 0.

i LRTIR, Mpy € KB, WHEREL € (0,T), B (t) € Ky il 58 aRUMIRIE, 7T LIS
FIC_ . Ry HR_KTIHBIE WAL, & BARIE. O

K, SR AN, ATUE B Cauchy 7] 85 (1) R REARAEAENE, DL 7E 213 4.
EIES.2 (BIKTFHE). Epith 2 (2), £J (vy) < dEyy € Ry UKL, M Cauchy P (1) 49#kp (x,t) 4
it iE] AR B
PEER. UEBA ARG L o € Ry Fllpy € Ky
TB1): o € Ry.

o = 0, W5 & SFEAE(16) W Klp (1) = O F MUMR, SARTER ] FBARAEAE. #po # 0,
HEHE3.1 AlAn, XEEt € [0,T), #He (z,t) € Ry \ {0} Bk, HA(31) 15

1> 7(0)> 5t [ (1Vel +1of?) da. (38)

e AN (28), AT

R 2d 2
0</ (C|ch|2+|ap|2> dp < 240 +2)
]RN

By 2.1 RIEBAFAEND, TR R I AF RN [MTRE S 2055 K, M43 2 8 R 47 70 M. Rk,
2T (p) < dHpo € Ry, Cauchy il/8i(1) HIfREEIATELE.
‘l%aﬁ2<2) wo € K.

HE 3.3 il TRt € [0,T), HHe(t) € Kyr BIP (¢ (t) > 0. HEM(2) LAt EZ AT
FikA, w15

1> 360 = (3= [, (Ve +10) aa

2 / < 2 2 Np p+2)
+ — Vv + — dx (39)
Np Jon IVeol™ + || 2 +2) |l

Np —4 2 2 2 / 2
> v )d = de.
SNp /RN (IsOI +IVel)de+ 1o | lelde

BT Ep = tHEE T, X(39) MAFRREE| Vel B0 BIIiZE BRI & 2t — 5 X
SR L
B (a): + <p< 5.

H1(28)5(39) A%

. 2Npd
0 (C196P +19) a :
< [ (C1VeP +1pP) de < 25

HAVEWIERE S (1) 522800, AT vl 3= H At A2 I 1] _E B AR A7 A
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HED): p= %.
s, #(39) 1y

1
2/ o) da < d. (40)
RN

E L p, (x) 152 (uz), > 0. fPohozaev 2 B 5E XUl 754

4=(N—-2)p 2 Np p+2
P = P2 V| dx — dx. 41
Ol N e (a1)

Yp = L0, TSRS = Lo s 0H [ [Vel* do > 0, Bl P (p,) 5Tl T i s . 45
& lim P(p,) < 05P (p) >0, AJEIFEAEME—pr € (0,1), 5P (¢,-) = 0.E—4, H(6). (9)
u—0+
Fp =+, "1
J( *):1/ o *Edz:”*”;/ o) dz»
) =g o Pr 2 Jaw

FR ST (40) HE H

I (pue) < poet d. (42)

BRI (). 1ERF]

4—(N—-2)p —Np 2 2
I =55 [ Vel o+ [ Jofdo= [ JoP*an, (13)
RN RN RN

i = AT, A lim 1 () > 0. SSEXHERL € [0,T)H] (1 (1)) < 0 TAFFEI i ik
n—
HG): A1 (pu-) <O.
H(26). 51#E3.2 &P (p,+) =0, W

J(pus) 2 dp = d > J (p)

AT HHE HY

KA=(N—=2)p

1—p e Vol2dz + (1 — p* w2 2dz < 0. 44
(1= 52 [ vude s (L= [ e < (44
Hp* € (0,1)s (28)s (40)55(44), wlHfEH

. 1 o - 1
0<C [ |VuPde < “/ o2 de < 2d—H—"— - (45)
* RN 1 otz

4—(N—-2)p
RN 1—pu pT2

A4S [ |Vol2dafi 5.
B/ (i): &1 (@) = 0.
H(42) "5

— m[(vu*) < M*_% d.
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u*4(fﬁ22w/ <|Vv|2 ||2|v| de + p* »e2 / |v|2dx< ) 9,
RN

2d(p+2)
/ Vol d < ZTE2.

G, AIREREIRFEEp =+ 1, Xﬂiﬁt €0,7), [[Ve ()|l H5

Zi b, TEWFME @ € RyBipo € K., Cauchy [H(1) [fEILER 0] _EREARLETE. 2 BEAS

iIE.
AR E AR b 51 PE2.3 1 virial fESE,  IUATHIER] E #3.5.

O

EIE3.3 (BIRETEIRHR). &pith 54 (2). &J (9o) < dHpy € K_, W Cauchy 172 (1)8 & (x, t) £

A7 TR B ] P R
IEB. H1J (po) < dv o € K_LLKGERE3.3, o e K-, BT (p) <0HP(p) <0.#5%

N

ou = 2o (px) (1> 0),

H(2)s (A1)AKP (p) < OFHfEH: fFAEME—Rp* > 1, 3P (¢,-) = 0. Jkt% M1 <
AP (p,) < 0. FIH2) 43)PARI () < 0, FATHT (¢,) HHIHFATEETEE: 41 <
I(p,) <05 BOFHE— AR <e < p*s FRI (o) = 0. N HXTIX PRI ﬁ%}wﬁm.
TE(): M1 <p < p*B, I(p,) <O0.

GBS (0,) <0, P(p,-) = 0. Bk (26) 55#3.2, ®A1EH

J (@) = dag > d. (46)
AR, . R
@) =T =5 (1= ) 7)1Vl de
) (47)
1 _Np
4%5(17(Mﬁ MZ)A;|¢Ed%
el o
P() = Ploe) = (1= () F) [ 9P de, (48)
HFus > 1, fHu ot < 144 (47)5(48) 1 /5
1 1 1
T (@) =T (pur) > GP () = 5P (pur) = 5P (). (49)
W2, H(46)5(49) 15
P(p) <2(J(p) = I (pp)) <2(J(p) —drm) <2(J () — d). (50)
HI(2): BPDIFE— DBl <e < p*, 151 (p) = 0.
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AT (p.) = 0v P (p.) < 0. 0k, FATH(48)5(49) 135

T(®) = T (p) > 2P (9) ~ 5P (0) > 5P (). 61)

2
tesh, H(11) BHJ (o) = d. Wik, H(51) 57 (o) > dBEATFFEAT HEH
P(p) <2(J(p) —d) (52)
(9. (18). (37)s (50) 5(52) A5
J" (t) =8P () < 16(J (o) — d). (53)
X (53) I NORNLRR 4y, FRATTA
T (t) = T (0) <16 (T (o) —d)t, t >0,

133
T (t) < T(0)+ T (0)t+8(T (po) —d) ™. (54)

Mo € K_aTHlp # 0, HJ (o) < d. RH (54)HEBAFET, € (0,00), 5T (T1) =0, HH
Mt € (0, 7)) T (¢) > 0. B4, HCauchy - Schwarz A5, FATEH

[ telan< ([ ableac) ([ el el a) 55)

g EsE(16) LA T (Th) =0, 715

tl_ig}l . V| dz = . (56)
Rltk, R%pg e Ko, Cauchy 107 (1)FIffe (v, t) W AEA BRI ] P27 O

A3, EHH YA ABTIEAR GRS T HEB AR X R, BART, ZERTE
AT AT RARR] 5, B AR R R EARG A S A R R A AR A . b, B
BHNehariiz b R /5 XBER: —7F @, AHFREFRZZHXSARER. BRERER=
AN, % —7 @, Nehari RGIMZH o AREEETRARE, DA EMBGEKREGLES AR
B R AR, A ARG R MAERERT (uo) < dT, #F3FCauchy P A (1) FF R AE 69 T AT 50, B
AV I A R AR CER R B RE ST BT B HATR S S e THAEE
i, XEBEARAE: BEET AR, S AR R R ML, FlFPRA
#9Holmer Roudenko A H|E R4t A B EIEXRBRELFITAEIN AT - A=A BIEHE, £
2RI REEHBEAN T, RESMARTALSON. AN G EHFITHRELESIEFEGRRK
K4, A2 KM E BT AEM ) ) FAT R Hrh, MK 5] EXEASHEESMIEZ B 65 24X
AN, ALPTAF AR GIERRABREE L), BALEF LK BT X T #IEAR @I AREGR

.
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=S al=

A TAEARR] T B R AEQET I 2Rt R T H B8R (W H 5 S202510536081).
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