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Abstract

We consider a parabolic-parabolic chemotaxis system with singular sensitivity and

sublinear production in a smooth bounded domain Ω ⊂ Rn (n ≥ 2)ut = ∆u− χ∇ ·
(
u
vα
∇v
)
,

vt = ∆v − v + uβ ,

where α ∈ (0, 1), β ∈ (0, 1), and χ > 0. It is proven that the system has a globally

bounded classical solution under the conditions α ∈ (0, 1), β ∈
(
0, 2

n

)
, and χ > 0. This

shows that the sublinear production effect is indeed beneficial in ensuring the existence

of a globally bounded classical solution for the parabolic-parabolic chemotaxis system

with a singular chemotactic mechanism.
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1. Úó

ªz5´[�÷zÆ&ÒßÝFÝ�½�$Ä,3õ[�)Ô)·¹Ä¥�ü'��Ú.��x

ªzà8�­�)Ôy�,ên)ÔÆ¥Ú\Xe�Ô-�Ô.Keller-SegelXÚut = ∆u− χ∇ ·
(
u
vα
∇v
)
, 3Ω× (0, T ),

vt = ∆v − v + u, 3Ω× (0, T ),
(1)

Ù¥χ > 0,α ∈ (0, 1).LiÚXie3©z [1]¥�é�Ô-�ÔÛÉªzXÚïÄuy,3���¹
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e,�α ≥ 1
4
�,ÛÉ¯a5���üØDirac.Û5��)¶�α ∈ (0, 1

4
)�Ð�L1 �ê·���,X

Ú�3�N2Â)¶?�Ú3α ∈ (0, 1
2
) �Ð�÷v�5^��,T2Â)�ªk.1w,¿ªu�

mþï�.

þãïÄ�´&Ò�5�)�/,
&Ò�)��O��Ç´K�ªzXÚ�N·½5�,

�Ø%Ï�.Zhao�Xiao3©z [2]¥�é�Ô-ý�ÛÉªzXÚ�ïÄL²,3��9±þ��¹

e,�α ∈ (0, 1) �β ∈ (0, 2
n

) �,g�5
��Kz�Av
r,¦�é?¿ªzXêχ > 0,XÚÑ

�3�Nk.�;)¶�α = 1 �β ∈ (0, 1) �,�IªzXê·��,Ó�U�y)�Nk..g�

5�)�uβ �?�Ú�fªzà8�A,��u�5�)�,g�5O���
zÆ&Ò�)¤�

Ý,Uk��)[�à8�5�Û5ºx,wÍ��ÛÉ¯a5��Kz�^,$��3ÃªzXê�

��^�e�y)�Nk..ÉþãïÄéu,�©òg�5�)�Ú\�Ô-�ÔÛÉªzXÚ,&

ÄÛÉ¯a5�g�5�)���Ó�Kz�A,äNïÄ1wk.«��©ïÄRn (n ≥ 2) ¥1

wk.m«�Ω þ�ªzXÚut = ∆u− χ∇ ·
(
u
vα
∇v
)
, 3Ω× (0, T ),

vt = ∆v − v + uβ, 3Ω× (0, T ),
(2)

Ù¥χ > 0§α ∈ (0, 1)§β ∈
(

0,
2

n

)
§T ∈ (0,∞] ����3�m.Ð�÷vu0 ∈ C0(Ω)´�K�,�

∫
Ω
u0dx > 0,

v0 ∈W 1,∞(Ω),�v0 > 03Ω.
(3)

XÚ÷vàgNeumann >.^�

∂u

∂ν
= 0,

∂v

∂ν
= 0, 3∂Ω× (0, T ). (4)

�©ïÄ�g�5�)���Ô-�Ô.ÛÉªzXÚ(2),¿y²½n1.1.

½n1.1. �Ω ⊂ Rn (n ≥ 2) �1wk.m«�.eα ∈ (0, 1),β ∈
(

0,
2

n

)
�χ > 0, KXÚ�3��

��Nk.�;)(u, v).

51.�ïÄ�Ø%J:3u,ªzCþv Ó�É��5P~Å��ÛÉ��V��^,ü«�A�

p�|,
g�5
�uβ �´^u²ïT¿�'X,�©�Ì�8IÒ´y²3þã���Ôµe

e,g�5
�U
k�{�v u)�»,¿�ª��v ªu"��Nk.5(Ø.��Ñù�æN§

·�Ú\XeUþ�¼

y(t) =

∫
Ω

updx+

∫
Ω

up

vq
dx,

(ÜT�¼�'�k��O,·�ïá
u�Lp k.5,�ª��Ù��k.5.

2. ý��£

XÚ(2)�;)�ÛÜ�35���5�ÏL©z [2]¥�IOØ N��{��.
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Ún2.1. eÐ�÷v(3)§χ > 0�α, β ∈ (0, 1)§K�3T ∈ (0,∞]Ú����K¼êé(u, v)¦�u ∈ C0(Ω× [0, T )) ∩ C2,1(Ω× (0, T )),

v ∈ C0(Ω× [0, T )) ∩ C2,1(Ω× (0, T )) ∩ L∞((0, T );W 1,∞(Ω))

�3Ω× (0, T )Sku, v > 0§3�;¿Âe÷vXÚ(1.1).d	§�oT =∞§�o

lim sup
t↗T

(
‖u(·, t)‖L∞(Ω) + ‖v(·, t)‖W 1,∞(Ω)

)
=∞.

3d§·��Ñ�5�Ô�§)�ü�²;�O.

Ún2.2. [3, Ún4.1] �Ω ⊂ Rn£n ≥ 2¤�1wk.m«�.b�p ≥ 1§q ≥ 1÷v
q < np

n−p , �p < n,

q <∞, �p = n,

q =∞, �p > n,

�V0 ∈W 1,q(Ω).�V�eãXÚ��;)
Vt = ∆V − αV + f 3Ω× (0, T ),

∂V
∂ν

= 0 3∂Ω× (0, T ),

V (·, 0) = V0 3Ω,

Ù¥α > 0§T ∈ (0,∞].ef ∈ L∞((0, T );Lp(Ω))§KV ∈ L∞([0, T );W 1,q(Ω)).

Ún2.3. [4, Ún2.3] �Ω ⊂ Rn£n ≥ 2¤§p ∈ (n,∞)§T ∈ (0,∞].K�3�~êL1 = L1(n, p,Ω)§

¦�é?¿t ∈ (t0, T )£Ù¥t0 := max
{

1, T
2

}
¤§eãØ�ª¤á∫ t

t0

e
ps
2

∫
Ω

|∆g|pdxds ≤ L1

(∫ t

t0

e
ps
2

∫
Ω

|f |pdxds+ e
pt0
2 ‖∆g(·, t0)‖pLp(Ω)

)
,

Ù¥f ∈ Lp(Ω× (0, T ))§g�eã�Ð�g0 ∈W 2,p(Ω)XÚ��;)
gt = ∆g − g + f 3Ω× (0, T ),

∂g
∂ν

= 0 3∂Ω× (0, T ),

g(·, 0) = g0 3Ω.

3. k��O

�u, v ´Ún2.1 ¥XÚ(2) �ÛÜ�;).·��Ñ�
Ä��O.

Ún3.1. �χ > 0,α ∈ (0, 1) �β ∈
(
0, 2

n

)
.K∫

Ω

udx = m0, t ∈ (0, T ), (5)
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Ù¥m0 =
∫

Ω
u0dx.ép ≥ 1,�3L2 = L2(p) > 0 ¦�

‖v‖Lp(Ω) ≤ L2, t ∈ (0, T ). (6)

d	,ép > 1,�3L3 = L3(p) > 0 ¦�∫
Ω

|∇v|2p

vp
dx ≤ L3

∫
Ω

|∆v|pdx+ L3

∫
Ω

vpdx, t ∈ (0, T ). (7)

y². (5) ´é(2) ¥1���§È©���(J. é(2) ¥1���§A^~êC´{,¿(

ÜNeumann 9�+{et∆}t≥0 �5��(5),ép ≥ 1 ��

‖v‖Lp(Ω) ≤
∥∥et(∆−1)v0

∥∥
Lp(Ω)

+

∫ t

0

∥∥e(t−s)(∆−1)uβ
∥∥
Lp(Ω)

ds

≤ ‖v0‖Lp(Ω) + k1

∫ t

0

(
1 + (t− s)−(1− n

2p )e−λ1(t−s)
)
‖uβ‖

L
n
2 (Ω)

ds

≤ ‖v0‖Lp(Ω) + k1|Ω|
2−βn
n

∫ t

0

(
1 + (t− s)−(1− n

2p )e−λ1(t−s)
)
‖u‖

4
βn2

L1(Ω)ds, t ∈ (0, T ), (8)

Ù¥k1, λ1 > 0§dd��(6),Ù¥L2 = ‖v0‖Lp(Ω) +k1|Ω|
2−βn
n m

4
βn2

0

∫∞
0

(
1 + σ−(1− n

2p )e−λ1σ
)
dσ. (7)

´©z [5] ¥Ún2.4 �(J.

3Ún3.1�Ñ�þÅð�¼êv�Lpk.5Ä:þ,·�?�ÚïÄ¼êu�p��È5,�é

g�.�/β ∈
(
0, 2

n

)
ïáÙLp���O,��Y)�L∞�ê©Û��»OK�A^Jø'�| .

Ún3.2. �α ∈ (0, 1) �β ∈
(
0, 2

n

)
.�3L4 > 0§¦�é?¿p > 1,k∫

Ω

up dx ≤ L4, t ∈ (0, T ). (9)

y². é(2) ¥1���§¦±pup−1£p > 1¤3Ω?1È©,¿©ÜÈ©��

d

dt

∫
Ω

updx = −p(p− 1)

∫
Ω

up−2|∇u|2 dx+ p(p− 1)χ

∫
Ω

up−1v−α∇u · ∇v dx

= −p(p− 1)

∫
Ω

up−2|∇u|2dx+ χα(p− 1)

∫
Ω

upv−1−α|∇v|2dx− χ(p− 1)

∫
Ω

upv−α∆vdx,

(10)

t ∈ (0, T ).d	,éq > 0,d(2) ��

d

dt

∫
Ω

upv−q dx = −p(p− 1)

∫
Ω

up−2v−q|∇u|2 dx+ χp(p− 1)

∫
Ω

up−1v−q−α∇u · ∇v dx

− χpq
∫

Ω

upv−q−α−1|∇v|2 dx+ 2pq

∫
Ω

up−1v−q−1∇u · ∇v dx

− q(q + 1)

∫
Ω

upv−q−2|∇v|2 dx+ q

∫
Ω

upv−q dx− q
∫

Ω

up+βv−q−1 dx, (11)
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t ∈ (0, T ).ép > 1 �q ∈ (max{0, 1− 2α}, p
β

),A^Young Ø�ª��(
p+ β

2β
+ q

)∫
Ω

upv−q dx ≤ q

2

∫
Ω

up+βv−q−1 dx+ C1

∫
Ω

up−βqdx

≤ q

2

∫
Ω

up+βv−q−1 dx+

∫
Ω

up+βdx+ C2, (12)

Ù¥C1 = ( q
2
)−q(p+β

2β
+ q)q+1,C2 = C

p+β
βq+β

1 |Ω|,�

p+ β

2β

∫
Ω

up dx ≤
∫

Ω

up+β dx+ C3, (13)

Ù¥C3 =
(
p+β
2β

) p+β
β

|Ω|,�

2pq

∫
Ω

up−1v−q+1∇u · ∇v dx ≤ (p(p− 1)− ε1)

∫
Ω

up−2v−q|∇u|2 dx+
p2q2

p(p− 1)− ε1

∫
Ω

upv−q−2|∇v|2 dx,

(14)

Ù¥ε1 ∈ (0, p(p− 1)),�

χp(p− 1)

∫
Ω

up−1v−q−α∇u · ∇v dx ≤ ε1

∫
Ω

up−2v−q|∇u|2 dx+
χ2p2(p− 1)2

4ε1

∫
Ω

upv−q−2α|∇v|2 dx

≤ ε1

∫
Ω

up−2v−q|∇u|2 dx+ ε2

∫
Ω

upv−q−2|∇v|2 dx+ C4

∫
Ω

up
|∇v|2

v
dx,

(15)

Ù¥ε2 > 0,C4 =
(
χp(p−1)2

4ε1

) q+1
2−2α

ε
− q+2α−1

2−2α

2 .2dYoung Ø�ª��

χα(p− 1)

∫
Ω

upv−1−α|∇v|2dx ≤ ε2

∫
Ω

upv−q−2|∇v|2dx+ C5

∫
Ω

up
|∇v|2

v
dx, (16)

Ù¥ε2 > 0§C5 = (χα(p− 1))
q+1

q+1−α ε
− α
q+1−α

2 ,�éq > 0 k

−χ(p− 1)

∫
Ω

upv−α∆vdx ≤
∫

Ω

|∆v|
p+β
β dx+ (χ(p− 1))

p+β
p

∫
Ω

up+βv−
α
p (p+β)dx

≤
∫

Ω

|∆v|
p+β
β dx+

q

2

∫
Ω

up+βv−q−1dx+ C6

∫
Ω

up+βdx, (17)

Ù¥C6 = ( q
2
)−

α(p+β)
pq+(1−α)p−αβ (χ(p + 1))

(p+β)(q+1)
qp+(1−α)p−αβ .-F(t) :=

∫
Ω
up dx +

∫
Ω
upv−q dx,ep > 1 �q ∈

(max{0, 1− 2α}, p
β

),éá(10)–(17) ��

F ′(t) +
p+ β

2β
F(t) ≤ −p(p− 1)

∫
Ω

up−2|∇u|2 dx+

[
2ε2 +

p2q2

p(p− 1)− ε1

− q(q + 1)

] ∫
Ω

upv−q−2|∇v|2 dx

+ (C4 + C5)

∫
Ω

up
|∇v|2

v
dx+ (C6 + 2)

∫
Ω

up+β dx+

∫
Ω

|∆v|
p+β
β dx+ C2 + C3,

(18)
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t ∈ (0, T ).ep > 1�q ∈ (0, p− 1),K p2q2

p(p−1)
− q(q+ 1) < 0,-ε1 = p(p−q−1)

2(q+1)
, ε2 = q(q+1)

2
− p2q2

2(p(p−1)−ε1)

¦�
2ε2 +

p2q2

p(p− 1)− ε1

− q(q + 1) ≤ 0.

2gdYoungØ�ª�(7)��∫
Ω

up
|∇v|2

v
dx ≤

∫
Ω

up+β dx+

∫
Ω

(
|∇v|2

v

) p+β
β

dx

≤
∫

Ω

up+β dx+ L3

∫
Ω

|∆v|
p+β
β dx+ L3

∫
Ω

v
p+β
β dx, (19)

éá(6),(18)Ú(19)��

F ′(t) +
p+ β

2β
F(t) ≤ −p(p− 1)

∫
Ω

up−2|∇u|2 dx+

[
2ε2 +

p2q2

p(p− 1)− ε1

− q(q + 1)

] ∫
Ω

upv−q−2|∇v|2 dx

+ C7

∫
Ω

up+β dx+ C8

∫
Ω

|∆v|
p+β
β dx+ C9

≤ −p(p− 1)

∫
Ω

up−2|∇u|2 dx+ C7

∫
Ω

up+β dx+ C8

∫
Ω

|∆v|
p+β
β dx+ C9, (20)

t ∈ (0, T ),Ù¥C7 = C4 + C5 + C6 + 2, C8 = (C4 + C5)L3 + 1, C9 = C2 + C3 + (C4 + C5)L
p+β
β

2 L3.

�β ∈ (0, 2
n

)�,(Ü©z [2, Ún2.2]¥Gagliardo-NirenbergØ�ª�YoungØ�ª,¿|^(5)��∫
Ω

up+β dx =
∥∥∥u p2 ∥∥∥ 2(p+β)

p

L
2(p+β)
p (Ω)

≤
(
CGN

(
‖∇u

p
2 ‖θL2(Ω)

∥∥∥u p2 ∥∥∥1−θ

L
2
p (Ω)

+
∥∥∥u p2 ∥∥∥

L
2
p (Ω)

)) 2(p+β)
p

≤ (2CGN )
2(p+β)
p m

(p+β)(1−θ)
0

(∫
Ω

|∇u
p
2 |2 dx

) (p+β)θ
p

+ (2CGN )
2(p+β)
p mp+β

0

≤ ε3

∫
Ω

up−2|∇u|2 dx+ C10, (21)

Ù¥θ =
p
2−

p
2(p+β)

p
2 + 1

n−
1
2

∈ (0, 1), �dβ ∈ (0, 2
n

)�p+β
p
θ < 1,CGN , ε3 > 0,Ó�C10 = (2CGN )

2(p+β)
p mp+β

0 +

ε
− (p+β)θ
p−(p+β)θ

3 (2CGN )
2(p+β)
p−(p+β)θm

p(p+β)(1−θ)
p−(p+β)θ

0 .ò(20)¦±e
p+β
2β t¿3(t0, t)þÈ©§Ù¥t0 = max

{
1, T

2

}
,ép >

n, dÚn2.3�(21)��

e
p+β
2β tF(t)− e

p+β
2β t0F(t0) ≤ −p(p− 1)

∫ t

t0

e
p+β
2β s

∫
Ω

up−2|∇u|2 dx+ C7

∫ t

t0

e
p+β
2β s

∫
Ω

up+β dx

+ C8

∫ t

t0

e
p+β
2β s

∫
Ω

|∆v|
p+β
β dx+

2βC9

p+ β
e
p+β
2β t − 2βC9

p+ β
e
p+β
2β t0

≤ [ε3 (C7 + C8L1)− p(p− 1)]

∫ t

t0

e
p+β
2β s

∫
Ω

up−2|∇u|2 dxds

+ C8L1e
p+β
2β t0

∫
Ω

|∆v(x, t0)|
p+β
β dx+

2βC11

p+ β
e
p+β
2β t, t ∈ (t0, T ), (22)

DOI: 10.12677/pm.2026.166157 68 nØêÆ

https://doi.org/10.12677/pm.2026.166157


qZ$

Ù¥C11 = C9 + C10(C7 + C8L1).�ε3 = p(p−1)
2(C7+C8L1)

,¿ò(22)ü>ÓØ±e
p+β
2β t,Kép > nk

F(t) ≤ F(t0) + C8L1

∫
Ω

|∆v(x, t0)|
p+β
β dx+

2βC11

p+ β
≤ C12, t ∈ (t0, T ), (23)

Ù¥C12 > 0.Ïd§ép ∈ (1, n] A^YoungØ�ª§¿(ÜÚn2.1§=��¤�O(9)�y².

4. Ì�(J�y²

y3,·�ïáv ����e..

Ún4.1. �α ∈ (0, 1), β ∈
(
0, 2

n

)
�χ > 0.�3L5 > 0 ¦�

v(x, t) ≥ L5 , (x, t) ∈ Ω× (0, T ). (24)

y². À�p0 > 1,dH?lderØ�ª��∫
Ω

u dx =

∫
Ω

u
β(p0−1)
p0−β u1− β(p0−1)

p0−β dx

≤
(∫

Ω

uβ
) p0−1
p0−β

(∫
Ω

up0

) 1−β
p0−β

. (25)

Ïd,éá(5)ÚÚn3.2,·�k ∫
Ω

uβ dx ≥ m
p0−β
p0−1

0 L
β−1
p0−1

4 . (26)

é(2) ¥1���§§|^~êC´úª�Neumann9�+{et∆}t≥t0 ,��

v(x, t) = et(∆−1)v0 +

∫ t

0

e(t−s)(∆−1)uβ(x, s) ds

≥
∫ t

0

1

4π(t− s)
e
−
(

(t−s)+ (diam Ω)2

4(t−s)

)(∫
Ω

uβ(x, s) dx

)
ds

≥ m
p0−β
p0−1

0 L
β−1
p0−1

4

∫ t0

0

1

4πr
e
−
(
r+

(diam Ω)2

4r

)
dr, (x, t) ∈ Ω× (0, T ), (27)

Ù¥t0 = max
{

1, T
2

}
. �L5 = m

p0−β
p0−1

0 L
β−1
p0−1

4

∫ t0
0

1
4πr

e
−
(
r+

(diam Ω)2

4r

)
dr, ��(24)=�¤y².

(Üc©ïá�'�k��O,·�y3�±8¥y²u �L∞ �êk.5.ÏL°[A^~ê

C´úª¿(ÜNeumann9�+�5�,·�=���¤I�O.

½n1.1�y². é(2)¥1���§A^~êC´úª,¿|^Neumann9�+{et∆}t≥0 ��S

5,��

u(x, t) = et∆u0 − χ
∫ t

0

e(t−s)∆∇ ·
( u
vα
∇v
)
ds, t ∈ (0, T ). (28)
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|^Ún3.2,é?¿p > n kuβ ∈ L∞((0, T );Lp(Ω)),2dÚn2.2 ��

‖∇v(x, t)‖L∞(Ω) ≤ L6, t ∈ (0, T ). (29)

(ÜÚn4.1 �(29),�� ∥∥∥ u
vα
∇v
∥∥∥
Lp(Ω)

≤ L6

Lα5
‖u‖Lp(Ω), t ∈ (0, T ). (30)

(Ü©z [6, Ún1.3],(28) �(30),éup > n k

‖u(x, t)‖L∞(Ω) ≤ ‖et∆u0‖L∞(Ω) + χ

∫ t

0

∥∥∥e(t−s)∆∇ ·
( u
vα
∇v
)∥∥∥

L∞(Ω)
ds

≤ ‖u0‖L∞(Ω) + χk2

∫ t

0

(
1 + (t− s)−

1
2−

n
2p e−λ2(t−s)

)∥∥∥ u
vα
∇v
∥∥∥
Lp(Ω)

ds

≤ ‖u0‖L∞(Ω) + C13

∫ t

0

(
1 + (t− s)−

1
2−

n
2p e−λ2(t−s)

)
‖u‖Lp(Ω)ds, t ∈ (0, T ), (31)

Ù¥C13 = χk2
L6

Lα5
.3ª(31) ¥,�p > n �È©Ø��ê−

(
1
2

+ n
2p

)
> −1,÷vGammaÈ©�Âñ

^�.Ó�,Ún3.2®`²u �Lp �ê3(0, T ) þ�Ûk..(Ü±þü:=��yTÈ©Âñ.

dÈ©Âñ5�?�Úí�u �L∞ �ê�Ûk..(ÜÚn2.1 ¥��»OK/eT <∞§K
)7Ã.0,��T =∞.2(ÜÚn2.2 ¥v �k.5(Ø,�ªy�XÚ(2) �3����Nk.�

;).
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