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Abstract

This paper investigates the second-order nonlinear Schrödinger equation defined on

RN(N > 3), with the nonlinear exponent lying between the mass-critical and energy-

subcritical regimes. By constructing Pohozaev-Nehari cross-invariant manifolds, we

establish sharp thresholds for global existence and finite-time blow-up within the po-

tential well framework.
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1. Úó

�©ïÄXe�����5Å½��§�Cauchy ¯Kµiϕt + ∆ϕ = −|ϕ|pϕ, (x, t) ∈ RN × [0, T )§

ϕ(0, x) = ϕ0(x)§
(1)

Ù¥ϕ (x, t) : RN × [0, T )→ C L«E�¼ê§��5�êp0u�þ�.ÚUþæ�.�m§=

4

N
6 p <

4

N − 2
, N > 3. (2)

'u��5Å½��§�ïÄ®²È\
´L�¤J§cÙ´3Ù)��35!�Ñ�5�

ÄåÆ1��¡.e¡éIS	ïÄyG9uÐÄ�ÐmØã.

�N > 1�p < 4
N
§=�þg�.�/�§Masaki [1]y²Cauchy¯K(1)�3��4���Ñ

�)ϕc (t) ∈ L2
(
RN
)
§÷vµ(i)e`(ϕ0) > `(ϕc(0))§K)ϕ(t)ØÑ�¶(ii)e`(ϕ0) < `(ϕc(0))§K
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�c�§�r

)ϕ(t)3?Û��Ñ´Ñ��§Ù¥`(f) :=‖ f ‖2L2 − 2
p
‖ xf ‖2 .�`(ϕ0) 3ºÝC�

ϕω(t, x) = ω
2

p−N
2 ϕ(ω2t, ωx)§ω > 0 (3)

e�±ØC.

3� [1]�Ó�p �N �����b�e§Merle �Raphael [2,3]ïÄ
Cauchy ¯K(1)��»

�Ç��Zþ.. Äuaqb�§Weinstein [4]$^²;��Ø�ª��Cauchy ¯K(1))��N

�35�Xe�Z^�µe‖ϕ0‖L2 < ‖Q‖L2§K)ϕ ∈ H1
(
RN
)
3�mþ�N�3¶ÄK)�NØ

�3.ùpQ´�§

∆Q−Q+Q |Q|
4
N = 0

�����Ä�).

�N = 3�p = 2�§ùéAu�êp?u�þg�.�Uþ�.�m��/§Holmer�Roudenko

[5]�Ñ
Cauchy¯KÑ�����Z�â§T�âdºÝØC�þ‖ϕ0‖L2 ‖∇ϕ0‖L2�M [ϕ]E [ϕ]L

«.äN/§e

M [ϕ]E [ϕ] < M [Q]E [Q]§ ‖ϕ0‖L2 ‖∇ϕ0‖L2 < ‖Q‖L2 ‖∇Q‖L2§

K)ϕ (t)�N�3¿u)Ñ�.e

M [ϕ]E [ϕ] < M [Q]E [Q]§ ‖ϕ0‖L2 ‖∇ϕ0‖L2 > ‖Q‖L2 ‖∇Q‖L2§

Kϕ (t)3k��mS�»§Ù¥M [ϕ]!E [ϕ]!Q©OL«)��þ!Uþ�Ä�.

nþ¤ã§éuCauchy¯K(1)®?Ø
N > 1�p < 4
N
ÚN = 3�p = 2��/§
8cÃ'

u 4
N

6 p < 4
N−2�N > 3�/���^�ïÄ.�©�3ÏL�EPohozaev-NehariØC6/§3 

³³nØe5)ûù�¯K.

�©��YSüXeµ1�Ü©�ÑÜ©ÎÒ½Â§¿0�Úy²eZÐÚÚn¶1nÜ©

y²)�N�3�k��m�»���^�.

2. ÎÒ�ÐÚÚn

PA ∼ BL«A�B�d. �mL2(RN )��êP�‖·‖§SÈP�
∫
RN uϕdx. ½ÂCauchy¯

K(1)3�mH1
(
RN
)
þ�Nehari�¼

I (ϕ) :=

∫
RN

(
|∇ϕ|2 + |ϕ|2 − |ϕ|p+2

)
dx. (4)

Uþ�¼�³U�¼©O½Â�

E (ϕ) :=

∫
RN

(
1

2
|∇ϕ|2 − 1

p+ 2
|ϕ|p+2

)
dx (5)
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Ú

J (ϕ) :=

∫
RN

(
1

2
|∇ϕ|2 +

1

2
|ϕ|2 − 1

p+ 2
|ϕ|p+2

)
dx. (6)

d [6]§��ý��§

−∆Q+Q− |Q|pQ = 0 (7)

30 < p < 4
N−2��3���Ä�).w,§(7)�Ä�éAu��.:§�Q = ϕ§k

−∆ϕ+ ϕ− |ϕ|p ϕ = 0.

 ³³�=Lì�Y²£mountain pass level¤§dCauchy¯K(1)éAý��§(7)�³U�¼�e

(.5½Â§=

d = inf
{λϕ∈H1(RN )\{0},I(λϕ)=0}

{supJ (λϕ)}


ù�

d : = inf{ϕ∈H1(RN )\{0},I(ϕ)=0}J (ϕ) . (8)

�d§�© ³³��½Â¦^(8)ª.

�³U�¼$u ³³�Ý§=J (ϕ) < d�§½ÂXeØC6/§

R+ :=
{
ϕ ∈ H1

(
RN
)
| I (ϕ) > 0

}
∪ {0}§

R− :=
{
ϕ ∈ H1

(
RN
)
| I (ϕ) < 0

}
.

=�Nehari�¼�)�Ø­½6/Ã{�Ñvirialð�ª£�Ún2.3¤�]55y²�».�

dÚ\Pohozaev �¼

P (ϕ) :=

∫
RN

(
|∇ϕ|2 − Np

2 (p+ 2)
|ϕ|p+2

)
dx (9)

±9Pohozaev-NehariØC6/

K+ :=
{
ϕ ∈ H1

(
RN
)
| P (ϕ) > 0, I (ϕ) < 0

}
§

K− :=
{
ϕ ∈ H1

(
RN
)
| P (ϕ) < 0, I (ϕ) < 0

}
§

M :=
{
ϕ ∈ H1

(
RN
)
| P (ϕ) = 0, I (ϕ) < 0

}
\ {0} .

�
`²J (ϕ)��.:´�§I (ϕ) = 0�P (ϕ) = 0�)§�Ñe¡�Ún.

Ún2.1. eϕ�(7)�Ä�)§KI (ϕ) = 0�P (ϕ) = 0.

y². Äk§�λ > 0�§��O���

J (λϕ) =
λ2

2

∫
RN

(
|∇ϕ|2 + |ϕ|2

)
dx− λp+2

p+ 2

∫
RN

(
|ϕ|p+2

)
dx
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�c�§�r

Ú

I (λϕ) = λ2

∫
RN

(
|∇ϕ|2 + |ϕ|2

)
dx− λp+2

∫
RN

(
|ϕ|p+2

)
dx.

�±*	�

d

dλ
J (λϕ) =

1

λ
I (λϕ) . (10)

duϕ´(7)�Ä�)§Ïdϕ´J (ϕ)��.:.u´d(10)��I (ϕ) = 0.

�e5y²P (ϕ) = 0.ò(7)ü>Ó¦±x · ∇ϕ§¿3RN þÈ©§�

−
∫
RN

∆ϕ (x · ∇ϕ) dx+

∫
RN

ϕ (x · ∇ϕ) dx−
∫
RN

|ϕ|p ϕ (x · ∇ϕ) dx = 0. (11)

éu1��

−
∫
RN

∆ϕ (x · ∇ϕ) dx =

∫
RN

∇ (x · ∇ϕ)∇ϕdx

=

∫
RN

N∑
i=1

N∑
j=1

∂

∂xi

(
xj
∂ϕ

∂xj

)
∂ϕ

∂xi
dx

=

∫
RN

|∇ϕ|2 dx+
1

2

∫
RN

N∑
i=1

N∑
j=1

xj
∂

∂xj

(
∂ϕ

∂xi

∂ϕ

∂xi

)
dx

=

∫
RN

|∇ϕ|2 dx+
1

2

∫
RN

x · ∇ |∇ϕ|2 dx

=

∫
RN

|∇ϕ|2 dx− N

2

∫
RN

|∇ϕ|2 dx.

(12)

1��q�±�� ∫
RN

ϕ (x · ∇ϕ) dx =
1

2

∫
RN

x · ∇
(
|ϕ|2

)
dx = −N

2

∫
RN

|ϕ|2 dx. (13)

�����±L«�

−
∫
RN

|ϕ|p ϕ (x · ∇ϕ) dx = −1

2

∫
RN

x ·
((
|ϕ|2

) p
2

∇
(
|ϕ|2

))
dx

= − 1

p+ 2

∫
RN

x · ∇
(
|ϕ|2

) p+2
2

dx

=
N

p+ 2

∫
RN

|ϕ|p+2
dx.

(14)

*	(11)-(14)ª§·��±�

N − 2

N

∫
RN

|∇ϕ|2dx+

∫
RN

|ϕ|2 dx− 2

p+ 2

∫
RN

|ϕ|p+2
dx = 0. (15)
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(15)ªü>2Ó¦N
2
§k

N − 2

2

∫
RN

|∇ϕ|2dx+
N

2

∫
RN

|ϕ|2 dx− N

p+ 2

∫
RN

|ϕ|p+2
dx = 0§

2(ÜI (ϕ) = 0��P (ϕ) = 0.

�X§·��ã [6, 7]¥�Cauchy ¯K(1)ïá�)�ÛÜ·½5.

·K2.1 (ÛÜ�35 [7, 8]). eN > 3§Ké?¿ϕ0 ∈ H1
(
RN
)
§�3T > 0±9��ÛÜ

)ϕ (x, t)÷v�Ü¯K(1)¿�ϕ (x, t) ∈ C
(
[0, T ] ;H1

(
RN
))
∩ C1

(
[0, T ] ;H−1

(
RN
))

.d	§�þ

Åð�UþÅð¤á§= ∫
RN

|ϕ (t)|2 dx =

∫
RN

|ϕ0|2 dx£�þÅð¤§ (16)

E (ϕ (t)) = E (ϕ0)£UþÅð¤. (17)

?�Ú§e

Tmax = sup
{
T > 0 : ϕ = ϕ (x, t)3 [0, T ]

}
<∞§

K

lim
t→Tmax

‖∇ϕ‖ =∞£�»¤.

ÄKT =∞£�N�3¤.

virial ð�ª´3Å½��§�µey²�»(J���Í¶�k��óä§e¡�ÑCauchy

¯K�virial ð�ª.

·K2.2 (Virial ð�ª [9]). -ϕ ∈ C
(
[0, T ];H1

(
RN
))
∩ C1([0, T ];H−1

(
RN
)
)�£1¤�)§½Â

J := (t)

∫
RN

|x|2 |ϕ|2 dx,

K

J ′′ (t) = 8

∫
RN

|∇ϕ|2 dx− 4Np

p+ 2

∫
RN

|ϕ|p+2
dx = 8P (ϕ (t)) . (18)

3. �N�3�k��m�»���^�

du8ÜM§K+ÚK−¹õ­�å§Ik`²Ù��5.

Ún3.1. 8ÜM§K+ÚK−þ��.

y². dÚn2.1��§�3ϕ ∈ H1
(
RN
)
\ {0} ¦�

I (ϕ) = 0�P (ϕ) = 0. (19)

�ϕ ∈M§¿½Â �¼ê
ϕλ := λ

2
pϕ (λx)§λ > 0. (20)
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�

γ :=
4

p
+ 2−N§β :=

4

p
−N (21)

d(2)Ú(21)��

λ > 0§β 6 0§γ = β + 2.

d(4)!(9)!(20)Ú(21)O���

I (ϕλ) = λγ
∫
RN

(
|∇ϕ|2 − |ϕ|p+2

)
dx+ λβ

∫
RN

|ϕ|2 dx§ (22)

±9

P (ϕλ) = λγ
∫
RN

(
|∇ϕ|2 − Np

2 (p+ 2)
|ϕ|p+2

)
dx. (23)

(Ü(19)Ú(22)§��

I (ϕλ) = λβ
(
λ2

∫
RN

(
|∇ϕ|2 − |ϕ|p+2

)
dx+

∫
RN

|ϕ|2 dx

)
= λβ

(
λ2I (ϕ) +

(
1− λ2

) ∫
RN

|ϕ|2 dx

)
= λβ

(
1− λ2

) ∫
RN

|ϕ|2 dx.

Ïd§é?¿λ > 1§ÑkI (ϕλ) < 0. Ón§d(19)Ú(23)9P (ϕ) = 0��§é?¿λ > 1§þ

kP (ϕλ) = 0.u´�λ > 1 �§ϕλ ∈M§l
M��.

�e5y²K+��.�ϕ ∈M§K

I (ϕ) < 0§P (ϕ) = 0. (24)

-uλϕ§Ù¥λ→ 1−§Ku ∈ H1
(
RN
)
.d(4)!(9)9(24)��

I (u) = lim
λ→1−

I (λϕ) < 0§P (u) = lim
λ→1−

P (λϕ) > 0.

Ïdu ∈ K+§l
K+��.

��y²K−��.E�÷v(24)�ϕ§-νλϕ§Ù¥λ > 1§Kν ∈ H1
(
RN
)
.d(4)!(9)9(24)�

�§é?¿λ > 1§þk

I (ν) < 0§P (ν) < 0§ (25)

=ν ∈ K−§ÏdK−��.

nþ¤ã§8ÜM§K+ÚK−þ��.

�e5?ØÚn3.2 ¥�Ñ�Ä��C©�x§TÚn3ïáCauchy ¯K(1) ���ØC6/
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�åX'��^.��BÚ\ù�Ún§�ÄXe���å4�z¯Kµ

dM := inf
ϕ∈M

J (ϕ) (26)

Ún3.2. �p÷v(2)ª§kdM > d > 0.

y². Äky²d > 0.dd�½Â��§�I (ϕ) = 0�§k

∫
RN

(
|∇ϕ|2 + |ϕ|2

)
dx =

∫
RN

|ϕ|p+2
dx§ (27)

Ïd

0 <

∫
RN

|∇ϕ|2 dx.

�Bu�Yy²§�~êĈ > 0§¦�

0 < Ĉ

∫
RN

|∇ϕ|2 dx 6
∫
RN

|∇ϕ|2 dx. (28)

d(28)�Sobolevi\H1
(
RN
)
↪→ Lp+2

(
RN
)
�

Ĉ

∫
RN

|∇ϕ|2 dx <

∫
RN

(
|∇ϕ|2 + |ϕ|2

)
dx

=

∫
RN

|ϕ|p+2
dx

6 Cp+2

(∫
RN

|∇ϕ|2 dx

) p+2
2

§

(29)

Ù¥C > 0�Sobolevi\~ê.-C̄ = Ĉ
2
pC

−2(p+2)
p §d(29)��

0 < C̄ 6
∫
RN

|∇ϕ|2 dx. (30)

(Ü(29)§(30)ÚI (ϕ) = 0��

J (ϕ) =

∫
RN

(
1

2
|∇ϕ|2 +

1

2
|ϕ|2 − 1

p+ 2
|ϕ|p+2

)
dx

=
p

2 (p+ 2)

∫
RN

(
|∇ϕ|2 + |ϕ|2

)
dx+

1

p+ 2
I (ϕ)

>
C̄Ĉp

2 (p+ 2)
§

(31)

=J (ϕ)3�å8I (ϕ) = 0þk�e.§l
d > 0.

�e5y²dM > d. £�(22)§��limλ→0+ I (ϕλ) > 0�I (ϕ) < 0§ù�íÑ�3��0 <

λ∗ < 1§¦�I (ϕλ∗) = 0. w,ϕ 6= 0�ϕλ∗ 6= 0. d(23)9P (ϕ) = 0��§é?¿λ > 0§þ
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kP (ϕλ) = 0.Ïd§

J(vλ) = λγ
∫
RN

Np− 4

4(p+ 2)
|v|p+2 dx+ λβ

∫
RN

1

2
|v|2 dx (32)

Ú

I(vλ) = λγ
∫
RN

Np− 2p− 4

2(p+ 2)
|v|p+2 dx+ λβ

∫
RN

|v|2 dx. (33)

d(21)5¿�

Np− 4 = −βp§Np− 2p− 4 = −γp§

Ïdd(32)�(33)��

λ
d

dλ
J (ϕλ) =

1

2
βI (ϕλ) .

l
�3���λ∗ ∈ (0, 1)§¦�J (ϕλ)3λ = λ∗?�����.?�Ú§du1 > λ∗§k

J (ϕ) = J (ϕλ) > J (ϕλ∗) . (34)

(Ü(8)�½Â§��

J (ϕλ∗) > d. (35)

d(34) �(35) á=íÑJ (ϕ) > d§l
dM > d.nþ¤ã§Ún�y.

ØC6/´ ³³nØ�Ø%§ÏL­½6/û½)��N�35§ÏLØ­½6/û½)

��»)§l
�ÑÐ��K�^�.e¡�ECauchy ¯K(1) �ØC6/.

½n3.1 (ØC6/). eJ (ϕ0) < d§KK+,K−,R+ÚR−'u�mtþ�ØC8.

y². Äk§dÅðÆ(16)�(17)��

J (ϕ (t)) = J (ϕ0) , t ∈ [0, T ) , (36)

Ù¥TL«)ϕ (t)����3�m.db�J (ϕ0) < d§k

J (ϕ (t)) < d§t ∈ [0, T ) . (37)

y�ϕ0 ∈ K+§�Iy²é?¿t ∈ (0, T )§þkϕ (t) ∈ K+. Äky²é?¿t ∈ [0, T )§Ñ

kI (ϕ (t)) < 0.æ^�y{.5¿�I (ϕ (t))'utëY§b��3���t1 ∈ (0, T )§¦�I (ϕ (t1)) =

0§�é?¿t ∈ [0, t1)§ÑkP (ϕ (t)) > 0. w,ϕ (t1) 6= 0§ÄKd(16)��ϕ0 = 0§ù�b

�I (ϕ0) < 0gñ.u´�âd�½Â§k

J (ϕ (t1)) > d§

ù�(37)gñ.Ïd§é?¿t ∈ [0, T )§7kI (ϕ (t)) < 0.

�e5y²é?¿t ∈ [0, T )§ÑkP (ϕ (t)) > 0.Ó�|^ëY5¿æ^�y{y².b��3

���t2 ∈ (0, T )§¦�P (ϕ (t2)) = 0.du®yé¤kt ∈ [0, T )kI (ϕ (t)) < 0§u´ϕ (t2) ∈ M.
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dÚn3.2 ��

J (ϕ (t2)) > dM > d§

ùÓ��(37)gñ.Ïd§é?¿t ∈ [0, T )§7kP (ϕ (t)) > 0.

nþ¤ã§�ϕ0 ∈ K+�§é?¿t ∈ (0, T )§þkϕ (t) ∈ K+.ÏL��aq�Øy§�±�

�K−!R+�R−'u�mt�þ�ØC8.½n�y.

dK+�R+�ØC5§�y²Cauchy¯K(1))��N�35§�½n3.4.

½n3.2 (�N�3). �p÷v(2)§eJ (ϕ0) < d�ϕ0 ∈ R+∪K+§KCauchy ¯K(1) �)ϕ (x, t)3

�mþ�N�3.

y². y²©�ü«�¹µϕ0 ∈ R+Úϕ0 ∈ K+.

�/(1)µϕ0 ∈ R+.

eϕ0 = 0§Kd�þÅðÆ(16) ��ϕ (t) ≡ 0�²�)§w,3�mþ�N�3.eϕ0 6= 0§

d½n3.1 ��§é?¿t ∈ [0, T )§Ñkϕ (x, t) ∈ R+ \ {0}.Ïd§dúª(31) �

d > J (ϕ) >
p

2 (p+ 2)

∫
RN

(
|∇ϕ|2 + |ϕ|2

)
dx§ (38)

(ÜØ�ª(28)§�íÑ

0 <

∫
RN

(
Ĉ |∇ϕ|2 + |ϕ|2

)
dx <

2d (p+ 2)

p
.

d·K2.1£ÛÜ�35¤§�òÛÜ)��3�mTòÿ�Ã¡�§l
���N�35.Ïd§

�J (ϕ) < d�ϕ0 ∈ R+�§Cauchy ¯K(1) �)�N�3.

�/(2)µϕ0 ∈ K+.

d½n3.3 ��§é?¿t ∈ [0, T )§þkϕ (t) ∈ K+§=P (ϕ (t)) > 0.d^�(2)9Uþ�¼�

L�ª§��

d > J (ϕ) =

(
1

2
− 2

Np

)∫
RN

(
|∇ϕ|2 + |ϕ|2

)
dx

+
2

Np

∫
RN

(
|∇ϕ|2 + |ϕ|2 − Np

2 (p+ 2)
|ϕ|p+2

)
dx

>
Np− 4

2Np

∫
RN

(
|ϕ|2 + |∇ϕ|2

)
dx+

2

Np

∫
RN

|ϕ|2 dx.

(39)

du3p = 4
N
��/e§ª(39) ¥Ø2wª�¹‖∇ϕ‖L2�§ÏdT�/�y²I�?�Ú«

©�ê��.

�/(a)µ 4
N
< p < 4

N−2 .

d(28)�(39) ��

0 <

∫
RN

(
Ĉ |∇ϕ|2 + |ϕ|2

)
dx <

2Npd

Np− 4
§

Ù{y²L§��/(1) ��aq§l
�íÑ)3�mþ�N�3.
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�/(b)µp = 4
N

.

d�§ª(39) z�

1

2

∫
RN

|ϕ|2 dx < d. (40)

½Âϕµ (x)µ
N

p+2ϕ (µx)§µ > 0.dPohozaev �¼�½Â��

P (ϕµ) = µ
4−(N−2)p

p+2

∫
RN

|∇ϕ|2 dx− Np

2 (p+ 2)

∫
RN

|ϕ|p+2
dx. (41)

�p = 4
N
�§du 4−(N−2)p

p+2
= 1

2+N
> 0�

∫
RN |∇ϕ|2 dx > 0§d�P (ϕµ)´'uµ�î�4O¼ê.(

Ü lim
µ→0+

P (ϕµ) < 0�P (ϕ) > 0§���3���µ∗ ∈ (0, 1)§¦�P (ϕµ∗) = 0.?�Ú§d(6)!(9)

9p = 4
N
§��

J (ϕµ∗) =
1

2

∫
RN

|ϕµ∗ |2 dx =
µ∗

−Np
p+2

2

∫
RN

|ϕ|2 dx§

éá(40)íÑ

J (ϕµ∗) < µ∗
−Np
p+2 d. (42)

�e5©ÛI (ϕµ).5¿�

I (ϕµ) = µ
4−(N−2)p

p+2

∫
RN

|∇ϕ|2 dx+ µ
−Np
p+2

∫
RN

|ϕ|2 dx−
∫
RN

|ϕ|p+2
dx§ (43)

�p = 4
N
�§k lim

µ→0+
I (ϕµ) > 0.(Üé?¿t ∈ [0, T )kI (ϕ (t)) < 0§�©ü«�/?Øµ

�/(i)µeI (ϕµ∗) < 0.

d(26)!Ún3.2 9P (ϕµ∗) = 0§��

J (ϕµ∗) > dM > d > J (ϕ)

l
íÑ (
1− µ∗

4−(N−2)p
p+2

) ∫
RN

|∇v|2dx+
(
1− µ∗−

Np
p+2

) ∫
RN

|v|2 dx < 0. (44)

dµ∗ ∈ (0, 1)!(28)!(40)�(44)§�íÑ

0 < Ĉ

∫
RN

|∇v|2 dx < µ∗−
Np
p+2 − 1

1− µ∗
4−(N−2)p

p+2

∫
RN

|v|2 dx < 2d
µ∗−

Np
p+2 − 1

1− µ∗
4−(N−2)p

p+2

. (45)

��
∫
|∇v|2dxk..

�/(ii)µeI (ϕµ∗) > 0.

d(42) ��

J(vµ∗)− 1

p+ 2
I(vµ∗) < µ∗−

Np
p+2 d.
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�du

µ∗
4−(N−2)p

p+2

∫
RN

(
|∇v|2 +

α

|x|2
|v|2
)
dx+ µ∗−

Np
p+2

∫
RN

|v|2 dx < 2(p+ 2)

p
µ∗−

Np
p+2 d.

(Ü(34)§�íÑ ∫
RN

|∇ϕ|2 dx <
2d (p+ 2)

pµ∗2Ĉ
.

nÜ�/(i)Ú(ii)§��3�þ�.�/p = 4
N
e§é?¿t ∈ [0, T )§‖∇ϕ (t)‖L2k..

nþ§3ü«�/ϕ0 ∈ R+½ϕ0 ∈ K+e§Cauchy ¯K(1) �)þ3�mþ�N�3.½n�

y.
/ÏØ­½ØC6/9Ún2.3 ¥�virial ð�ª§y�y²½n3.5.

½n3.3 (k��m�»). �p÷v^�(2).eJ (ϕ0) < d�ϕ0 ∈ K−§KCauchy¯K(1)�)ϕ (x, t)3

k��mS�».
y². dJ (ϕ0) < d!ϕ0 ∈ K−±9½n3.3§�ϕ ∈ K−§=I (ϕ) < 0�P (ϕ) < 0.e-

ϕµ = µ
N

p+2ϕ (µx) (µ > 0)§

d(2)!(41)±9P (ϕ) < 0�íÑµ�3���µ∗ > 1§¦�P (ϕµ∗) = 0.d	§�1 6 µ 6 µ∗�§

kP (ϕµ) < 0.|^(2)!(43)±9I (ϕ) < 0§·�éI (ϕµ) ©Ûü«�U�/µ�1 < µ 6 µ∗�§

I (ϕµ) < 0¶���3��ε÷v1 < ε < µ∗§¦�I (ϕε) = 0.e¡éùü«�/©O?Ø.

�/(1)µ�1 < µ 6 µ∗�§I (ϕµ) < 0.

T�/%¹I (ϕµ∗) < 0§P (ϕµ∗) = 0.Ïdd(26) �Ún3.2§·���

J (ϕµ∗) > dM > d. (46)

d	§

J (ϕ)− J (ϕµ∗) =
1

2

(
1− (µ∗)

4−(N−2)p
p+2

)∫
RN

|∇ϕ|2 dx

+
1

2

(
1− (µ∗)

− Np
p+2

)∫
RN

|ϕ|2 dx.

(47)

aq/§

P (ϕ)− P (ϕµ∗) =
(

1− (µ∗)
4−(N−2)p

p+2

)∫
RN

|∇ϕ|2 dx. (48)

duµ∗ > 1§kµ∗−
Np
p+2 < 1.(Ü(47)�(48)��

J (ϕ)− J (ϕµ∗) >
1

2
P (ϕ)− 1

2
P (ϕµ∗) =

1

2
P (ϕ) . (49)

?�Ú§d(46)�(49) �

P (ϕ) < 2 (J (ϕ)− J (ϕµ∗)) < 2 (J (ϕ)− dM) 6 2 (J (ϕ)− d) . (50)

�/(2)µ���3��ε÷v1 < ε < µ∗§¦�I (ϕε) = 0.

DOI: 10.12677/pm.2026.166156 59 nØêÆ

https://doi.org/10.12677/pm.2026.166156


�c�§�r

T�/%¹I (ϕε) = 0!P (ϕε) < 0.�d§·�d(48)�(49) ��

J (ϕ)− J (ϕε) >
1

2
P (ϕ)− 1

2
P (ϕε) >

1

2
P (ϕ) . (51)

d	§d(11) kJ (ϕε) > d.Ïd§d(51) �J (ϕε) > d·�Ó��íÑ

P (ϕ) < 2 (J (ϕ)− d) (52)

d(9)!(18)!(37)!(50) �(52) ��

J ′′ (t) = 8P (ϕ) < 16
(
J (ϕ0)− d

)
. (53)

é(53)ü>l0�tÈ©§·�k

J ′ (t)− J ′ (0) < 16 (J (ϕ0)− d) t§t > 0§

?�Ú��

J (t) < J (0) + J ′ (0) t+ 8 (J (ϕ0)− d) t2. (54)

dϕ ∈ K−��ϕ 6= 0§�J (ϕ0) < d.Ïdd(54)íÑ�3T1 ∈ (0,∞)§¦�J (T1) = 0§¿�

�t ∈ (0, T1)�J (t) > 0.d	§dCauchyõSchwarz Ø�ª§·�k∫
RN

|ϕ|2 dx 6

(∫
RN

|x|2|ϕ|2 dx

)(∫
RN

|x|−2|ϕ|2 dx

)
(55)

(Ü�þÅð(16)±9J (T1) = 0§��

lim
t→T1

∫
RN

|∇ϕ|2 dx =∞. (56)

Ïd§��ϕ0 ∈ K−§Cauchy ¯K(1)�)ϕ (x, t)73k��mS�».

53.1.  ³³nØ�Ø%´�«��5 �©�§)éÐ���6'X.äN
ó§TnØ�Ï

LéÐ�?1�Zy©§�Ñ�§½)¯K�N�3�k��m�»��O^�.Ù¥§³U�¼

�Nehari�¼u�X'��^µ��¡§ ³³�ÝòUþ�¼y©�g�.!�.���.n

�U?¶,��¡§Nehari 6/ò)�m©�­½8�Ø­½8§©OéA)��N�3�k�

�m�»"�©3g�.Ð©U?J (µ0) < de§�éCauchy¯K(1)mÐ)���^�ïÄ§�

´± ³³nØ�Ä:.ÙØ%g´´/Ï�åC©(�éÐ��m?1y©µ�Ð�áu­½8

�§éA)�N�3¶�Ð�áuØ­½8�§éA)3k��mS�».�'�e§Úó¥J9

�Holmer Roudenko .�â´�égdà���5Å½��§ïá��þõUþ.K��â§Ì

�ÏLºÝC�E|é�þ!Uþ�Ð�?1|Ü©Û. ü«�{þ��
)�3���3��`

^�§��©ý­�«Ð�é)ÄåÆ1��K�§
©z [5] �'5Ä�)�Ð��m���'

X.d	§�©¤ïÄ�.���5�I���2§�ÃI�\©z [5]¥'uÐ�»�é¡�b

�.
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