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Abstract

In this paper, we establish and investigate a class of stochastic SIR epidemic models

with a generalized saturated incidence rate and a saturated treatment function. The

BSI
14+a1S+asl?

prehensive description of psychological inhibition effects and contact saturation during

saturated incidence rate takes the formg (S, 7) = which provides a more com-
disease transmission. We prove the existence and uniqueness of a global positive solu-
tion to the stochastic SIR model and analyze the stability of its equilibrium points. By
constructing Lyapunov functions, we derive sufficient conditions for disease extinction
(when Z,; < 1) and persistence (when %, > 1) .Furthermore, we explore the impact
of white noise on the system dynamics and validate the theoretical results through
numerical simulations. This study provides theoretical foundations and numerical

support for epidemic control in stochastic environments.
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1. 5|5

16 YLl Bl ) 22 B R R W T i AR F U B s AT WL AR i) e 2 5 97 428 SR s (1Y) B 240 2 T
H. H Kermack fl McKendrick #3748t STR (Susceptible-Infected-Recovered) 14! DLk, =4
O Z BT o WA G A i A2 AR R A, ~PHERIRES DL KA 15447 8 [1). 281, &4t
SIR A5 2Y 38 o5 R R M e AR 3, (BRI G R R 5 5 K AU E B B R R, X— Rk
TE SE PR AR # I FR AP AR AE — 8 ) PR A Bl A TR RS I, AN B 3 e R o, A 2 B A X e A
J AT R 22 930/ S5 PR 2 7] e 3 BUL R R PRI, DRI R 22 5] N S INAF & S bk iR U Y JE 2t

BRI G A R B AN L, DEFCE TR I T 2R AR R AE I 3, DUHR O 1% L fe A7
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TR

TE 1 B2 fult BR 1) AAT R I A5 2808z, Hor, Capasso Al Serio 1 UCHE H T AL 75 VAN & A2 3R 11 4 i B A,
FH A 200 00 A% 4k i R v el SR AR IR ) 3 B R AR R AL R [2]. BEJE, ARERME R AR M
T SIR.  SIRS SFA% YRR, JF ik B e 8 i 2 i o A R A, P OIRAS DL R Gesh 115247
N [3-5]. BRAN, H T SERRBOR P2 I RE AP BT SHRANR T RE T A A IR, g NBOE I, 77
HE 3T BE 2 B RR 1, PRI ATG T7 B8 BB 5 NAR G ] T Fi R A IR B2 7 B3 U5 2% A T 00
PR ) BRIR AR AN [6-8).

AR, it — b R P A% B R P RACAZ OSSR, o B A% G i A 52 3 )i
RUE. SIEGBA BRI L, 72 B AL E 1 51 N AR BB o 57, T DUSE I R A R 5
AR RSB 7 AL DA Wt Caputo 70 R S U2 37 1 B8 AR LA R AL R AR TT ML
STR M, IR TT 1 73 i ot o AL Rl AR A2 [9]. ARSI FE R M, 2> BB iR RN AL Gei )
Fo TR T — FET I BAGALA, (H L T EOE R GCAL AN, X T BEALI R R 3R 51 RS A AN E
ST RS Bt — B0 T. 55— J7 0, SEBR AR SR I R AN T I et 32 B AR AL, N RS BL R A
SAT BB AEREHL DR ZR S, TR B AL A G iR IR AT O BT T R 2k A 3k R ST E B Ty [ AT
FR W], BEHLINBN AT RE A FE B R GUAE M AR KB R RF SV EAT  [10-12]. 41X
PUAEE N AR E R RE, 000 Tt — 2025 18 T AN R A % BE M LA% Bl i R 5l 7 22 AT N IR R
Wi, ERAT TR R B 25 A A AR e PR SE SR (13, 14]. BLAL, Rajasekar SEHF 78 1 [ 6L 25 1 AT R AR 56
ARLANIG T R EKIBEHL STR AR, DN BEHLIAEE T 25 FEALHRER H AR T L ARt 1 EE S [15].

SRT, EA TR Z M E TRENLIEEN.  ARgeth K A A slf 7 Bl A2 — 5T, 0 T [R5
JUSCHRIAUR AR AR T BR K DL R BE LA S B AE N A% G9ii R g2 sl 71 2 P s At se A it —
A4 FE 8] R A AE B B M AR FR LA T, BENLIESh X K4, R DL R AR e PEAT A
ISR TS T RN 3T

BEoxs LR i) @, A SCEESL T KB SCHEA R A ARG T B B BE AL STR AL, B4
F, BIE S B IRGE MK E A Z A AR 26 R, R AL A b SN BENL IS0 T, DL IR
ARG PR 2O A R SR (VU2 (RN SR T SR A= %
BSI
1 + ozlS + OZQI’
A A FE R TP R A BR A1 RN, I 51 NIRRT BR KL

_ rl
1+ al’

g(8,1) = (1.1)
h(I)

Z E A7 BREEST BE U5 26 AR R IR T RE ST LI AE F. b, Dl 0 58 I8 3l 0 5 s 1 i R 0 5 o, £ S
GALIE I 5] N AW E BN I odW (¢), WTTH AN T BEAL STR L.

pSI oST

ds=(A=pS- - dw (¢

5 < PS 1+C¥15’+OZQI 1+CY1S—|—OQI W( )a

= BSI rl oST
dI—(1+a15+a21 (ot +ml = dt+1+als+a21dW(t), (1.2)

rl

dR = pl —pR ) dt.

R <M +1+aI pR)
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SRR G 58 TAERRARLNE. YR )T BHURBR A UL BEALIA SR R 3R 2 18] (AR ELAE T, D9t 7 = BE AL
B T AR Gt 4 30 J1 22 AT R it 1 B HE S, BT T S A BE AL STR LAY, A SR HTBE B0 7
FEHEARAN Lyapunov pREUTIE, BF TR L AR K 4 RAFAEVE . AR M DL RO R A AR LA TN

AR EETTER G

()AL T — K& AR AR Z AP NG T BRI BENL SIR B8, 748 —HEZL T 25 &AL 4
VAN, IR YT BEUR BRI DA K BEAL 30 R 2= (1 FE [R] 5 i ;

(2) 1 HI BEAL 3BT 7745 Lyapunov BREGE 16, UEWIEE R TE MR 19 4 /AR, JF 0 R Gofa e v

(3)BRAFPI K AL RIRF B (1 78 73 5% A, $R 7~ BN LR B) S R SRR AR Bw K B) 12247 M
2]

B(QF AF 50, P) & NEAUER {Fi ), M58 S MER AR, 1208 B0 AL bRl 2% 1 (R E A
I H AR, RN Fo BE A P EE).

R d 4EREHL 2 T 2
da(t) = F(z(t), )dt + g(x(t), )AW (1),  x(te) = o, (1.3)

Hty <t <T < oo, BELf: RY x [to, T] = R Al g : R x [tg, T] — R¥>™ & Borel 1] JlI ).
W = {W(t)},5,, &N R™ ENGENELRE, zo &% XAEZEMEEN (Q, F,P) £H R EHEEHLAZ

=]}

H.

F C2L(R? x [to, 00); Ry ) FR AT 5 XAER? X [to, 00) L IKIAR SRV (v, ¢) IRIIEG, 8L bR HAE 0
SRR, R ¢ B WES AT S RERLIY T R (1.3) HIR I TE T AN E T LE N

+Zfl

LHTF LCERTEREV € CPH (R x [to,00);Ry),

o3 2; (o) (020), 5.0 (14

LV (z,t) = Vi(z,t) + Vo(z, ) f(x,t) + %trace[gT(x, ) Ve (2, t)g(2, )],

ov ov ov o*v
‘/; - §7VI - (8%17’8$d> 7sz - <8l‘ial’j>dxd

RPETo A, Wik z(¢) € R, U

He

AV (z(t), 1) = LV (x(t), )t + V, (x(t), )g(z(t), £)dW (t).

2. TEHER

2.1. EFIEMRNEEE—4
TER T BNAT N, B ERER e SR/, WAh, XL SIR A1, I8 7 % &
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FET ARG BRI, AEIX AR > A, SRATTEE AR B AL AR S (1.2) i A2 B AR A AR 1R H O AR .

EIE 2.1.1. HEEH5D = {(S,I,R) ER::S>0,I>0,R>00<S+I+R< %} FENL &R
(1.2 — N IEAZRLE. RIZEHIEEE X (0) = (S(0),1(0),R(0)) € D, MXHERE t > 0, i X(t) =
(S(t),I(t), R(t)) JLF-8Ri 2 X (t) € D.

MERR: H RS (1.2)n[ 18 ANE S(E) + 1(¢) + R(t) W2

d(S+T+R)=(A—p(S+T+R)—9)dt < (A—p(S+I+R))dt

il

S(t)+1(t)+ R(t) < = +e " (S(0) + I(0) + R(0)) Vt > 0, a.s..

SRS

T Limsup (S(t) + I(t) + R(t)) < 4, X FALEA s € [0,1], S (s),1(s), R(s) € (o A) , a.s..

)
t—o0 P

R, ZEEA
3 A
D=4q(SI,R)eR, :5>0,I>0,R>0,0<S+I+R<—
P

FERENLR S (1.2) I — AN IEAZEE. SRR X = X(0) = (5(0),1(0), R(0)) € D.
FA VL 3B FH 2 T T VA B U7 AR (1.2) I TR B4 RIAFAE.
EIE 2.1.2 W FEBRVIEEME Xo = X(0) € D, BEHLARSZ(1.2) £t > 0 F17 M —fiF
X, = X (t), HZMILTFLARREED W, B X (t) = (S(t), I(t),R(t)) €D, Vt > 0, a.s.

MEBA: & Xo = X (0) € D, HTFENL RS (1.2) 1) R EE O 6 Lipschitz ZEZE ), TIXHE R4 E 1)
VIR Xo = X (0) € D, fEt € [0, 7 )AFLEME—RRHAR X (t) = (S (¢), 1 (t), R (1)), Hrf 7. BN
I 1) [16]. N B AR A2 4 Jo 1 ELARFF IEPE, RFIEW 7. = oo a.s. H KA KA G, R 2Bt ATt
k.

5E U

" =inf{t € [0,7.): S(t) <O B I(t) <08 R(t) <0}

KRR HERS X inf ¢ = oo, Horh ¢ RIRTE. B 7 < 1 HREUEWH 1" < 105 a.s. M 7, = 0 H.
X (t) € D,Vt > 0.

Bk m* < oo, MAFIE—NT > 013 P(r* < T) > 0.

NISIEBEHL AR GO 4 R IR 1, 75 EEHERR AR A PR TR) Py Bl i B mT R TR, G O A
RS B XTI Lyapunov B Vi, A H AR AR 8l T 20 &) 500 75 PR, 0 16 3R 1 1
PRI IE P AT 200 1. 1% PR BRE S AT A5 S i 5 IR . R R B = RS AR B R AR R BB ) 4
A

% J& Lyapunov B Vi: D — R, Vi(S,I,R) = In (SIR).

dVi (S,1,R) =In(SIR) =InS+InT+InR. (2.1)
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HIto A [17], BAIEH w € (1 < T), BVt € [0,7%)

o(S—1)
= - 7 2.2
v, £V1dt+<1+a15+a21)dW(t), (2.2)
/\q:‘
| ST 1
LR = —(A—ps—— P21 I
LV(S, 1, R) S< p3 1+a15+a21>+3<’“‘ + e
_|_1 (ﬂSI ( _|_19+ ) 1 025212 i
T\1+amS+al ¥ i 1+aI 2(1+ S +asl) 52
1 o281

_5 (1 + qu + 042[)2 ﬁ

S H: 512K ZEL. B BS _ _B(S=I) =N N SRR E
P EHFRBT: — e + atsrant = 15a s1agr LT ERSETITH AL
—p—p—p=-—3p.

A,
A B(S—1) pl rl
I = _— = — - - 3 D1 L T
E‘/I(Sa 7R) S+1+als+052] 3p (19—'—#) 1+O¢I+R+R(1+OZI)
02(S2+I2)

21+ S+ al)

XD F, H1S, I, R< 4 H 1+ a5+ aol > 1, WEATRH

I A 52 A\® I A\®
_— S —, 2 S e ) 2 S _ ’
I+aiS+al = p (1+a18+ aol) p (1+ 1S+ asl) P

A
A (AN’
L'Vl(S,I,R)2—3p—(19+,u)—6;—r—a <p> =:g. (2.3)
P, ( )
o(S—1

SFE(2.4) I 0 B ¢ TR, TTAE

S—1

—_— . 2.
T oSt ad Ve (2.5)

Vi(S(#), I(t), R(t)) = V1 (5(0), 1(0), &(0)) +gt+0/t

LA BT 0, ) lim V; (X (t)) = —oo.

t—T11*

/Q'\tHTl ,ﬁ

S—1

d —
1+ a15 + OZQI W(S) >~

—o0 > V1(X(0)) + gmi* —|—0/
0

XS5BT L. B 7. = oo a.s., 4 RAFAE AR IETE.

&
%ﬁ»ﬁ
L{\‘(
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B Xo = X (0) € D N AU KIERS, EMEE % (4, 4] 088 X, 0k, X6
B on>N,
2 X peit
) ' 1Al . 1Al . 1A
Tn:mf{t>0.X(t)€ID)HS(t)¢ <n,p} g I(t) ¢ (n,p] 5 R(t) ¢ <n p]},

7 =inf{t>0:X(t) ¢ D}.

PATFEHINP (" =00) =1, IVt > 0, A P(r2* <) =0.
WA, P (r* < t) < P(7, < t). FIHATFUEH limsupP (7, < t) = 0.

SR 7 T ORAIE 1 DR SR IEVE, (B R 3t — DR W] R G AN 2 BT 1L 1A DXk, Rtk g3 £
M Lyapunov B% Vs, I HALRS AL BT S T T0 55 R R, @S0l Flk e 261k, T
IE W BEAL 2R LA 46 23 DR AR £ E SCIA B

% i€ Lyapunov R Lo
1 =—=+=-4—=. 2.6
V(S LR) =5+ 7+ % (26)
N HTto 2, AT 15
A p BI o?I?
dVa (S, I,R) = |-+ 35+ + ds
2( ) ( S2 S S(1+a15+a2f) S(1+a18+a21)2
_ 2.2
N B8S n p+U+p n r n o°s ) s
I(1 4+ S + ayl) I I0+al)  I(1+4 a8+ asl)
T 1 p ol
- —+=|d aw
+< <“+ 1—|—0J> R R) S Tamsran ™
o
— dW(s).
M+ as +aan ™
EXID H, H S, I, R< 2 H1+aiS+axl > 1, MEATHA
I BA BA o21? c2A? o2A? 0252 o2A?
) % < Vs, 5(1+a?5+a21) = S = TVQ’ S(1+a1S+a)? = p25 — p2 Va, I(1+aiS+azI)? — p2I =
Vs,
P
p Bl o’I?
dV, < =+ + ds
2 = (S S(I+a1S+al)  S(1+4 a8+ asl)’
p+9+p r 0?s? p
+ + - ds+ () ds
( I I(l+al)  I(14 a8+ ayl)’ <R>
ol oS
dW (s) — dw
+S(l+0x15+a21) (5) I(1+ a1 S+ agl) (5)
A 20%A2
< ((3p+19+#+7’)+6p+ Up2 )Vst
ol oS
- dW (s).
+<S(1+O[1$+O&21) I(l+()¢15+0z2])> (S)
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L= @p+0+ptr)+ 22422

ol oS

AVa(S,I,R) < 0V (S,1,R)ds + <S(1+a15—|—a2l) - I(1+a15+a21)> aw (s).  (2.7)
X (2.7) AT R HEUCHAEEAE, F M F Fubini’s # [18] A1 Gronwall’s A&, NI
Vs € [0,t AT,], EVa(S, I, R) < V5(S(0),1(0), R(0))e", H
EVo((S, 1, R) (t A 7)) < Va(5(0),1(0), R(0))e" ™) < V5(S5(0), 1(0), R(0))e™, ¥t >0.  (2.8)
T Va((S, I, R) (t A7) > 0 H X (r,) B HRa I N F a5 T 1)
EVL((S, 1, R) (t A1) = E[Va((S, 1, R) (1)) X{rn<ty] = nP (1, < 1). (2.9)
GEEREER (2.8)H1(2.9), 1451 VE > 0, P(r,, < t) < LEOLO.RO)T
A, limsup P (7, < t) = 0, AT UE B 56 EE.
2.2. Fr4t
EN2.2.1. HHEHLRS(1.2)0 2
t t
htm inf — / S(s)ds > 0, hmlnf ; / I(s)ds > 0, hmlnf / R(s)ds > 0.
MIFREAEIMEE ST 2RAR. HA (S () ,1(t), R (1) 2RILARS TR IER.
é\
G A B o2 A2
Tt ad)p+I+p+r) 200+ A (p+I0+ptr)
EIE2.2.2. [19] # f € C([0,00) x Q; (0,00)).
(1) FHAFAEIEFEL by, LAERXTHTA ¢ >0, F
t
In f(t) > l1t — lo/ f(s)ds+ F(t), a.s.Vt >0,
Hr Fec(0,00) x Q; R) H tli)m @ =0, a.s., N
htn_1>1nf / f(s ds>— , .S.;
(id) HAAAEIE R Lo, [, EARXA ¢ >0, H
t
In f(t) <yt — lo/ f(s)ds+ F(t), a.s.¥t >0,
0
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o F e c([0,00) x ; R) H lim £ — 0, a.s., M

t—o00

limsup — /f ds<—

t—o0

EH2.2.3. HBENERTER 2, > 1, WAKMEEHBE X (0) € D, LR S(1.2) 10
X(Hﬁ%%?ﬁﬁ'

(i )htrgg)lf fo dr > pz‘iﬁ, a.s..

g el [t (Zo —1)(p+9+putr)
(u)htrgglf - Jo I(m)dr > rpre v e U

(iii)hm inf fot (r)dr > 2 (/J« + p+aA> ’ B(Pﬂfﬁﬂiz)(frzfaizt:#+r)’
WERR: (7) RHE € BH2.1, HI& I(t) < A A
m&m&%uw%%~4ﬁﬁ7ﬂ

1+a1$'+a21 2 _1‘

BST oST
= — - t— —
ds (t) <A pS 1 +(X15+O&2[ d 1 +0515+OZQI

A A
> <A —pS(t) — 55(t)p> dt — aS(t);dW(t).

dw ()
(2.10)
X (2.10) BEAT AR 7, IR 4 [R]Is BR DA ¢, 3RAT145 5]

S“);S(O)ZA_(H) /s df_ﬁ 1/5 )W (

<p+ﬁ;4>_1 tS(T)deA_w_é.w’ (2.11)

b M (1) R, M(t) = o [, S(r)dW(r), M (0) = 0.

AN,
Jim sup (t), M(t)) < 02;12 <t
P t p
FRAFAERHE e [20], 4 lim MO — 0, a.s..
XF(2.11) 2P I T B R
ity /‘S( p +ﬂA

(i) R (1.1)HHYEE—DITREAEE AN TR HN 0 2 ¢ FEATRY, IR S5 A i [ B L ¢,

: ;1(0)_A_f:/ots(f)df—1/Ot<p+?9+“+1+(7);1(7)>1<7)d7’

+I(t)t1(0)>A_p/ S(r)dr — (p+ 9+ p+ )1 I(7)dr,
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f/o S(r)dr > A— (p+g+u+r)%1(7)d77 S(t);Sm) B I(t)zf(())’
1/0 S(T)dTZﬁ_w_ifo I(7)dr + ®(1), (2.12)

Hio@t)= ¢ (S(t);S(O) + I(t)fI(O)) '

t

LV (I)=Inl+ axl, H Ito A, 33

1 BSI rl
= (= P (p O+ - dt
v <I+a2>(1+a15+a21 (p+9+n) 1+al>

1 oSI 1 oSI 2
- 0 Naw@) - (— T2 )
+ <I+O‘2) <1+a15+a21> ®) 2I2<1+a15+a21)

(2.13)
> B3 (p40+u+1)—asl (p4d+p+r)— —2  Va
— — r)— r) —
- 1+Oz1%+042% P : 2 : 2(,0—|—041A)2
1
boS— AW ().

1 +0515+OQI

XFE(2.13) N 0 B ¢ FEATAR Y, FRRG P AT R DL ¢

t t =t B

InI(t) —InI(0) aol(t)—axI(0) _ 1 [* BS g2 A?
+ > T < ds 5
0 1+041;+062; 2(p—|—a1A)

1 t
(p+19+,u+7")tag(p+19+,u+7')/lds (2.14)

0
1 [ 1
N (—— | S )
+t/o(’ <1+a15—|—a21) ()

PRI LT R B T 45

liminfl/tfds > L lim 1/t Lds

twoo t T aglpt+ 9+ p+r) \tmot Jy 1+a1%+a2%

- ! (p+V+p+r)+ oA
wp++pu+r) \7 H 2(p+mA)° ]
[iXd N N
t _
t=oo o Slotd+tptr)+talp+dtptr)  Dton
(41) feJi, X FRENLR G (1.1) iR E — DN RE, BATH
B ri(t) B

X (2.16) AT 7, FEH A FEIRT R ¢, A
R(t) — R(0) Tp 1/ 1 ¢
HOZRO > (e 2 ) 3 [ 1war o [ R,
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% R(r)dr > /1) <M+ il > 1/011(7)017 _1E®) - RO (2.17)

XF 3 (2.17) BT IR BR AT 45,

’f By —1)(p+0
liminfl/ R(T)dT21<N,+ rp ),5 (o Yo+ +p+r) G5,
[ p p+aA S+ +p+r)+tap+d+ptr)
2.3. Rt

EIE2.3.1. XFRHLRZ(1.2)ME X (), HAIHEN X (0) e D. %5 % < p++pk Ak
SE, TG N B T(t) LAREOE 20 LT 2587 k.

B

: 1. I() rp B
St < — 9 - ) <0, as.
fim sup 3 In 75y < <'0+ TR T eA T 207 > 08

IERR: MRAETCO AT, B A IR AL Rl /2 BB ) 7 7

oS1
— I S — t 2.1
dl fI(Sv )dt+ 1+C¥15+Oé2[dW( )7 ( )
POREIR
V(I)=1InI
N 166 AT ) )
_ = o 2
d(Inl) = Id[ 2I2(d[) .
Hodr — AR ZE TR 2go 2
7?2 = g dt.
(d ) (1+O[15+0521)2
PRl I
—L(dI)Q - _ 052 dt
212 21+ S+ agl)?
Rp15 3
1 BST rl 0?5213
dnI(t) == —————(p+ 9+ p)I — — dt
(n <)) I<1+a15+a21 (p 'u) 1+O[I 2[2<1+051S+C¥2_[)2
4 (e e
AT Az (2.18)
BS ( r > 0?52
= —L——— — (p+ O+t - dt
<1+Oé15+0421 P H 1+al 2(1+a15+a21)2

oS

— = AW(?).
+1+oz1S+a21 ®)
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FR(2.18) M 0 B £ LR, T4

I(t)  —o? t S B 2 g2 t .
= I(0) 2 /0 1+a,S+ayl o2 dr + , 20 QdT—/O p+19+,LL+1+aI dr + M(t)

t 2
g—/ <p+29+u+ ”’A b )dr+M(t)
0

0+« 202
U WV
Y
<,O+ e p+aA 202> + M(D)-

(2.19)
R (219) PR ¢, A $In 15 < — (,0+19+u+ e f;) + 48

Horh M(t) = [} 25— dW(t) & —JR##EH M (0) = 0.

0 1+a1S+asl
AR, lim sup W M(t» < ”2‘24 < +o0. 7ﬁhm Mt(t) =0, a.s..

t—o0

X (2.19) 2P T4 X _L B BR AT 4,

: LI) rp B
| In —= Y 0, a.s.
utrisogp £ (0) (p TUa p+aAd 202 <0 s

XEME lim I(t) =0, a.s..
t—o0

2.4. B TmREERRAAIT A
B Tem s, O HA RS AR e Ve AT T AT, BENLSTE RS e IR T REFEABRAR
TENER B SN -SRI AT N, HRami 1 LT 288 04T 8. T i P& Eo, nl AR
Lyapunov PR B0 LA TR B AL I A I 78 0 25 AF. AR, T AXS BEATLEEZY (1.2) I T AT S Eo
HIET AT AT B AR
EIE 2.4.1. MTRENLRS(1.2), WRREARFAEL Zo < 1, M4 5 Ey 2 JLF 2R T

SE .
MRS, AR u =5 -2, v=1, w=R NHEILAZE(1.2)T5H
Blu+ 2w o Ay

du= [ —pu — ( £> dt — j) dW (¢),
1+oi(u+ 2) + agv L+ai(ut 2)+azv
Puv dt 04— i at

v — — v _
L+ai(ut ) +ag P e T et ) v (2.20)

U(u—l—%)v
1+ aq(u+ %) + agv

TV
dw = - dt.
w </w + 1+ av pw)

HpueR, v, w NIEEL

BT FETCIR -7 A A R GRS BT A E M, B R G0 A8 B 3 R R TP 4 a5 B i 22 A 8
R 3 0, RS it 22 — IR IR LA S R AEAB TE T Lyapunov BREL Vs, ot Z RO T 5 R 5 12491

AW (1),
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1 PRV RRE FBE T 2 M 2 6 T FH T R A AR v SR A% 3R AP A2 0o R 7 AR R G T, AT A T 3R A3
] Lyapunov F4%.
4 Lyapunov PR
Vy = (u—l—v)2 + v + cow, (2.21)

Forfr e M1 ey REAFERIIEH B V)5 B Tto 23K, THEEROT

Buv
LVs=2u+v)(—pu—(p+0+pu+ +
3 =2(u v)( pu <p I 1+ >v> Cll+a1(u+§)+a2v

FO 4 — 5
—c - v
L\ P T aw 1—|—a1(u—|—%)—|—a2v (2.22)
2
rv 1 o(u+ 2
+ + - +-(2—-4+2 L ;
62</w 1+ av pw) 2( )<1+a1(u—|—;‘)+agv
C SR
LVs < =2pu® =2 (p+9+p+ 4 vi—copw+ (e1f—2(2p+ 9+ p+ ! uv
1+« 1+ av
A
+<62(u+r)cl<p+19+,u+ ﬁp))
< —2pu? —2<p+19—|—u—|— +pA Uz—Cpr—l-(Clﬁ 2<2p—|—19—|—,u+p+paA>>uv
+(c(p+r)—c tO+p+ —L A
2 (U 1|\ P w ot ad p
(2.23)
7S
rp BA
2(20+0+p+ 5725) e (p+ 0+ it i — 22)
cC1 = , Co = 5
1 3 2 R
o Ay = oA <1, e >0, H

(p+a1 A)(p+I+p+r)

£V3§2pu22<p+19+u+ +pA> — eppw < 0.

I LV3515E, 1 Lyapunov #2858 P E B, oW~ 5l Eo £ %o < 1 LT RENEAEE

2.5. FEIEBIREM

EX 2.5.1. [21] #7HEHL R GE(1.2) I~V LA R AFAERRELY (2.t €) C2(Ry x RY Ry) PLKIEHL
Py c3, ca Mes, LR 2D C R, A

eslzl|P < V(t,x) < eqlxl?, LV (t,x) < —cslzP’, t>0 (2.24)

WFRIZ T N2 p BrEfa e € /). 2 p = 2 I, e ¥y e ivie e i, P s o = 0 2/
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4R Young’s A& [22], BIXT T 2, y > 0, H oy < % + % H % + % =1.
5138 2.5.2. 23] Wp>2He z, y>0M

—1
(p )€xp+

Py < )
V=" per—1Y p pe 77

)yp. (2.25)

B 2.5.3. HIEBEHLRLE(L2), Wik B0 < 1 LRPRAENR: (0 - 1)o?(4) < (o4 +
bt 1) (L — o), BASHER M p > 2, TAFM A By £ p ARSI,

WEBR N HE— D o0 R BENLPLEN T IR RE, 51 N AE Lyapunov eREL V,, %R 0@ 1
18 PR B 25 O P AIRES 1Y p BY I, BEBS IR RGUIRE M ST S HRHIE, FE45 6 Tto AT
BENL RS p MraETa i e %1
}JitE Lyapunov B
Vi= ( - S> + ;IP + RP. (2.26)

TV REH Tt AR, A5

A Pt SI poSIP
/\I:':‘
A Pl A BSI
LV, = —-pl—-=15 R e —
! p(/? ) <p<p ) 1+a1S+a21>
A P2 025212 BSIP rIv
+plp-1(= -8 —(p+9+p)I" + -
plp )<P ) 21+ S + anl)’ (p 2 1+a1S+a] 14al
0282122 prl
+(p—-1 +puI RP™ + ———RP~" — ppRP.
(v )2(1+a15+a21)2 P 14+ al pp
FIFHA S Em4gs: D, A S, I, R< 2 <1,

p? 1+o¢1$+a21 —
p p—1 _ 2
LV, < —pp(i)1 - S) +pﬂ’21<’2 - S> + pTlo—2 (‘2) I? + p(p+r)IRP™" — ppR?

plp—1) (AN’ (A P2 A rI?
)G -8) —ervemr sl -
T & . (p+0+wI°+ 8 iy

A P r 2 2
pp(pS) <p+19+,u ,3 +1—|—aI ())

A (A Pt —1 AN® (A -2
—ppRp—l—pBI( —S) +p(p )02<> I? ( —S) +p(p+7)IRP
po\p 2 p p

(2.27)

Sr=4_8 y=1I H3H2527
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-1 — -1 1
IL‘pilj S uxp + _1yp’ y2$p72 S (p 2)55[7p + 2p_2 yp7 RP*lI S (p )5R;D + — TIP.
P PP D pd T D poP
AN
A p
,CV;; S —aq <p — S) — CLQIP — Cl3Rp (228)
Horp

A (p=1)(p—2)0? (AN
ay = pp Bp(p 1)o 5 (p) 5,

— (p_l)Z A2 Al—p 2 AzQ*TP 1—p
s = o+ 0+ nn) (=) - Lo (D) = s 1ot (D) 65 — (g,
az =pp— (p+1)(p—1)0.

ALIEHBUR /NP 6, 18 ay, as, ag > 0, 6 E 2.5 14F1E.

2.6. B RTE SRR A ANIEIT A

BEAL R S0 (1.2) PR AE R e P RS (1.1) B FAT I P4 2 B i A7 8. 347 2Rt 2 A
T R E M AR G e S ) I AT S R o M R G S AT A A DL RAE BEAURE AR B AR S
TEVE RGN (1.1 AT I A7 i 2 TR I BE B DRI, FRATTBE AT 1 BEALRE Y (1.2) MIAERLEME— AT
SPAET i B I BN B T AT M.
EIE 2.6.1. R %, = 4 > 1, HAEEIEREE G, G, G, 13 LA AR AL

(p+a1A)(p+I+p+r)

raA
rp r(Bo+1) raA
— 9 - - >0
=Pt (p+ aA)(1+ al*) 1+ al* 2p(1 + al*) ’
”
=20—pu— > 0.
G=20— 1= T

MIKHTATREAIGAE X (0) € D, BEHLRS0(1.2) i 2

Jimm sup 11@/; [(8(r) = 8 + (I(r) = )" + (B(r) ~ B")* } dr <

t—o0

~|

Hoop H = 2504 H ¢ = min{¢, G, G-
MERR: R (1. 1) fAAE IR~ 4T RO, A

BS*I* BS*I* rI* rI* .

A= pS* = 9 '+ —— ul”
p +1+Oé15*+0421*71+0415*+0421* (p+ +'u) +1+OAI*7M +
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&R Lyapunov B& %

Va(S(), I(8), R(t)) = %(s S TP+ BI-T —I"In %) + %(R R (2.30)

PR (2.30) A M= BREBLEIV; = Viy + Vg + Vs, Hir

1 I 1
%1:5(5—5*“—1*)2, Vio = B(I—I" = I"In ), %3:§(R—R*)2.

LB = (204+0+p+ Ly ) - TS teal’ J—ANERIER.
14+al B
XF Vi TS NERIT LV, B

X « rl
LV = (S-S —|—I—I)<A—pS—(p+19+,u)I 1+a[)

_'_1 0?Vs1 _232‘/:51 n 0V oSI 2
2 8S2 858] 812 1+Cl(15+0[2_[

T‘I 1 O'SI 2
_ o o _ B _ -1-241)—>—— .
(S —8*+1 I)(A pS—(p+0+wli 1+a[>+2(1 + )<1—|—oz15'+0421>

H pS* + (p+ 9+ p)I* + 1];5[* B A #H

LVs =(S—8 +I—I)<—p(S—S)—(p+19+u)(f—” T<1+al 1+al*>>

= —p(S -5 — <p+19—|—u—|— (2.31)

(1—|—aI)(1+aI*)> =1y

r * _T*
—<2p—|—19+u+(1+a[><1+a[*)>(5—5)(I I).
AT
%’(I—I*)( BSI rI > BI* 02521
LVsy = —(p+I+pl—
o I L+ a1S + asl (v W= T 212(1 + a1 S + apl)?
BS r ) BI*o?5?
= BI-I") | ——— —(p+ I+ p) - :
( )(1+041S+042] (04 p) 1+al 2(1~|—a15—|—a21)2

H219)RAR (p+ 0+ p) = ol — o RALERE

B8S BS* r r
= -r - B -1 (-
LVas B I)<1+a15+a21 1+ 1.5 + agl* + A ) 1+aI+1+aI*
PBI*c%5?
21+ oy S + anl)”
B(S —5*) + Bas(ST* — S*I) ra(l —I*)
= BI-TI B(I—TI"
I e+ (Gt S + el 2 = DA ana + ol
PBI*c%5?
+ 2
214+ oS + asl)

BS = 5) + Bas (=SUT-I") + I (5 - 5"))
(1 + Oéls + OZQI) (1 + Oéls* + O[2[*>

ro(l —I*)
(I1+al)(1+ al*)

= BI-T) +B(I—I)
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BI*05?5?
+ 2
2(1+ a1 S+ aql)
B %(Iil*)ﬂ(l—i—aﬂ) (S — 8*) — BaxS (I — I7)) ra(I — I*)
N (14 1S + axl) (1 + a1 S* + aoI*) (1+al)(1 + al¥)
RBI* 0?52
21+ oy S + anl)’
BB +a)(S-5HI-I) BBy S(I — I*)?
(TS +taod) (1 +a1S* +asl*) (14 a1S+ asl) (14 ayS* + aol*)
Bra(I —I7)° BI*02S?

+ )
1+ al)(1+ al*) 2(1 +a15+a21)2

BB 1+ axl) (S — S*)(I —T7) Bra(l — 1) BI*o2A2

<
£V = (14 1S+ aol) (14 a1 S* + apl*) 1+ al* 20° (2.32)
S BBS SN -I)  Pro(l-T')" BI'c°A’ |
S 1+ S+ anl” 1+ al* 20
B T ORIRATI I
LVs3 = (R - R*)<M 1T ozI_pR).
H1(2.19): A4 pl* + = = pR*.
. N 7’[ ’I"I* *
5%3_(R_R)<M(I—I)+1+al Tvor P& R)> (2.33)
_ T _T* _ *\ — )2
_<M+(1+OJ)(1+0J*)>(I M=) =t = 1
R A2z — ) (y — ") < (@ — )P + (y—y*)" F
1 . T _ *2_ _ )2
5%3—2<M+1+ I*> 1=+ 3 < L+ I*>(R R
: (2.34)
< - R
< 1+ I*>( - <2p SN I*>(R )
WALV = LVs1 + LVsy + LV,
LV < —plS—5P+—"(1-—L V. s—sya-r
5 > p 1+ al* 1+ al
rp T(%a‘l'l) %2 r *)2
B _ I-I")V' = (20— p— -
(p+19+(,0+0u4)(1+o¢[*) Trar )| ) PH T Tiar ) BTHD
NI
2p?
I ((5=8) (I-17
< _(q_ gn2 U
S oSSV T OF Tral 2 2
B rp _T(%O&‘*’l) _ *2_ _ _ r — *)2
(p_H?—I_(P—I-aA)(l—FaI*) 1+ al* >(I ) <2’0 : 1+0J*>(R )
LTS
202
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LVs < —p(S—S)+ m : ((S — 82 4+ (I — I*)2)

rp r(Ba+1) 2
(44 raaitrary ~ rrar) U= (2o

BI*o?A?
2p?

raA 2
- (o murerm) S
rp _r(Ba+l) raA ) (- I
(p+ aA)(1+ al) 1+ al* 2p(1 4 al*)
PBI*o?A?
202

) (R—R")?

r
1+al*

+

—(p+19+

r 2
—(20—p— R—R*
(p 7 1+a[*>( )+

LVs < —G(S—8%) =G —I")’ = G(R— R")* +H,
Horb ¢, G, G AT H M HIEEBR2.6. 17915 X, #H

BoS(I - I%)

= LVedt 4 22—~ )
AV = LVdt o+ =2

dW(#),

BoS(I - I%)

*2_ o *2_ _ *\2 P A
Vs < (=G(S = 8 = G = I') = Go(R R)+H)dt+1+als+a21

dw(t).  (2.35)
HH R (2.35) M 0 Bl ¢ BATALY, 04

V) = a(0) < [ (=(S(1) = 8 = (1) = I = G(R() = B )ar + e+ M(0). (230

HpM(t) = [) 22580 AW (r) R — Rk, Bl M (¢) (9 )% N

2

t B0 (A) (I —T7) 274 2

(M,M)t:/ (”> ! dT§%’202<A> <+I*> t < +o0,
o (I1+a15+axl) p) \p

BRSO AHCE R, A lim M0 =,
H 1.
BVA(X() ~ BVA(X(0)) < B | (~G(S(r) = §)° = GlI(r) = I = Gu(R(r) - B)?)r + Bt
0

PRIAFINBREA ¢ FF4 ¢ — oo, FATH
l. 1 /t *\2 *\2 *\2
im sup ;E ((1(5(7') — S + GI(r)—I")" + (R(T) — RY) >d7’ <H,

t—o0 0

ﬁ\:t':l C = min{clv C27 C3}7 ])—]‘U

lim sup ~E /Ot ((S(r) = 8% + (1(r) = I')? + (R(r) — B)*)dr <

t—o0

=
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3. EEUSTTIL

it FH B I Milstein 7 3% [20)A02 50, 48 8 AR EBUETHSERENL R S8 (1.2) IR, DLSCRE LI
R BUEB L S HORE S O BN B AR RO 7T, IR 45 ST B o i S fF b AT I
B s SO 2 R G R EVE S T AR OGS, RN HAT BB A2 B o, By s a0 47
A T HR LR, R DL AN 3R RN, o FH T 20 i LA 5 PR 3R A% ik i R ) 52

M.
B T R 2
BS;1; 0S;1;
Sii1=25; A—pS; — At — VAL
ah i ( P2 + a5 + ozl 1+a4S5; —l—agljfj

25]12(1+O[2_[)
ﬁSJI] T'Ij O'Sj[j
L =1 —(p+ 0+ I, — At VAL
j+1 j+<l—|—a15-+0421j (P+ +N>g 1+04[j +1+oz18j+052fj§]
+ 2S2 (1+OZ15)

S (& — DAt

5 (& — DA,

Rj+1 = Rj + (,MI + pR]> At,

Hm G E At > 0,8 (7 =1,2,...,n) ZEMMAREIERS 7340 N (0,1) ) m Bi BEYLAS & A2 A S
B L WIEREECN (S(0), 1(0), R(0)) = (0.6, 0.2, 0.2), 25 KHUN At = 0.05.

05
30 P— A G 0.2 P—— A G2
25 1 0.4 - = = R R (LK) - = = (L)
0.15
<0 03 _
& 15 =2 = 01
0.2
10
01 0.05
5 — IR :
. - = = HE PR (k) . L .
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
HF Tt HeF [t B TRl

Figure 1. Stochastic dynamic trajectories of different state variables over time

1. AFPRZES A B BEIN (52240 K BEH L 3h AP

E U S HUE (L) R (L.2) M B A (S(0), 1(0), R(0)) = (0.6, 0.2, 0.2), A=15, p =
09, 8 =01, p = 0059 = 03, r =20, oy = 1.0, ay = 2.0, ¢ = 0.066. 1 BRT &
Gu(1.1)AI(1.2) [ il Bhadh. 5 32.4. 198 H, BEHL R G0(1.2) 0 Jo i -1 i By 75 b A2 4 = Bl AL T A2
SEM. B EOR, MRS o = 0.066. I, ToH T i By 2775 e 1.

K 2l S HBE v (L) A (L.2) i, Hd(S(0), 1(0), R(0)) = (0.6, 0.2, 0.2), A = 10, p =
0.9, 0 =0.05, p =029 =03, 7= 0.1, a; = 0.1, oy = 0.05, ¢ = 0.02. iX B ) 5 A AL Y H
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Figure 2. Effect of variations in the transmission rate parameter [ on the dynamic behavior of the number of
infected individuals I(t)

2. (ERRESH B RN BYE LR 1(2) BhBAT R

Ry = 2.1505 > 1), I Hif 2 2 BE2.6. 110 5 1F. 15 AME A SRR/ (o = 0.02) B, BENL R 8 (1.2) [ f#
TEAE R 705 P4 a0 B B3N, B aha B, SF 7 8 #12.6. 11 &5 1% [FII v LAE Y, 78U
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Figure 3. Effect of stochastic perturbation intensity o on the dynamic volatility of the infected population

3. FENLIPLEIRE o XA s BB E KR
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0.009. 1X B[ 3L A AL YL By = 1.4875 > 1). Wi 2w H2.2. 3/ M i . R AR e H B N REEAF
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P I FFEAAE . 4 Rtk — P UL, AL R A 50 S Bl FE AR P A MO I I SIS, R G0k dEReth 7
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B 55 B ARHEL, O INBENLIR N 58 BE S8 0. 25 R, MBEHLIR N 3G 2RI, R B B i
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Figure 4. Influence of saturation effect parameters a; and a2 on the infection transmission process
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Figure 5. Effect of the treatment parameter 7 on the changes in the number of infected and recovered
individuals

5. TS H r NIEGE MK BRI
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R T — PP LR A AR S BT REHL M7 )75 A Lyapunov bR B S, ASSCUER] 1A R IE
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