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Abstract

In this paper, we establish and investigate a class of stochastic SIR epidemic models

with a generalized saturated incidence rate and a saturated treatment function. The

saturated incidence rate takes the formg (S, I) = βSI
1+α1S+α2I

, which provides a more com-

prehensive description of psychological inhibition effects and contact saturation during

disease transmission. We prove the existence and uniqueness of a global positive solu-

tion to the stochastic SIR model and analyze the stability of its equilibrium points. By

constructing Lyapunov functions, we derive sufficient conditions for disease extinction

(when R0 ≤ 1) and persistence (when R0 > 1) .Furthermore, we explore the impact

of white noise on the system dynamics and validate the theoretical results through

numerical simulations. This study provides theoretical foundations and numerical

support for epidemic control in stochastic environments.
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1. Úó

D/¾ÄåÆ�.´ïÄ;¾DÂ5Æ!�«61Å�±9�½;¾��üÑ�­�êÆó

ä.g KermackÚMcKendrickïá²; SIR (Susceptible-Infected-Recovered)�.±5,êÆ�.

®�2�A^u©ÛD/¾DÂL§¥�DÂK�!²ïG�±9�ÏÄåÆ1� [1].,
,²;

SIR�.Ï~æ^V�5u)Ç,b�a/DÂ�Ç�´aöÚa/öêþ¥�5'X,ù�b�

3¢SDÂL§¥�3�½Û�5.�Xa/5�O\,�N�o¿£Or!�¬�>�ªUC±

9k��>Å¬~��Ï��U��DÂ�Çü$,ÏdI�Ú\�\ÎÜ¢SDÂ5Æ���5

u)Ç¼ê.

�éDÚu)Ç¼ê�Øv,ïÄöJÑ
õ«��5u)Ç/ª,±£ã;¾DÂL§¥�
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3��>��Ú1�N!�A.Ù¥, CapassoÚ SerioÄgJÑ
�¹�Úu)Ç�D/¾�.,

^u�xDÂL§¥du�>ªÇ�����DÂ�Úy� [2].��,��5u)Ç�2�A^

u SIR! SIRS�D/¾�.,¿�y²U
wÍK�;¾DÂK�!²ïG�±9XÚÄåÆ1

� [3–5].d	,du¢S;¾��L§¥��]
Ú£�Uåäkk�5,�a/<êO\�,£�

Uå�UÉ���,Ïd�Ú£�¼êÅì�Ú\D/¾�.,^u£ãk���]
^�e;¾

��L§¥�]
�å�A [6–8].

Cc5,�?�Ú£ã;¾DÂL§¥�PÁ�AÚ{¤�65,©ê�D/¾�.É�2�

'5.�DÚ�ê��.�',©ê��.ÏLÚ\��ê��©�f,�±�\(¹/£ãXÚ

��ÛÜÄåÆA�.®kïÄÄu Caputo.©ê��êïá
�¹��5u)ÇÚ£�Å��

SIR�.,¿ïÄ
©ê��êé;¾DÂL§�K� [9].�'ïÄL²,©ê��.�D/¾Äå

Æ©ÛJø
�«#�nØÀ�,�ÙÌ�'5XÚPÁ�A,éu�Å�¸Ï�Úå�Ø(½5

K�EI�?�ÚïÄ. ,��¡,¢S;¾DÂL§Ø�;�/É��¸Cz!<�6Ä±9�

¬1�ÅÄ��ÅÏ�K�,Ïd�ÅD/¾�.Åì¤�ïÄE,DÂXÚ�­���.®kï

ÄL²,�Å6Ä�UUC;¾DÂK�!XÚ­½5±9;¾«ýÚ±Y51� [10–12].�é�

Å�¸e���5DÂL§,Ü©ïÄ?�Ú�Ä
�Úu)Çé�ÅD/¾�.ÄåÆ1��K

�,¿¼�
�A�K�^�Ú­½5(J [13, 14].d	, Rajasekar�ïÄ
Ó��¹�Úu)Ç

Ú�Ú£�¼ê��Å SIR�.,��Å�¸e�ÄDÂ��Ú£��åJø
­�ë� [15].

,
,®kïÄ�õý­u�Å6Ä!��5u)Ç½£�Å�¥�,��¡,éuÓ��Ä

2Â�Úu)Ç!�Ú£�¼ê±9�Å�¸6Ä�^eD/¾XÚÄåÆ5��ïÄEk?�

ÚÿÐ�m.AO´3���z��ÚDÂÅ�e,�Å6Äé;¾«ý!±Y5±9­½51�

�K�EI��\©Û.

�éþã¯K,�©ïá
�aäk2Â�Úu)ÇÚ�Ú£�¼ê��Å SIR�..äN


ó,�Ä´aö!a/öÚ¡Eö�m��p�^'X,3a/DÂL§¥Ú\�Å6Ä�,±£ã

�¸Ï�é;¾DÂ�Ç�K�;Ó�æ^2Â�Úu)Ç:

g (S, I) =
βSI

1 + α1S + α2I
, (1.1)

£ãDÂL§¥��>���A,¿Ú\�Ú£�¼ê:

h (I) =
rI

1 + αI
,

�xk���]
^�e£�Uå��å�^.d	,�£ã�¸ÅÄé;¾DÂL§�K�,3a

/DÂ�¥Ú\xD(�Å6Ä�: σdW (t),l
�ïXe�Å SIR�.:

dS =

(
A− ρS − βSI

1 + α1S + α2I

)
dt− σSI

1 + α1S + α2I
dW (t),

dI =

(
βSI

1 + α1S + α2I
− (ρ+ ϑ+ µ)I − rI

1 + αI

)
dt+

σSI

1 + α1S + α2I
dW (t),

dR =

(
µI +

rI

1 + αI
− ρR

)
dt.

(1.2)
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T�.nÜ�Ä
DÂ��5!£�]
��±9�Å�¸Ï��m��p�^,�ïÄE,�Å

�¸eD/¾DÂÄåÆ1�Jø
êÆµe.Äu¤ïá��Å SIR�.,�©|^�Å�©�

§nØÚ Lyapunov¼ê�{,ïÄ�.�)��Û�35!­½5±9;¾«ýÚ±Y51�.

�©�Ì��zXe:

(1)ïá
�a�¹2Â�Úu)ÇÚ�Ú£�¼ê��Å SIR�.,3Ú�µee�ÄDÂ

�Ú�A!£�]
��±9�Å6ÄÏ���ÓK�;

(2)|^�Å©Û�{Ú Lyapunov¼ênØ,y²�.�)��Û�35,¿©ÛXÚ­½5;

(3)¼�;¾«ýÚ±Y5�¿©^�,�«�Å6Ä9'�ëêCzé;¾�ÏÄåÆ1��

K�.

� (Ω,F , {Ft}t≥0,P)´��äkÈÅ {Ft}t≥0 ���VÇ�m,TÈÅ÷vIO^�(=§´

4O�mëY�,Ó� F0�¹¤k P"8).

�Ä/ªXe� d��Å�©�§

dx(t) = f(x(t), t)dt+ g(x(t), t)dW (t), x(t0) = x0, (1.3)

Ù¥ t0 ≤ t ≤ T < ∞, ¼ê f : Rd × [t0, T ] → Rd Ú g : Rd × [t0, T ] → Rd×m ´ Borel �ÿ�.

W = {W (t)}t≥t0 ´�� Rm ���BL§, x0 ´½Â3��VÇ�m (Ω,F ,P)þ� Rd ��ÅC

þ.

^ C2,1(Rd × [t0,∞);R+)L«¤k½Â3Rd × [t0,∞)þ��K¼êV (x, t)�x,ù
¼ê3 x

þ��ëY��,3 tþ��ëY��.��Å�©�§(1.3)�'�Ã¡�)¤�L½Â�

L =
∂

∂t
+

d∑
i=1

fi(x, t)
∂

∂xi
+

1

2

d∑
i,j=1

(
g(x, t)gT (x, t)

)
ij

∂2

∂xi∂xj
. (1.4)

e�f L�^u¼ê V ∈ C2,1(Rd × [t0,∞);R+),K

LV (x, t) = Vt(x, t) + Vx(x, t)f(x, t) +
1

2
trace[gT (x, t)Vxx(x, t)g(x, t)],

Ù¥

Vt =
∂V

∂t
, Vx =

(
∂V

∂x1
, . . . ,

∂V

∂xd

)
, Vxx =

(
∂2V

∂xi∂xj

)
d×d

�âItôúª,XJ x(t) ∈ Rd,K

dV (x(t), t) = LV (x(t), t)dt+ Vx(x(t), t)g(x(t), t)dW (t).

2. Ì�(J

2.1. �Û�)��3��5

3ïÄÄ�1��c,Ä�'5�´)´Ä�3�Û5.d	,éu�Å SIR�.,�I�Ä)
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´Ä��K.Ïd,3ùÜ©SN¥,·�X­�Ñ�ÅXÚ(1.2)�)´�N�3����K.

½n 2.1.1. 8Ü D =
{

(S, I,R) ∈ R3
+ : S > 0, I > 0, R > 0, 0 < S + I +R ≤ A

ρ

}
´�ÅX

Ú(1.2)����ØC8. =eÐ©� X(0) = (S(0), I(0), R(0)) ∈ D, Ké?¿ t ≥ 0, ) X(t) =

(S(t), I(t), R(t))A�7,÷v X(t) ∈ D.

y²µdXÚ(1.2)��o<� S(t) + I(t) +R(t)÷v

d (S + I +R) = (A− ρ (S + I +R)− ϑI) dt ≤ (A− ρ (S + I +R)) dt

Ú

S(t) + I(t) +R(t) ≤ A

ρ
+ e−ρt (S(0) + I(0) +R(0)) ∀t ≥ 0, a.s..

l
 lim sup
t→∞

(S(t) + I(t) +R(t)) ≤ A
ρ
,éu?¿� s ∈ [0, t] ,kS (s) , I (s) , R (s) ∈

(
0, A

ρ

)
, a.s..

Ïd,T8Ü

D =

{
(S, I,R) ∈ R3

+ : S > 0, I > 0, R > 0, 0 < S + I +R ≤ A

ρ

}
´�ÅXÚ(1.2)����ØC8.�·�o´b� X0 = X(0) = (S(0), I(0), R(0)) ∈ D.

·�ÏL$^oäÊìÅ�{y²�§(1.2)�)´����Û�3.

½n 2.1.2 éu?¿Ð©^� X0 = X (0) ∈ D, �ÅXÚ(1.2) 3 t ≥ 0 þ�3��)

Xt = X (t),�T)A�7,�±3 DS,= X(t) = (S(t), I(t), R(t)) ∈ D, ∀t ≥ 0, a.s.

y²µ� X0 = X (0) ∈ D,du�ÅXÚ(1.2)�Xê´ÛÜ LipschitzëY�,Ké?¿�½�

Ð©� X0 = X (0) ∈ D,3t ∈ [0, τe)�3���ÛÜ) X (t) = (S (t) , I (t) , R (t)),Ù¥ τe ´�¿

�m [16].�y²)´�Û���±�5,�Iy² τe =∞ a.s.�[Ø>9>..e¡©üÚ?1Ø

y.

½ÂÊ�

τ1
∗ = inf{t ∈ [0, τe) : S(t) ≤ 0½ I(t) ≤ 0½ R(t) ≤ 0}.

æ^IO�ª inf φ =∞,Ù¥ φL«�8.w, τ∗ ≤ τe;eUy² τ1
∗ ≤ τe; a.s.K τe =∞�

X (t) ∈ D,∀t ≥ 0.

b� τ1
∗ <∞,K�3�� T > 0¦� P (τ∗ < T ) > 0.

��y�ÅXÚ)��Û�5,I�üØ)3k��mSªC>.��U5.Ïd,À��¹�

G�Cþéê�� Lyapunov¼ê V1,|^Ù3CþªCu"�ª�KÃ¡�5�,é)���»

5Ú�5?1�x.T¼êU
k��N´aö!a/öÚ¡Eön�G�CþÓ��±����

å^�.

�Ä Lyapunov¼ê V1: D→ R, V1(S, I,R) = ln (SIR) .

dV1 (S, I,R) = ln (SIR) = lnS + ln I + lnR. (2.1)
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dItôúª [17],·��� ω ∈ (τ1
∗ < T ) ,� ∀t ∈ [0, τ∗)

dV1 = LV1dt+

(
σ(S − I)

1 + α1S + α2I

)
dW (t), (2.2)

Ù¥

LV1(S, I,R) =
1

S

(
A− ρS − βSI

1 + α1S + α2I

)
+

1

R

(
µI +

rI

1 + αI
− ρR

)
+

1

I

(
βSI

1 + α1S + α2I
− (ρ+ ϑ+ µ)I − rI

1 + αI

)
− 1

2

σ2S2I2

(1 + α1S + α2I)
2

1

S2

−1

2

σ2S2I2

(1 + α1S + α2I)
2

1

I2
.

?�ÚÜ¿Óa���: − βI
1+α1S+α2I

+ βS
1+α1S+α2I

= β(S−I)
1+α1S+α2I

, �n�g,k��÷v:

−ρ− ρ− ρ = −3ρ.

Ïd,

LV1(S, I,R) =
A

S
+

β (S − I)

1 + α1S + α2I
− 3ρ− (ϑ+ µ)− r

1 + αI
+
µI

R
+

rI

R (1 + αI)

− σ2 (S2 + I2)

2(1 + α1S + α2I)
2 .

3«� D¥,dS, I, R ≤ A
ρ
� 1 + α1S + α2I ≥ 1,K·�A^

I

1 + α1S + α2I
≤ A

ρ
,

S2

(1 + α1S + α2I)
2 ≤

(
A

ρ

)2

,
I2

(1 + α1S + α2I)
2 ≤

(
A

ρ

)2

,

k

LV1(S, I,R) ≥ −3ρ− (ϑ+ µ)− βA
ρ
− r − σ2

(
A

ρ

)2

=: g. (2.3)

Ïd,

dV1 ≥ gdt+
σ(S − I)

1 + α1S + α2I
dW (t). (2.4)

éª(2.4)l 0� t?1È©,��

V1 (S(t), I(t), R(t)) ≥ V1 (S(0), I(0), R(0)) + gt+ σ

∫ t

0

S − I
1 + α1S + α2I

dW (s). (2.5)

e,
©þªu 0,K lim
t→τ1∗

V1 (X (t)) = −∞.

- t→ τ1
∗,k

−∞ ≥ V1(X(0)) + gτ1
∗ + σ

∫ τ1
∗

0

S − I
1 + α1S + α2I

dW (s) > −∞,

ù�b�/¤é'.Ïd τe =∞ a.s.,)�Û�3��±�5.
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� X0 = X (0) ∈ D. N �v
����ê, 5¿�k.8
(

1
N
, A
ρ

]
�¹z� X0 ��¿, éz�

�ê n ≥ N,

½ÂÊ�

τn = inf

{
t > 0 : X(t) ∈ D� S(t) /∈

(
1

n
,
A

ρ

]
½ I(t) /∈

(
1

n
,
A

ρ

]
½ R(t) /∈

(
1

n
,
A

ρ

]}
,

τ2
∗ = inf {t > 0 : X(t) /∈ D} .

·�I�(@ P (τ2
∗ =∞) = 1,= ∀t > 0,k P (τ2

∗ < t) = 0.

w,, P (τ2
∗ < t) ≤ P (τn < t) .Ïd�Iy² lim sup

n→∞
P (τn < t) = 0.

¦+cã©Û�y
)�±�5,�EI?�Úy²XÚ;,Ø¬lm��«�.Ïd,�E�

ê. Lyapunov¼ê V2,|^Ù3G�Cþ�C>.�ªuÃ¡��A5,ïá>.ü½^�,l


y²�ÅXÚ)©ª�±3½Â�SÜ.

�Ä Lyapunov¼ê:

V2(S, I,R) =
1

S
+

1

I
+

1

R
. (2.6)

A^Itôúª,��

dV2 (S, I,R) =

(
− A

S2
+
ρ

S
+

βI

S (1 + α1S + α2I)
+

σ2I2

S(1 + α1S + α2I)
2

)
ds

+

(
−βS

I(1 + α1S + α2I)
+
ρ+ ϑ+ µ

I
+

r

I(1 + αI)
+

σ2s2

I(1 + α1S + α2I)
2

)
ds

+

(
−
(
µ+

r

1 + αI

)
I

R2
+
ρ

R

)
ds+

σI

S(1 + α1S + α2I)
dW (s)

− σS

I(1 + α1S + α2I)
dW (s).

3«� D¥,d S, I, R ≤ A
ρ
� 1 + α1S + α2I ≥ 1,K·�|^

ρ
S
≤ ρV2,

βI
S(1+α1S+α2I)

≤ βA
ρS
≤ βA

ρ
V2,

σ2I2

S(1+α1S+α2I)
2 ≤ σ2A2

ρ2S
≤ σ2A2

ρ2
V2,

σ2S2

I(1+α1S+α2I)
2 ≤ σ2A2

ρ2I
≤

σ2A2

ρ2
V2,

dV2 ≤

(
ρ

S
+

βI

S(1 + α1S + α2I)
+

σ2I2

S(1 + α1S + α2I)
2

)
ds

+

(
ρ+ ϑ+ µ

I
+

r

I(1 + αI)
+

σ2s2

I(1 + α1S + α2I)
2

)
ds+

( ρ
R

)
ds

+
σI

S(1 + α1S + α2I)
dW (s)− σS

I(1 + α1S + α2I)
dW (s)

≤
(

(3ρ+ ϑ+ µ+ r) +
βA

ρ
+

2σ2A2

ρ2

)
V2ds

+

(
σI

S (1 + α1S + α2I)
− σS

I (1 + α1S + α2I)

)
dW (s) .
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- η = (3ρ+ ϑ+ µ+ r) + βA
ρ

+ 2σ2A2

ρ2
,K

dV2(S, I,R) ≤ ηV2 (S, I,R) ds+

(
σI

S (1 + α1S + α2I)
− σS

I (1 + α1S + α2I)

)
dW (s) . (2.7)

éª(2.7)?1È©¿�Ï"�,2A^ Fubini’s½n [18]Ú Gronwall’sØ�ª,K

∀s ∈ [0, t ∧ τn], EV2(S, I,R) ≤ V2(S(0), I(0), R(0))eηs,k

EV2((S, I,R) (t ∧ τn)) ≤ V2(S(0), I(0), R(0))eη(t∧τn) ≤ V2(S(0), I(0), R(0))eηt, ∀t ≥ 0. (2.8)

du V2((S, I,R) (t ∧ τn)) > 0� X (τn)��ê�m�u½�u 1
n

,K

EV2((S, I,R) (t ∧ τn)) ≥ E[V2((S, I,R) (τn))χ{τn<t}] ≥ nP(τn < t). (2.9)

(ÜØ�ª(2.8)Ú(2.9),�� ∀t ≥ 0, P(τn < t) ≤ V2(S(0),I(0),R(0))eηt

n
.

Ïd, lim sup
n→∞

P (τn < t) = 0,l
y²�..

2.2. ±Y5

½Â2.2.1. e�ÅXÚ(1.2)÷v

lim inf
t→∞

1

t

∫ t

0

S(s)ds > 0, lim inf
t→∞

1

t

∫ t

0

I(s)ds > 0, lim inf
t→∞

1

t

∫ t

0

R(s)ds > 0.

K¡Ù3þ�¿Âe´±È�.Ù¥(S (t) , I (t) , R (t))´�ÅXÚ�?¿�).

-
∼

R0 =
βA

(ρ+ α1A)(ρ+ ϑ+ µ+ r)
− σ2A2

2(ρ+ α1A)
2
(ρ+ ϑ+ µ+ r)

½n2.2.2. [19] � f ∈ C([0,∞)× Ω; (0,∞)).

(i)e�3�~ê l0, l1¦�é¤k t ≥ 0,k

ln f(t) ≥ l1t− l0
∫ t

a

f(s)ds+ F (t), a.s. ∀t ≥ 0,

Ù¥ F ∈ C([0,∞)× Ω; R)� lim
t→∞

F (t)
t

= 0, a.s.,K

lim inf
t→∞

1

t

∫ t

0

f(s)ds ≥ l1
l0

, a.s.;

(ii)e�3�~ê l0, l1¦�é¤k t ≥ 0,k

ln f(t) ≤ l1t− l0
∫ t

0

f(s)ds+ F (t), a.s. ∀t ≥ 0,
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Ù¥ F ∈ C([0,∞)× Ω; R)� lim
t→∞

F (t)
t

= 0, a.s.,K

lim sup
t→∞

1

t

∫ t

0

f(s)ds ≤ l1
l0
, a.s..

½n2.2.3. e?��Ä�2)ê
∼

R0 > 1,@oé?¿Ð©� X (0) ∈ D,�ÅXÚ(1.2)�)

X (t)÷v±e5�:

(i)lim inf
t→∞

1
t

∫ t
0
S(τ)dτ ≥ Aρ

ρ2+λA
, a.s..

(ii)lim inf
t→∞

1
t

∫ t
0
I(τ)dτ ≥ (

∼
R0−1)(ρ+ϑ+µ+r)

β
ρ (ρ+ϑ+µ+r)+α2(ρ+ϑ+µ+r)

, a.s..

(iii)lim inf
t→∞

1
t

∫ t
0
R(τ)dτ ≥ 1

ρ

(
µ+ rρ

ρ+αA

)
· (

∼
R0−1)(ρ+ϑ+µ+r)

β
ρ (ρ+ϑ+µ+r)+α2(ρ+ϑ+µ+r)

, a.s..

y²:(i)�â½n2.1,�Ä I(t) ≤ A
ρ
Ú −1

1+α1S+α2I
≥ −1.

d�ÅXÚ(1.2)�1���§��

dS (t) =

(
A− ρS − βSI

1 + α1S + α2I

)
dt− σSI

1 + α1S + α2I
dW (t)

≥
(
A− ρS(t)− βS(t)

A

ρ

)
dt− σS(t)

A

ρ
dW (t).

(2.10)

éª(2.10)?1È©,¿òü>Ó�Ø± t,·���

S(t)− S(0)

t
≥ A−

(
ρ+

βA

ρ

)
· 1

t

∫ t

0

S(τ)dτ − σA

ρ
· 1

t

∫ t

0

S(τ)dW (τ),

(
ρ+

βA

ρ

)
· 1

t

∫ t

0

S(τ)dτ ≥ A− S(t)− S(0)

t
− A

ρ
· M(t)

t
, (2.11)

Ù¥M (t)´�ÛÜ�, M(t) = σ
∫ t
0
S(τ)dW (τ), M (0) = 0.

d	,

lim sup
t→∞

〈M(t),M(t)〉
t

≤ σ2A2

ρ2
< +∞.

�âr�ê½Æ [20],k lim
t→∞

M(t)
t

= 0, a.s..

é(2.11)ªü>�e4�

lim inf
t→∞

1

t

∫ t

0

S(τ)dτ ≥ Aρ

ρ2 + βA
.

(ii)ò(1.1)¥�1���§Ú1���§�\�l 0� t?1È©,¿ò�ªü>Ó�Ø± t,k

S(t)− S(0)

t
+
I(t)− I(0)

t
= A− ρ

t

∫ t

0

S(τ)dτ − 1

t

∫ t

0

(
ρ+ ϑ+ µ+

r

1 + αI(τ)

)
I(τ)dτ,

S(t)− S(0)

t
+
I(t)− I(0)

t
≥ A− ρ

t

∫ t

0

S(τ)dτ − (ρ+ ϑ+ µ+ r)
1

t
I(τ)dτ,
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ρ

t

∫ t

0

S(τ)dτ ≥ A− (ρ+ ϑ+ µ+ r)
1

t
I(τ)dτ − S(t)− S(0)

t
− I(t)− I(0)

t
,

1

t

∫ t

0

S(τ)dτ ≥ A

ρ
− ρ+ ϑ+ µ+ r

ρ
· 1

t

∫ t

0

I(τ)dτ + Φ(t), (2.12)

Ù¥ Φ(t) = −1
ρt

(
S(t)−S(0)

t
+ I(t)−I(0)

t

)
.

- V (I) = ln I + α2I,d Itôúª,��

dV =

(
1

I
+ α2

)(
βSI

1 + α1S + α2I
− (ρ+ ϑ+ µ) I − rI

1 + αI

)
dt

+

(
1

I
+ α2

)(
σSI

1 + α1S + α2I

)
dW (t)− 1

2I2

(
σSI

1 + α1S + α2I

)2

dt

≥

(
βS

1 + α1
A
ρ

+ α2
A
ρ

− (ρ+ ϑ+ µ+ r)− α2I (ρ+ ϑ+ µ+ r)− σ2A2

2 (ρ+ α1A)
2

)
dt

+ σS
1

1 + α1S + α2I
dW (t) .

(2.13)

éª(2.13)l 0� t?1È©,¿òü>Ó�Ø± t

ln I(t)− ln I(0)

t
+
α2I(t)− α2I(0)

t
≥ 1

t

∫ t

0

βS

1 + α1
A
ρ

+ α2
A
ρ

ds− σ2A2

2 (ρ+ α1A)
2

− (ρ+ ϑ+ µ+ r)− 1

t
α2(ρ+ ϑ+ µ+ r)

∫ t

0

Ids

+
1

t

∫ t

0

σS

(
1

1 + α1S + α2I

)
dW (s).

(2.14)

ü>�e4���

lim inf
t→∞

1

t

∫ t

0

Ids ≥ 1

α2(ρ+ ϑ+ µ+ r)

(
lim
t→∞

1

t

∫ t

0

βS

1 + α1
A
ρ

+ α2
A
ρ

ds

)

− 1

α2(ρ+ ϑ+ µ+ r)

(
(ρ+ ϑ+ µ+ r) +

σ2A2

2 (ρ+ α1A)
2

)
.

�

lim inf
t→∞

1

t

∫ t

0

I(τ)dτ ≥ (
∼
R0 − 1)(ρ+ ϑ+ µ+ r)

β
ρ
(ρ+ ϑ+ µ+ r) + α2(ρ+ ϑ+ µ+ r)

=

∼
R0 − 1
β
ρ

+ α2

. (2.15)

(iii)��,éu�ÅXÚ(1.1)������§,·�k

dR(t) =

(
µI(t) +

rI(t)

1 + αI(t)
− ρR

)
dt. (2.16)

éª(2.16)?1È©,¿òü>Ó�Ø± t,k

R(t)−R(0)

t
≥
(
µ+

rρ

ρ+ αA

)
1

t

∫ t

0

I(τ)dτ − ρ1

t

∫ t

0

R(τ)dτ,
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1

t

∫ t

0

R(τ)dτ ≥ 1

ρ

(
µ+

rρ

ρ+ αA

)
1

t

∫ t

0

I(τ)dτ − 1

ρ

R(t)−R(0)

t
. (2.17)

éª(2.17)ü>�e4���,

lim inf
t→∞

1

t

∫ t

0

R(τ)dτ ≥ 1

ρ

(
µ+

rρ

ρ+ αA

)
· (

∼
R0 − 1)(ρ+ ϑ+ µ+ r)

β
ρ
(ρ+ ϑ+ µ+ r) + α2(ρ+ ϑ+ µ+ r)

, a.s..

2.3. «ý5

½n2.3.1. éu�ÅXÚ(1.2)�)X (t),ÙÐ©��X (0) ∈ D.e β2

2σ2 ≤ ρ+ϑ+µ+ rρ
ρ+αA

¤

á,Ka/<ê I(t)±�ê/ªA�7,��.

=

lim sup
t→∞

1

t
ln
I(t)

I(0)
≤ −

(
ρ+ ϑ+ µ+

rρ

ρ+ αA
− β2

2σ2

)
< 0, a.s..

y²: �âItôúª,dua/öG�Cþ÷v�Å�©�§:

dI = fI(S, I)dt+
σSI

1 + α1S + α2I
dW (t), (2.1)

é¼ê

V (I) = ln I

A^ Itôúª

d(ln I) =
1

I
dI − 1

2I2
(dI)2.

Ù¥��C���:

(dI)2 =
σ2S2I2

(1 + α1S + α2I)2
dt.

Ïd:

− 1

2I2
(dI)2 = − σ2S2

2(1 + α1S + α2I)2
dt.

=��

d(ln I(t)) =
1

I

(
βSI

1 + α1S + α2I
− (ρ+ ϑ+ µ)I − rI

1 + αI
− σ2S2I3

2I2(1 + α1S + α2I)
2

)
dt

+
1

I

(
σSI

1 + α1S + α2I

)
dW (t)

=

(
βS

1 + α1S + α2I
−
(
ρ+ ϑ+ µ+

r

1 + αI

)
− σ2S2

2(1 + α1S + α2I)
2

)
dt

+
σS

1 + α1S + α2I
dW (t).

(2.18)

DOI: 10.12677/pm.2026.1610226 213 nØêÆ

https://doi.org/10.12677/pm.2026.1610226


�ý_

éª(2.18)l 0� t?1È©,��

ln
I(t)

I(0)
=
−σ2

2

∫ t

0

(
S

1 + α1S + α2I
− β

σ2

)2

dτ +

∫ t

0

β2

2σ2
dτ −

∫ t

0

(
ρ+ ϑ+ µ+

r

1 + αI

)
dτ +M(t)

≤ −
∫ t

0

(
ρ+ ϑ+ µ+

rρ

ρ+ αA
− β2

2σ2

)
dτ +M(t)

= −
(
ρ+ ϑ+ µ+

rρ

ρ+ αA
− β2

2σ2

)
t+M(t).

(2.19)

éª(2.19)ü>ÓØ± t,k 1
t

ln I(t)
I(0)
≤ −

(
ρ+ ϑ+ µ+ rρ

ρ+αA
− β2

2σ2

)
+ M(t)

t
,

Ù¥M(t) =
∫ t
0

σS
1+α1S+α2I

dW (t)´�ÛÜ��M (0) = 0.

d	, lim sup
t→∞

〈M(t),M(t)〉
t

≤ σ2A2

ρ2
< +∞.k lim

t→∞
M(t)
t

= 0, a.s..

é(2.19)ªü>�þ4���,

lim sup
t→∞

1

t
ln
I(t)

I(0)
≤ −

(
ρ+ ϑ+ µ+

rρ

ρ+ αA
− β2

2σ2

)
< 0, a.s.,

ù¿�X lim
t→∞

I(t) = 0, a.s..

2.4. �7Ã¾²ï:�ìC1�

�éÃ¾²ï�,®éÙØÓa.�­½5?1
ïÄ.�ÅìC­½5£ã
XÚ��´»

3VÇ¿Âe�C²ï���ìC1�,¿rN
A�7,�1�.éuÃ¾²ï� E0,�±|^

Lyapunov¼ê�ÑÙ�Û�ÅìC­½�¿©^�.y3,�±é�Å�.(1.2)�Ã¾²ï� E0

�ìC1�?1ïÄ.

½n 2.4.1. éu�ÅXÚ(1.2),XJÄ�2)êR0 ≤ 1,KÃ¾²ï: E0 ´A�7,ìC­

½�.

y²:Äk,-Cþ u = S − A
ρ
, ν = I, ω = R,K�ÅXÚ(1.2)���

du =

(
−ρu−

β(u+ A
ρ

)v

1 + α1(u+ A
ρ

) + α2v

)
dt−

σ(u+ A
ρ

)v

1 + α1(u+ A
ρ

) + α2v
dW (t),

dv =
βuv

1 + α1(u+ A
ρ

) + α2v
dt− v

(
ρ+ ϑ+ µ+

r

1 + αv
−

βA
ρ

1 + α1(u+ A
ρ

) + α2v

)
dt

+
σ(u+ A

ρ
)v

1 + α1(u+ A
ρ

) + α2v
dW (t),

dw =

(
µv +

rv

1 + αv
− ρw

)
dt.

(2.20)

Ù¥ u ∈ R, ν, w��ê.

�ïÄÃ¾²ï:NCXÚG��ìC­½5,òXÚCþ=���éu²ï:� �Cþ,

¿�E�¹G� ��g�±9�5?��� Lyapunov¼ê V3,Ù¥�g�^uïþXÚ l²
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ï:�§Ý,
�5|Ü�^u-��.¥a/DÂÚ¡EL§�)�ÍÜ�,l
Bu¼�K½

� Lyapunov�ê.

- Lyapunov¼ê:

V3 = (u+ v)
2

+ c1v + c2w, (2.21)

Ù¥ c1Ú c2´�½��~ê.,�A^ Itôúª,O�)¤�

LV3 = 2(u+ v)

(
−ρu−

(
ρ+ ϑ+ µ+

r

1 + αv

)
v

)
+ c1

βuv

1 + α1(u+ A
ρ

) + α2v

− c1

(
ρ+ ϑ+ µ+

r

1 + αv
−

βA
ρ

1 + α1(u+ A
ρ

) + α2v

)
v

+ c2

(
µv +

rv

1 + αv
− ρw

)
+

1

2
(2− 4 + 2)

(
σ(u+ A

ρ
)v

1 + α1(u+ A
ρ

) + α2v

)2

,

(2.22)

�n�

LV3 ≤ −2ρu2 − 2

(
ρ+ ϑ+ µ+

r

1 + αυ

)
v2 − c2ρw +

(
c1β − 2

(
2ρ+ ϑ+ µ+

r

1 + αv

))
uv

+

(
c2 (µ+ r)− c1

(
ρ+ ϑ+ µ+

r

1 + αv
− βA

ρ

))
v

≤ −2ρu2 − 2

(
ρ+ ϑ+ µ+

rρ

ρ+ αA

)
v2 − c2ρw +

(
c1β − 2

(
2ρ+ ϑ+ µ+

rρ

ρ+ αA

))
uv

+

(
c2 (µ+ r)− c1

(
ρ+ ϑ+ µ+

rρ

ρ+ αA
− βA

ρ

))
v.

(2.23)

-

c1 =
2
(

2ρ+ ϑ+ µ+ rρ
ρ+αA

)
β

, c2 =
c1

(
ρ+ ϑ+ µ+ r

1+αv
− βA

ρ

)
µ+ r

,

eR0 = βA
(ρ+α1A)(ρ+ϑ+µ+r)

< 1,K c2 > 0,�

LV3 ≤ −2ρu2 − 2

(
ρ+ ϑ+ µ+

rρ

ρ+ αA

)
v2 − c2ρw < 0.

= LV3K½,d Lyapunov­½5½n,Ã¾²ï: E03R0 ≤ 1þA�7,ìC­½.

2.5. Ý�ê­½5

½Â 2.5.1. [21]e�ÅXÚ(1.2)�²�)÷v�3¼êV (x, t ∈) C2,1(R+ × Rd; R+)±9�ê

p, c3, c4Ú c5, ¦�é?¿� x ∈ D ⊂ Rd+,k:

c3|x|p ≤ V (t, x) ≤ c4|x|p, LV (t, x) ≤ −c5|x|p, t ≥ 0 (2.24)

K¡T²�)´ p�Ý�ê­½�. � p = 2�,§´þ��ê­½�,�²ï: x = 0´�ÛìC

­½�.
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�â Young’sØ�ª [22],=éu x, y > 0,k xy ≤ xp

p
+ yq

q
� 1

p
+ 1

q
= 1.

Ún 2.5.2. [23] � p ≥ 2� ε, x, y > 0,K

xp−1y ≤ (p− 1)ε

p
xp +

1

pεp−1
yp, xp−2y2 ≤ (p− 2)ε

p
xp +

2

pε(
p−2
2 )

yp. (2.25)

½n 2.5.3. �Ä�ÅXÚ(1.2),b� R0 < 1�D(rÝ÷v: 1
2

(p− 1)σ2
(
A
ρ

)2
< (ρ + ϑ +

µ+ r)(1−R0),@oé?¿� p ≥ 2,Ã¾²ï: E0´ p�Ý�ê­½�.

y²:�?�Ú©ÛXÚ�Å6Äe�­½5U,Ú\p�Ý Lyapunov¼ê V4,T¼êÏL�

E�G�Cþ lÃ¾²ïG�� p��,U
£ãXÚG��p�ÚOA�,¿(Ü Itôúªïá

�ÅXÚ� p�Ý�ê­½^�.

�E Lyapunov¼ê:

V4 =

(
A

ρ
− S

)p
+

1

p
Ip +Rp. (2.26)

é V4A^ Itôúª,·���

dV4 = LV4dt+ pσ

(
A

ρ
− S

)p−1
SI

1 + α1S + α2I
dW (t) +

pσSIp

1 + α1S + α2I
dW (t),

Ù¥

LV4 = −p
(
A

ρ
− S

)p−1(
ρ

(
A

ρ
− S

)
− βSI

1 + α1S + α2I

)
+p(p− 1)

(
A

ρ
− S

)p−2
σ2S2I2

2(1 + α1S + α2I)
2 − (ρ+ ϑ+ µ)Ip +

βSIp

1 + α1S + α2I
− rIp

1 + αI

+(p− 1)
σ2S2I2Ip−2

2(1 + α1S + α2I)
2 + pµIRp−1 +

prI

1 + αI
Rp−1 − pρRp.

|^k.5� : 3 D¥,k S, I, R ≤ A
ρ

, 1
1+α1S+α2I

≤ 1,K

LV4 ≤ −pρ
(
A

ρ
− S

)p
+ pβ

A

ρ
I

(
A

ρ
− S

)p−1
+
p− 1

2
σ2

(
A

ρ

)2

Ip + p(µ+ r)IRp−1 − pρRp

+
p(p− 1)

2
σ2

(
A

ρ

)2

I2
(
A

ρ
− S

)p−2
− (ρ+ ϑ+ µ)Ip + β

A

ρ
Ip − rIp

1 + αI

≤ −pρ
(
A

ρ
− S

)p
−

(
ρ+ ϑ+ µ− βA

ρ
+

r

1 + αI
− (p− 1)

2
σ2

(
A

ρ

)2
)
Ip

− pρRp + pβ
A

ρ
I

(
A

ρ
− S

)p−1
+
p(p− 1)

2
σ2

(
A

ρ

)2

I2
(
A

ρ
− S

)p−2
+ p(µ+ r)IRp−1.

(2.27)

- x = A
ρ
− S, y = I,dÚn2.5.2��
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xp−1I ≤ (p− 1)δ

p
xp +

1

pδp−1
yp, y2xp−2 ≤ (p− 2)δ

p
xp +

2

pδ
p−2
2

yp, Rp−1I ≤ (p− 1)δ

p
Rp +

1

pδp−1
Ip.

�\�n:

LV4 ≤ −a1
(
A

ρ
− S

)p
− a2Ip − a3Rp (2.28)

Ù¥

a1 = pρ− βA
ρ

(p− 1)δ − (p− 1)(p− 2)σ2

2

(
A

ρ

)2

δ,

a2 = (ρ+ ϑ+ µ+ r) (1−R0)−
(p− 1)

2
σ2

(
A

ρ

)2

− βA
ρ
δ1−p − (p− 1)σ2

(
A

ρ

)2

δ
2−p
2 − (µ+ r)δ1−p,

a3 = pρ− (µ+ r)(p− 1)δ.

�À�v
�� δ,¦ a1, a2, a3 > 0,(Ü½Â2.5.1�y.

2.6. �7/�¾²ï:��Å�.�ìC1�

�ÅXÚ(1.2)�;,3(½5XÚ(1.1)�61¾²ï:NC�ìC1�.?1da©Û´�



)(½5XÚ¥D(�ÑyXÛ¦(½5XÚ l61¾²ï:,±9L��Å��´»�(

½5XÚ(1.1)�61¾²ï:�m�²þål.Ïd,·�ïÄ
�Å�.(1.2) �)3��61¾

²ï:NC��Å6Ä�ìC1�.

½n 2.6.1. XJR0 = βA
(ρ+α1A)(ρ+ϑ+µ+r)

> 1,��3�~ê ζ1, ζ2, ζ3,¦�±e^�¤á:

ζ1 = ρ− rαA

2ρ(1 + αI∗)
> 0,

ζ2 = ρ+ ϑ+
rρ

(ρ+ αA)(1 + αI∗)
− r(Bα+ 1)

1 + αI∗
− rαA

2ρ(1 + αI∗)
> 0,

ζ3 = 2ρ− µ− r

1 + αI∗
> 0.

Kéu?¿Ð©� X (0) ∈ D,�ÅXÚ(1.2)�)÷v:

lim sup
t→∞

1

t
E
∫ t

0

{
(S(τ)− S∗)2 + (I(τ)− I∗)2 + (R(τ)−R∗)2

}
dτ ≤ H

ζ
,

Ù¥ H = BI∗σ2A2

2ρ2
� ζ = min{ζ1, ζ2, ζ3}.

y²:��.(1.1)�3�²ï:�,k

A = ρS∗ +
βS∗I∗

1 + α1S∗ + α2I∗
,

βS∗I∗

1 + α1S∗ + α2I∗
= (ρ+ ϑ+ µ)I∗ +

rI∗

1 + αI∗
, µI∗ +

rI∗

1 + αI∗
= ρR∗.

(2.29)
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�EXe Lyapunov¼ê:

V5(S(t), I(t), R(t)) =
1

2
(S − S∗ + I − I∗)2 + B(I − I∗ − I∗ ln

I

I∗
) +

1

2
(R−R∗)2. (2.30)

e¡ò(2.30)ª©�n�¼ê,=V5 = V51 + V52 + V53, Ù¥

V51 =
1

2
(S − S∗ + I − I∗)2, V52 = B(I − I∗ − I∗ ln

I

I∗
), V53 =

1

2
(R−R∗)2.

PB =
(

2ρ+ ϑ+ µ+ r
1+αI∗

)
· 1+α1S

∗+α2I
∗

β
´����~ê.

é V51A^Ã¡�)¤� LV51,k

LV51 = (S − S∗ + I − I∗)
(
A− ρS − (ρ+ ϑ+ µ)I − rI

1 + αI

)
+

1

2

(
∂2V51

∂S2
− 2

∂2V51

∂S∂I
+
∂2V51

∂I2

)(
σSI

1 + α1S + α2I

)2

= (S − S∗ + I − I∗)
(
A− ρS − (ρ+ ϑ+ µ)I − rI

1 + αI

)
+

1

2
(1− 2 + 1)

(
σSI

1 + α1S + α2I

)2

.

^ ρS∗ + (ρ+ ϑ+ µ)I∗ + rI∗

1+αI∗
O� A,�

LV51 = (S − S∗ + I − I∗)
(
−ρ(S − S∗)− (ρ+ ϑ+ µ)(I − I∗)− r

(
I

1 + αI
− I∗

1 + αI∗

))
= −ρ(S − S∗)2 −

(
ρ+ ϑ+ µ+

r

(1 + αI)(1 + αI∗)

)
(I − I∗)2

−
(

2ρ+ ϑ+ µ+
r

(1 + αI)(1 + αI∗)

)
(S − S∗)(I − I∗).

(2.31)

·�O�

LV52 =
B(I − I∗)

I

(
βSI

1 + α1S + α2I
− (ρ+ ϑ+ µ)I − rI

1 + αI

)
+

BI∗σ2S2I2

2I2(1 + α1S + α2I)
2

= B(I − I∗)
(

βS

1 + α1S + α2I
− (ρ+ ϑ+ µ)− r

1 + αI

)
+

BI∗σ2S2

2(1 + α1S + α2I)
2 .

d(2.19)ª�� (ρ+ ϑ+ µ) = βS∗

1+α1S∗+α2I∗
− r

1+αI∗
,�\þªk

LV52 = B(I − I∗)
(

βS

1 + α1S + α2I
− βS∗

1 + α1S∗ + α2I∗

)
+ B(I − I∗)

(
− r

1 + αI
+

r

1 + αI∗

)
+

BI∗σ2S2

2(1 + α1S + α2I)
2

= B(I − I∗) β(S − S∗) + βα2(SI
∗ − S∗I)

(1 + α1S + α2I) (1 + α1S∗ + α2I∗)
+ B(I − I∗) rα(I − I∗)

(1 + αI)(1 + αI∗)

+
BI∗σ2S2

2(1 + α1S + α2I)
2

= B(I − I∗)β(S − S∗) + βα2 (−S (I − I∗) + I (S − S∗))
(1 + α1S + α2I) (1 + α1S∗ + α2I∗)

+ B(I − I∗) rα(I − I∗)
(1 + αI)(1 + αI∗)
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+
BI∗σ2S2

2(1 + α1S + α2I)
2

= B(I − I∗)β (1 + α2I) (S − S∗)− βα2S (I − I∗))
(1 + α1S + α2I) (1 + α1S∗ + α2I∗)

+
rα(I − I∗)

(1 + αI)(1 + αI∗)

+
BI∗σ2S2

2(1 + α1S + α2I)
2

=
Bβ (1 + α2I) (S − S∗)(I − I∗)

(1 + α1S + α2I) (1 + α1S∗ + α2I∗)
− Bβα2S(I − I∗)2

(1 + α1S + α2I) (1 + α1S∗ + α2I∗)

+
Brα(I − I∗)2

(1 + αI)(1 + αI∗)
+

BI∗σ2S2

2(1 + α1S + α2I)
2 ,

LV52 ≤
Bβ (1 + α2I) (S − S∗)(I − I∗)

(1 + α1S + α2I) (1 + α1S∗ + α2I∗)
+

Brα(I − I∗)2

1 + αI∗
+

BI∗σ2A2

2ρ2

≤ Bβ(S − S∗)(I − I∗)
1 + α1S∗ + α2I∗

+
Brα(I − I∗)2

1 + αI∗
+

BI∗σ2A2

2ρ2
.

(2.32)

�e5·�O�

LV53 = (R−R∗)
(
µI +

rI

1 + αI
− ρR

)
.

d(2.19)ª�� µI∗ + rI∗

1+αI∗
= ρR∗.

LV53 = (R−R∗)
(
µ(I − I∗) +

rI

1 + αI
− rI∗

1 + αI∗
− ρ(R−R∗)

)
=

(
µ+

r

(1 + αI)(1 + αI∗)

)
(I − I∗)(R−R∗)− ρ(R−R∗)2.

(2.33)

|^Ø�ª2(x− x∗)(y − y∗) ≤ (x− x∗)2 + (y − y∗)2, k

LV53 ≤
1

2

(
µ+

r

1 + αI∗

)
(I − I∗)2 +

1

2

(
µ+

r

1 + αI∗

)
(R−R∗)2 − ρ(R−R∗)2

≤
(
µ+

r

1 + αI∗

)
(I − I∗)2 −

(
2ρ− µ− r

1 + αI∗

)
(R−R∗)2.

(2.34)

�kLV5 = LV51 + LV52 + LV53,

LV5 ≤ −ρ(S − S∗)2 +
r

1 + αI∗
·
(

1− 1

1 + αI

)
· (S − S∗)(I − I∗)

−
(
ρ+ ϑ+

rρ

(ρ+ αA)(1 + αI∗)
− r(Bα+ 1)

1 + αI∗

)
(I − I∗)2 −

(
2ρ− µ− r

1 + αI∗

)
(R−R∗)2

+
BI∗σ2A2

2ρ2

≤ −ρ(S − S∗)2 +
r

1 + αI∗
· αI

1 + αI
·

(
(S − S∗)2

2
+

(I − I∗)2

2

)
−
(
ρ+ ϑ+

rρ

(ρ+ αA)(1 + αI∗)
− r(Bα+ 1)

1 + αI∗

)
(I − I∗)2 −

(
2ρ− µ− r

1 + αI∗

)
(R−R∗)2

+
BI∗σ2A2

2ρ2
.
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LV5 ≤ −ρ(S − S∗)2 +
rαA

2ρ(1 + αI∗)
·
(

(S − S∗)2 + (I − I∗)2
)

−
(
ρ+ ϑ+

rρ

(ρ+ αA)(1 + αI∗)
− r(Bα+ 1)

1 + αI∗

)
(I − I∗)2 −

(
2ρ− µ− r

1 + αI∗

)
(R−R∗)2

+
BI∗σ2A2

2ρ2

= −
(
ρ− rαA

2ρ(1 + αI∗)

)
(S − S∗)2

−
(
ρ+ ϑ+

rρ

(ρ+ αA)(1 + αI∗)
− r(Bα+ 1)

1 + αI∗
− rαA

2ρ(1 + αI∗)

)
(I − I∗)2

−
(

2ρ− µ− r

1 + αI∗

)
(R−R∗)2 +

BI∗σ2A2

2ρ2
.

LV5 ≤ −ζ1(S − S∗)2 − ζ2(I − I∗)2 − ζ3(R−R∗)2 + H,

Ù¥ ζ1, ζ2, ζ3Ú H©O3½n2.6.1¥½Â, �k

dV5 = LV5dt+
BσS(I − I∗)
1 + α1S + α2I

dW (t),

dV5 ≤
(
−ζ1(S − S∗)2 − ζ2(I − I∗)2 − ζ3(R−R∗)2 + H

)
dt+

BσS(I − I∗)
1 + α1S + α2I

dW (t). (2.35)

éª(2.35)l 0� t?1È©,��

V5(t)− V5(0) ≤
∫ t

0

(
−ζ1(S(τ)− S∗)2 − ζ2(I(τ)− I∗)2 − ζ3(R(τ)−R∗)2

)
dτ + Ht+M(t), (2.36)

Ù¥M(t) =
∫ t
0

BσS(I−I∗)
1+α1S+α2I

dW (τ) ´�ÛÜ�, d�M (t)��gC��

〈M,M〉t =

∫ t

0

B2σ2
(
A
ρ

)2
(I − I∗)2

(1 + α1S + α2I)
2 dτ ≤B2σ2

(
A

ρ

)2(
A

ρ
+ I∗

)2

t < +∞,

�â��r�ê½Æ,k lim
t→∞

M(t)
t

= 0.

�Ï":

EV5(X(τ))− EV5(X(0)) ≤ E
∫ t

0

(
−ζ1(S(τ)− S∗)2 − ζ2(I(τ)− I∗)2 − ζ3(R(τ)−R∗)2

)
dτ + Ht.

ü>Ó�Ø± t¿- t→∞,·�k

lim sup
t→∞

1

t
E
∫ t

0

(
ζ1(S(τ)− S∗)2 + ζ2(I(τ)− I∗)2 + ζ3(R(τ)−R∗)2

)
dτ ≤ H,

Ù¥ ζ = min{ζ1, ζ2, ζ3},K

lim sup
t→∞

1

t
E
∫ t

0

(
(S(τ)− S∗)2 + (I(τ)− I∗)2 + (R(τ)−R∗)2

)
dτ ≤ H

ζ
.
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3. ê��[�?Ø

¦^p��Milstein�{ [20]�ëê,^�½�Ð©�ê�O��ÅXÚ(1.2) �),±|±þã

(J.ê��[¥�ëê��ë�®k�ÅD/¾�.�'ïÄ,¿(Ü�.nØ©Û^�?1�

�.¤Àëê÷vXÚ­½5©Û��'^�,Ó�äk²(�)ÔÆ¿Â.Ù¥, β!r!α1!α2 ©

O^u£ã;¾DÂ!¡EL§±9�ÚDÂ�A, σ^u�x�Å�¸Ï�é;¾DÂL§�K

�.

lÑz�§´:

Sj+1 = Sj +

(
A− ρSj −

βSjIj
1 + α1Sj + α2Ij

)
∆t− σSjIj

1 + α1Sj + α2Ij
ξj
√

∆t

+
σ2SjI

2
j (1 + α2Ij)

2(1 + α1Sj + α2Ij)3
(ξ2j − 1)∆t,

Ij+1 = Ij +

(
βSjIj

1 + α1Sj + α2Ij
− (ρ+ θ + µ)Ij −

rIj
1 + αIj

)
∆t+

σSjIj
1 + α1Sj + α2Ij

ξj
√

∆t

+
σ2S2

j Ij(1 + α1Sj)

2(1 + α1Sj + α2Ij)3
(ξ2j − 1)∆t,

Rj+1 = Rj +

(
µIj +

rIj
1 + αIj

− ρRj
)

∆t,

Ù¥�mOþ ∆t > 0, ξj (j = 1, 2, ..., n)´´ÑlIO��©Ù N (0, 1)�pd�ÅCþ.3�©�

¤k�[¥,Ð©��� (S(0), I(0), R(0)) = (0.6, 0.2, 0.2),Ú���∆t = 0.05.

Figure 1. Stochastic dynamic trajectories of different state variables over time

ã 1. ØÓG�Cþ��mCz��ÅÄ�;,

ã 1�ëê��(1.1)Ú(1.2)�;,,Ù¥ (S(0), I(0), R(0)) = (0.6, 0.2, 0.2), A=15, ρ =

0.9, β = 0.1, µ = 0.05;ϑ = 0.3, r = 2.0, α1 = 1.0, α2 = 2.0, σ = 0.066. ã 1 Ð«
X

Ú(1.1)Ú(1.2)�);,. ½n2.4.1�Ñ, �ÅXÚ(1.2)�Ã¾²ï: E0 3þ´�Û�ÅìC­

½�.ã¥w«,�DrÝ σ = 0.066.�,Ã¾²ï: E0´þ��ê­½�.

ã 2�ëê��(1.1)Ú(1.2)�;,, Ù¥(S(0), I(0), R(0)) = (0.6, 0.2, 0.2), A = 10, ρ =

0.9, θ = 0.05, µ = 0.2;ϑ = 0.3, r = 0.1, α1 = 0.1, α2 = 0.05, σ = 0.02. ùp�Ä�D/ê
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Figure 2. Effect of variations in the transmission rate parameter β on the dynamic behavior of the number of
infected individuals I(t)

ã 2. DÂÇëê β Czéa/öêþ I(t)Ä�1��K�

R0 = 2.1505 > 1),¿�÷v½n2.6.1�^�.3xD(rÝ�� (σ = 0.02)�,�ÅXÚ(1.2)�)

3��/�¾²ï: E∗ NCÅÄ,�ÅÄ����,�y
½n2.6.1�(Ø.Ó��±wÑ,3��

�Å6ÄrÝ σ = 0.02^�e,XÚ=3/�¾²ï:NC�)�ÌÅÄ,`²�f�ÅÏ�éX

Ú­½G�K�k�.

Figure 3. Effect of stochastic perturbation intensity σ on the dynamic volatility of the infected population

ã 3. �Å6ÄrÝ σéa/öÄ�ÅÄ5�K�

ã 3ëê��ã 2�Ó,ã 3¥=UC�Å6ÄrÝëê σ,dã 2¥�0.02 O\�0.05.(JL

²,�X σO�,XÚ;,ÅÄ²wOr,`²�Å6ÄrÝéXÚ­½5äk­�K�.

ã 4�ëê��: A = 14, ρ = 0.2, θ = 0.5, µ = 0.1; υ = 0.3, r = 0.1, α1 = 0.1, α2 = 0.01, σ =

0.009.ùp�Ä�D/ê R0 = 1.4875 > 1).÷v½n2.2.3�5�.L²;¾3þ�¿Âe±Y�

3.Ó�,(½5XÚ(1.1)�)ªu/�¾²ï: E∗,
�ÅXÚ(1.2) �)3T²ï:NCÅÄ,�

üöþ±Y�3.T(J?�Ú`²,�DÂ�'ëê¦Ä�2)ê�L�.��,XÚò�±/�

¾G�.

ã 5�ã 4�',=O\�Å6ÄrÝëê σ.(JL²,��Å6ÄOr�,a/öêþÅìª

Cu",`²�Å�¸Ï��Cz�UUC;¾DÂG�,¿r?;¾«ý.

4. (Ø

�©ïá¿©Û
�aäk2Â�Úu)ÇÚ�Ú£�¼ê��Å SIRD/¾�..�²;
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Figure 4. Influence of saturation effect parameters α1 and α2 on the infection transmission process

ã 4. �Ú�Aëê α1 Ú α2 éa/DÂL§�K�

Figure 5. Effect of the treatment parameter r on the changes in the number of infected and recovered
individuals

ã 5. £�ëê réa/öÚ¡EöêþCz�K�

SIR�.±9Ü©=�Äü���5Å���Å�.�',�©�.Ó��Ä
DÂL§¥��>

�Ú�A!£�L§¥�]
��±9�Å�¸6Ä,�ïÄE,�Å�¸e;¾DÂÄåÆ1�

Jø
�«*Ð5�êÆ£ãµe. ÏL�Å©Û�{Ú Lyapunov¼ênØ,�©y²
�.�

)��Û�35,¿¼�
;¾«ý�±Y5�¿©^�.nØ(JL²,�Å6ÄrÝ!DÂëê

±9£�ëêþ�UK�XÚ�ÏÄåÆ1�,¿?�ÚUC;¾�61ª³. I�rN�´,�©

�.¿Ø¿�XÙ3¤k61¾|µeþ`u®k�.,
´3Ó��3DÂ�Ú�A!��]


��±9�¸�Å5��¹e,U
Jø�«�\(¹�ÄåÆ©Ûóä.�.�¢S·^5E�6

uëê�O�O(5±9äN;¾DÂ�µe�.b��Ün5. �5ïÄ�?�Ú�Ä¼¢�«

üÑ!�C����!�mÉ�5±9�\E,�ÅL§�Ï�,±Jp�.é¢SD/¾DÂL

§�£ãUå.
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