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Abstract

We consider a parabolic-parabolic chemotaxis system with singular sensitivity and

sublinear production in a smooth bounded domain Q C R" (n > 2)
uy = Au — xV - (U%Vv) ,
v=Av—v+u?,

where a € (0,1), 8 € (0,1), and x > 0. It is proven that the system has a globally
bounded classical solution under the conditions « € (0,1), 8 € (0, %), and x > 0. This
shows that the sublinear production effect is indeed beneficial in ensuring the existence
of a globally bounded classical solution for the parabolic-parabolic chemotaxis system

with a singular chemotactic mechanism.
Keywords

Chemotaxis, Singular Sensitivity, Boundedness

Copyright (© 2026 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. 5|5

AN A2 AR A 205 5 VR P PEE PR 5 118 3, A 2 A A 0 2 i 3 R OGB4 €. D %
S A B A IR B A h 5N R - R K eller-Segel R 4t

uw = Au—xV- (£Vv), 1EQx(0,7),

(1)
v =Av—v+u, 1EQ x (0,7),

Hry > 0,0 € (0,1).LifiXiert STk [1]H &1 0 9l 4-90 4 45 57 8 46 5 e Bk 78 K B0 7E — 4E1% 100

DOI: 10.12677/pm.2026.166157 63 HREAE


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.12677/pm.2026.166157

4RI

N, %a > 1A BURME AT e AR Dirac LT AL e e (0, 5) HAMEL! JEH0E 2/, R
GAFAERART™ U HE— B AEa € (0,5) HAMEM L NVESFAN 1% UM B4 FO6HE JHa T2
EIESE TS
IR TR RAR S LR M R AR AH T TS T AR T B K T R R Ak R RS e P
— %0 R FR . Zhao 5 XiaofE SCHR [ 2] H &t 04l -1 153 25 i Ak J e OB 98 38 B 78 48 S DL B B o
T, %a € (0,1) HB € (0,2) I, RN 1E WAL 4R A2 08 5 A 15 0 Rk R By > 0, RGHT
AR ST s Mo =1 HB € (0,1) I, R T REOE /0, [FFEBE IR AR B ARG Tt kS
PEF= A Tl R 3k — 20 HI) 95 Rk T EE RN M T 2R M 7R AR T IR 2R MR X KSR T AL AR T R A R
JEE R AT AU fif 20 PR SR R i SR 1 73 M XU Sl 2 TSR 7 S sk 1 T DU A/ B 22 T A T R EURR
il B 25 A T R UE AR R S 52 IR TR R AR SO IR B 1t 7= A T 5 | N4 =7 ek R 48 4K
FLAT S BB 5 TR R A 7= A TP Wb ) I DU A 25 7 ELAA A FE 60 A F XA S AR (0 > 2) A1k
WA XEQ EREatk 25
{ut = Au— V- (£V0), fEQx (0,T),

(2)
vy = Av — v+ 1P, 1EQ x (0,7),

E¢X>&cMﬂQD,Be@iD,Temmﬂ%%ﬁﬁEﬁﬂ%ﬁ%E

{uo e CO@) AL, [, uoda > 0, "

Vo € Wl’DO(Q),H’UO > OEQ

KRB0 B 5Tk Neumann 14 7444
du_ v
ov  Ov
SO FE A IR G M = AR T - 2L B e b R 48 (2), R B E 21
1.1, ZQC R (n>2) AARARFRB.Fac (0,1),3¢ <0, Z) Hy >0, W& %G E%E—
89 AR R & B (u,v).
LR AR O M s AR T AR B [ B 52 30 26 4 52 DL ) 55 7 S 00 1) R ) 4 FH 79 v 25808 A
RSB IR MR TR 0 T2 B T~ 12 6 5 00 3, AR ST 3 B2 H bR st 2 Uk I AE IR 58 4 ) AE 42
TR E VR I RS A R P by R AR, T I 2445 Bllv T R WA AR S50 8w iRX — RS,

AT T RE Bz R
Up

A% RS RS AS TH BATEN TulLP A5 5L, S 445 20— B0 FHE.

=0, 7EOQx (0,7). (4)

2. Fg&FIR

FGE(2) v SR B R B A AE A 55— R Pt SR (2] RO v L e R S 5 9205 2.

DOT: 10.12677/pm.2026.166157 64 Y


https://doi.org/10.12677/pm.2026.166157

ElfESe

S1382.1. HF#EHZ(3), x > 0Ha,B € (0,1), MWHAET € (0,00 A="E—93E R R H AT (u, v) L FF
we COQ x[0,T))NC2HQ x (0,T)),
v € CQ % [0,T))NCHLQ x (0,T)) N L>((0,T); WH>(£))
HAEQX (0,T)AHu,v>0, AERELTHELRL(1.1) 85, BAT =0, X4
limsup ([lu(-, )|z () + [0, 1) W= (o)) = oo.
t /T
FESL, FAIG A T R B P A 22 Aot
313E2.2. [3, 51H4.1] HQ CR™ (n > 2) NHEEHEFIFXB BB > 1, ¢ > 1ikE

q< . Mp<on,

n—p’

q < 0, \:Llp:rh
q = 00, \:L|p>na

HVp € Wha(Q). 35V ik R Gk i

V,=AV —aV + f #Qx (0,7),

&= 1E00Q x (0,T),

Hrha >0, T e (0,004 f € L=((0,T); LP()), MV € L>=([0,T); W4(Q)).
31382.3. [4, 51H2.3] HQ CR" (n>2), pe (n,00), T € (0,00l MALEIEHEEL, = Li(n,p,Q),
EAXMERL € (to, T) (Hhtg :=max{1,T}), FRAZEAKL

t t
/ e / |Ag|Pdrds < Ly (/ ez / |f|Pdxds + e%lHAg(.’to)Hip(Q)) ,
to Q to Q

Hrepf e LP(Q2 % (0,T)), gN TRHHMEgy € WP () R GEH T HiLfiF

g=0g—g+f 1EQx(0,T),

%9 = 1E0Q % (0,T),
g(ao) = 9o EQ

3. Fehufhit

Beu,v T BH2.1 FARGE(2) B EE T SR AT H— SR A A T
51#3.1. #&x > 0,a € (0,1) BB € (0,2).1

n

/ udx = mg, te€(0,7T), (5)

DOI: 10.12677/pm.2026.166157 65 R H


https://doi.org/10.12677/pm.2026.166157

4RI

Fbmy = [ouode tp > 1,5 EL = Lo(p) > 0 173
|vlze(e) < L2, t€(0,T). (6)

HSh Stp > 1, &KLy = Ls(p) > 0 1243

[Vl?
dr < Ls |Av|pdx + L3 [ vPdz, t € (0,T). (7)
Q Q

VP

GER. (5) REXF(2) AR I E LR RH(2) R A IR R RO 5 R 4
“Neumann #EBE{e }ino IIPERTS (5),%0p > 1 /45

t
[0l (@) < ||6t(A71)U0HLp(Q) +/0 ||e(tis)(A71)uﬁ||Lp(Q) ds

t
< Mool k[ (L4 (2= )70 B0 ) g s
0

.
< llvollzr(e) + k1[92

t
Bn _ _ s
/0<1+(t—s)( “He N0 |l Flyds, 1€ (0.7), (8)

/ﬁ\:':':‘kl,/\1 >0, EEJJ?ET?%L( ),/\EF'LQ H'UOHLp(Q) +/<I1|Q| n méai foo (1 —|—o-_(1_%)e*>\la) do. (7)
FECHR [5] 5l 2.4 ISR O

E5| 3,145 Hh 5 <7 48 15 bR B K LA PR R _E FRATTE — 22 T 52 o w0 i B R B
K FIEB € (0, 2) RSN LP—Fflivh, 5 SRR K L oo Y £ A5 1 v JUU PO 82 i 3k 5 B S 4%
513#3.2. Ka € (0,1) BB € (0,2). A &L, >0, £33 1EEp > 1A

/u”da: < Ly, te(0,1). )
Q

B XF(2) A AT Upur ! (p > 1) QAT FF 0 3R 7 v 15

d

— [ wPdx = —p(p — 1)/ uP 2| Vu|* dz + p(p — 1)X/ uP" T Vu - Vo de
dt Jo Q Q

=—p(p— 1)/ uP 2| Vul|*dx + xa(p — 1)/ uPv ™Y VolPdz — x(p — 1)/ uPv™*Avde,
Q Q Q
(10)

€ (0,745 XFq > 0, (2) AT%A

d
dt/ uPv™dx = —p(p — 1)/ uP 207 Vul? dz + xp(p — 1)/ uP TV - Vo dz
Q Q

Q

- qu/ uPv= Vo2 dr + 2pq/ w1 W - Vo de
Q Q

—q(g+1) / uPv= 12|Vt dz + q/ uPv™9dx — q/ uPtPy= 17 dy, (11)
Q Q Q

DOI: 10.12677/pm.2026.166157 66 R H


https://doi.org/10.12677/pm.2026.166157

ElfESe

€ (0,7).Xfp > 1 Hg € (max{0,1 - 2a}, §),NH Young A% A5

<p—|—ﬁ —I—q> / uPv~9dx /up’Lﬁfu_q_1 dx+C’1/up_’Bqd:Jc
20 Q Q Q

/ uP Py~ d 4 / uPPdx + Oy, (12)
Q

Q

IN

IN
NI N

Pt
HeiCy = (§) 7157 + 9)"H,Co = CP7 9L H

p+0

uP dzx < / uP™P d + Cs, (13)
26 Jo Q

Hhoy = (”*5)‘*6 0, H

2 2
2pq/up_1v_q+1Vu-Vvdx <(p(p—1) —61)/ up_Qv_q|Vu|2dx+pq/upv_q_ZVv|2dx,
Q Q plp—1) —e1 Jo

(14)
Hrbey € (0,p(p— 1)), H

X’ (p —1)?
xp(p — 1)/ uP IV - Vo dr < &y / uP 20| Vul? dz + / uPv™ 92| Vo|? dx
Q Q 4eq Q

\V3) 2
Ssl/u” 2quu|2dx+€2/up - 2|Vv|2d:c+0/ ‘ |
Q Q
(15)
2\ 3y _at2a—1
Sty > 0,00 = (MUY T o) i Young A4 XA
i 2 —g—2 2 Vol
xa(p—1) [ vPv™ " Vol*de < ey | wPv™ 7 %|Vo|*dx + C5 | wP——dx, (16)
Q ) )

/\EF‘EQ >0, C5 (Xa( —1))%€;<ﬁl%a’ﬂxﬂ_q>oﬁ
—x(p— 1)/ uPv~* Avdz < / |Av|*F da + (x(p — 1)) / WP By~ 5 @) g
“ Q

/|AU| Fdr+ < /up+ﬁvq1dx+06/up+ﬁdx, (17)
Q

B)(a+1)

ﬁ\:EPC(S = (%)7Pq+(a1(f:)ﬁp)fa5( (p_|_ 1))zw+(1 a)p—aB 4 f(t) = fQ uP dx + fQ uPy—1 dx7%‘p > 1 Hq c
(max{0, 1 — 2a}, §),HK37(10)-(17) A3

P+ L PO < o -1) [ 0 Valdo+ [262 R ' 1>} JREEER
28 Q pp—1)—& Q
2
+(Cy +c5>/ 'VU °F 4z 4 (C +2)/ o da:+/ Ao de + Cy + Cs,
Q Q Q
(18)
DOI: 10.12677/pm.2026.166157 67 Ry


https://doi.org/10.12677/pm.2026.166157

ElfES e
te (O7T);Ep >1 E.C] € (Oap* 1)7}1_]‘” p(p— 4 1) (q+1) < 0 Yer = pgj(;iz)l)’ €2 = q(‘12+1) B 2(p(pp—({)—sl)
13 P

209+ —— — +1) <0.
*Tplp—1)—= g+l <
FLKE Young R34 5 (7) 1T
p+B
2 2 B
/upwdxg/up+ﬂdx+/ <W> de
Q v Q Q v
ptB P8
</u”+ﬁda¢+L3/ |Av|™# dx+L3/v 5 dx, (19)
Q Q Q
BRAL(6),(18) FI(19) Al 15
2 2
P2 B F) < —pp—1) / 2| Vul* dz + [252 + 2 g+ 1>} / o2 Vo da
Q p(p—1) —& Q

P+ P55 F

+c7/up+ﬂdx+cs/ |Av| ™5 da + Cy
Q Q

< —p(p—1)/up_2|Vu|2dx+C7/up+’8dac+08/ |Av|"F dx +Cy,  (20)
Q Q

28
( ),/\EF‘C7 Ci+Cs+Cs+2, Cy = (C4+C5)L3+1, Cy = OQ+C3+(C4+CF)L E Ls.
46 e (0, 2)I Z5E3CHR (2, 5122.2]% Gagliardo-Nirenberg A5 X 5 Young N5 20 I F H (5) AT 4%

2(p+/3)

/u”*ﬁ dr = HW 2(1>+l3)

Q ()
1—8 2(p+8)
— P

P g P P
< (Con ||wz|\L2(Q))uz ) ‘u .
Lr(Q) L»(Q)
(p+8)6

2(p+8)
ngrﬂ

2(p+8) — L g
+ m(()PJrﬁ)(l 0) </ |vu2|2dg;> +(2CeN) 7
Q

< (2Cqn)
S 63/ up*2|Vu|2 dx + Clo, (21)
Q
p_ 2(p+8)
ﬁ:'?@ = 2p+2§P+lj) € (0 1) HEEB € ( ) p+69 <1 CGN,Eg > 0, HHTC&O = (20@]\/) ;r m;ngﬂ +
_(p+B)6 p(p+B)(1—-6) »
€5 — (207 ((Hﬁ)em PRI e (90) T e Zgﬂtﬂ:&(to’ t) LBy, Hodit, = max{l, %}, Xfp >

n, H51#2.35(21)n] 15
£ o F(ty) < —p(p —1)/ 57 s /up 2Vu|2dx+C7/ "5 s /up+6da:

pEB

e 'F(t)—e
t 18 ¢ ptB QBCQ p+ﬁ 2609 p+l3
+ C / P / Av| ? dx —|— b to
< [e3(C7 + CsL,y —1)] / e 2 / uP~2|Vul? dzds

2
+ CgLe" e / |Av(z t0)| ®dr + Bflﬁl eTﬁﬁt, te (t,T), (22)

DOI: 10.12677/pm.2026.166157 68


https://doi.org/10.12677/pm.2026.166157

ElfESe

KOy =Co + Cio(Cr7 + CgLy) Hlez = %’ﬁ)@@mﬁw@ﬁ% U\@P;;jﬁt Jstp > nf

F(t) < F(to) + CsLy / |Av(z, to)| 7 do + pﬁfg < Chy, te(t,T), (23)
Q

HhCy, > 0., Hp e (1,n] B Young R, J&4 31521, BITsEmMEtO)MER. O

4. EELERAVUERA

PAE FRATEE Lo —BUE A
5134.1. Ka € (0,1), B (0,2) Ex > 0.A4#&Ls >0 143

v(x,t) > Ly, (z,t) € Q x (0,T). (24)
PER. ERpy > 1, -HH?der AN 113
/udx = / e
Q Q
Po—L Iy
po—B po—B
()7 ()
Q Q
DR BB ST (5) AN 5 #E3.2, 3411
/ uf dx > m;;gij13 Lﬁj%ll. (26)
Q
X (2) AT, R E R S AR S Neumann B R {2 sy, 1T

t
v(z,t) = et Yy, —I—/ et=A=0yB (x, 5) ds
0

t o) (di m.n>2
2/ o, ((t IR ) </ uP(z, 5) d:z:) ds
o 4m(t—s) Q

po=B -1 rlo 7 —<r+(d“f[‘7m2>
> ms’“Lf’l/ e © dr, (2,t) € Q< (0,T), (27)
0
pa [13 1 to 1 7("‘+ (dia:vm2> ZE 2 b
/ﬂ\:':l:‘to = max {17 %} EXLs = po LPO 0 nr® dr, ﬂ{q(%l)ﬂﬂfa}ﬂmﬂfﬁﬂ. -

256 AT SCHE SL I SRR SR I8 At v FRATT LA P DA AR IE W (1 L0 Y B30A Sk e e 4 82 4
22 5y 2 ROF 45 B Neumann R REIVE BT, BATTRI AT 45 2 Br i £ i

R IL 11T, N (2) 5 — A T7 R R R AR 5 4 SK0F I Neumann B4 B {2 oo IR T
EMEES

t
u(z,t) = e ug — X/ ell=92y . <U%Vv) ds, te(0,7). (28)
0

DOI: 10.12677/pm.2026.166157 69 HREAE


https://doi.org/10.12677/pm.2026.166157

4RI

FIFH G BE3.2 XHERp > n Huf € L=((0,T); LP(Q)),F i 51 #2.2 7740
[Vu(z, )| pe ) < Le, t€(0,T). (29)

i 45|41 5(29), 7115

Lg
< — r), t€(0,T). 30
o e < Tollre, @) (30)

. ‘

va

SEASCHR [6, 5131.3],(28) H(30), % Fp >n 7

t
s U
[u(z, )| =) < [l uoll L= (0) +X/ IRV (*W>H ds
0 ()

/l)a
t
< H’LL()HLoo(Q) + Xk‘z/ (1 + (t — 8)_%_27176—&(1&—5)) ’ w ‘
Ua

ds
LP ()

pe*AZ’(t*s)) lullze@yds, ¢ € (0,1), (31)

IN
=3
=
=
8
2
+
Q
w
O\“ o
/N
—
+
=
|
N
|
Nl
|

HhCy = xho b AER(31) 11,2 > 0 BB IOIRE (3 + £) > — 12 GammaB 5 KKK
Sl IR 51 T3, 2500 LY SHOLE(0, T) kAR b e UL L0 A VAR A 8K

FE AP P e — b L™ 64 R S 4 4 31 T2, 1 RREMEN “ 5T < o0, T
WALTR” FTT = oo, B3I 2.2 tho (0 FHELE 16, AR R4 (2) 1E{EM— IR it

. 0
S22 3Rk

[1] Li, B. and Xie, L. (2024) Can Dirac-Type Singularities in Keller-Segel Systems Be Ruled
Out by Power-Type Singular Sensitivities? Journal of Differential Equations, 379, 413-467.
https://doi.org/10.1016/j.jde.2023.10.013

[2] Zhao, X. and Xiao, L. (2024) Global Boundedness in a Parabolic-Elliptic Chemotaxis Sys-
tem with Singular Sensitivity and Sublinear Production. Journal of Evolution Equations, 24,
Article No. 89. https://doi.org/10.1007/s00028-024-01017-x

[3] Horstmann, D. and Winkler, M. (2005) Boundedness vs. Blow-Up in a Chemotaxis System.
Journal of Differential Equations, 215, 52-107. https://doi.org/10.1016/j.jde.2004.10.022

[4] Wang, W., Zhuang, M. and Zheng, S. (2018) Positive Effects of Repulsion on Boundedness in
a Fully Parabolic Attraction-Repulsion Chemotaxis System with Logistic Source. Journal of
Differential Equations, 264, 2011-2027. https://doi.org/10.1016/j.jde.2017.10.011

[5] Le, M. (2025) Global Boundedness in the Higher-Dimensional Fully Parabolic Chemotaxis with
Weak Singular Sensitivity and Logistic Source. Discrete and Continuous Dynamical Systems—
B, 30, 4858-4869. https://doi.org/10.3934/dcdsb.2025087

DOI: 10.12677/pm.2026.166157 70 R H


https://doi.org/10.1016/j.jde.2023.10.013
https://doi.org/10.1007/s00028-024-01017-x
https://doi.org/10.1016/j.jde.2004.10.022
https://doi.org/10.1016/j.jde.2017.10.011
https://doi.org/10.3934/dcdsb.2025087
https://doi.org/10.12677/pm.2026.166157

ElfESe

[6] Winkler, M. (2010) Aggregation vs. Global Diffusive Behavior in the Higher-Dimensional
Keller-Segel Model. Journal of Differential Equations, 248, 2889-2905.
https://doi.org/10.1016/].jde.2010.02.008

DOT: 10.12677/pm.2026.166157 71 Y


https://doi.org/10.1016/j.jde.2010.02.008
https://doi.org/10.12677/pm.2026.166157

	1 引言
	2 预备知识
	3 先验估计
	4 主要结果的证明

