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Abstract

We study the existence of nodal solutions for the fourth-order boundary value problem{
u′′′′(t) = λf(t, u(t)), t ∈ (0, 1),

u(0) = u(1) = u′′(0) = u′′(1) = 0,

where λ > 0 is a parameter, f ∈ C([0, 1] × R,R), and f(t, s)s > 0 for all t ∈ [0, 1] and s 6= 0.

Under the assumptions that f is asymptotically linear at the origin and superlinear at

infinity, we use bifurcation theory to establish the existence of nodal solutions for the

problem. The results show that the number of nodal solutions of the problem varies

as λ takes values in different intervals.
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1. Úó

o�~�©�§>�¯K
u�5ùnØ!ó§åÆ9á��Æ�+�,¿�äk­��n

Ød�ÚA^�µ,Cc5,éüà{|��5ù�§�)��35ïÄ®��´a¤J,ë�©

z [1–6]. Shi� [1]ïÄ
Ø¹ëê�o�>�¯K{
u′′′′(t) = f(t, u(t)), t ∈ (0, 1),

u(0) = u(1) = u′′(0) = u′′(1) = 0
(1)

�)��35,Ù¥ f ∈ C([0, 1]× [0,+∞), [0,+∞)),�÷v·�O�^�,$^Iþ�ØÄ:½n

¼�
¯K (1)�)��35(J.

AO/,�¯K (1)¥���5� f(t, u(t)) = h(t)f(u(t))�,¯K (1)�òz�e¡�o�>

�¯K {
u′′′′(t) = h(t)f(u(t)), t ∈ (0, 1),

u(0) = u(1) = u′′(0) = u′′(1) = 0,
(2)

Ma� [2]$^Iþ�ØÄ:½nïÄ
¯K (2) ,Ù¥ h ∈ C([0, 1], [0,∞))�3 [0,1]�?�f«m
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SØð� 0, f ∈ C([0,∞), [0,∞))3"?ÚÃ¡�?'u u÷v·�O�^�,ïá
¯K (2)��

�3���)�(Ø.

8c,®kÆöé¯K (1)��²�)��35mÐïÄ,��
�X�(J,ë�©z [7–10].

Ye [7]CÏ$^C©{&?
¯K (1)�²�)��35Úõ)5,Ù¥b� f ∈ C([0, 1] × R,R),

Ì�(JXe:

½nA b�e�^�¤á:

(H1) f(t, u)'u u´Û¼ê,= f(t,−u) = −f(t, u);

(H2)�3~ê a < π2

4
, b ∈ R, M > 0¦�� |u| > M �

H(t, u) =

∫ u

0

f(t, v)dv ≤ au2 + b, t ∈ [0, 1];

(H3)éu t ∈ [0, 1] , lim
|u|→0

f(t, u)

u
= λ(t).

é?¿�½� j ∈ (1, 2, · · · ),éu t ∈ [0, 1] ,� λ(t) ≥ (jπ)4,K¯K (1)3 C4[0, 1]¥���3

né�²�).

��5¿�´, Ye [7]���
��5�3Ã¡�?ìC�5O���²�)�õ)5,�%Ã

{��)�(:5�.Ùg, Ye [7]é��5�äk�r�Û¼ê�å,�©fz
��5���å

^�,¤�(Ø�äk��5.�d,�©$^©ÜnØ�	±eo���5>�¯K{
u′′′′(t) = λf(t, u(t)), t ∈ (0, 1),

u(0) = u(1) = u′′(0) = u′′(1) = 0
(3)

(:)��35.

�©ob½:

(A1) f ∈ C([0, 1]× R,R)� f(t, s)s > 0, ∀ t ∈ [0, 1], s 6= 0 ;

(A2) éu t ∈ [0, 1] ,�3 f0 ∈ (0,+∞), f∞ =∞,Ù¥

lim
|s|→0

f(t, s)

s
= f0, lim

|s|→∞

f(t, s)

s
= f∞;

(A3) �3 sk > 0,¦�� t ∈ [0, 1], |s| ≤ sk �,k

|f(t, s)| < 60f0
λk

sk,

Ù¥, λk´A��¯K {
ϕ′′′′(t) = λϕ(t), t ∈ (0, 1),

ϕ(0) = ϕ(1) = ϕ′′(0) = ϕ′′(1) = 0
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�1 k�A��.

�©�Ì�(JXe:

½n 1.1 b� (A1)-(A2)¤á,é?¿ n ∈ N.e

0 < λ <
λ1

f0
,

K¯K (3)���3 2n�) u+k Ú u−k (k = 1, 2, 3, · · · , n),Ù¥ u+k 3«m (0, 1)STÐk k − 1�

":,�3 0NC��; u−k 3«m (0, 1)STÐk k − 1�":,�3 0NC�K.

½n 1.2 b� (A1)-(A3)¤á,é?¿ n ∈ N.�3~ê (λ∗k)
+, (λ∗k)

− ∈ (λk

f0
,+∞),e

λ1

f0
< λ < λ∗,

Ù¥ λ∗ = min
1≤k≤n+1

{(λ∗k)+, (λ∗k)
−},K¯K (3)���3 2n+2�) u+k Ú u−k (k = 1, 2, · · · , n, n+1),

Ù¥ u+k 3«m (0, 1)STÐk k− 1�":,�3 0NC��; u−k 3«m (0, 1)STÐk k− 1�"

:,�3 0NC�K.

5 1.3.�©z [7]�',�©Ø=�±��)�õ)5,¿����
)�CÒgê.

5 1.4.^� (A3)�y
�) u��Ì���,��5� f(t, u)�O�¬É���,l
¦�ëÏ

©|3©Ü:NCØ¬ªuÃ¡,
´k²L©Ü:mý�:,,�ë�� (0,+∞).�
`²^�

(A3)���5,·��EXe~f:�

f(t, s) = f0s+ s3,

Ù¥ f0 > 0 �~ê.w,, f(t, s)s = f0s
2 + s4 > 0 é s 6= 0 ¤á,÷v (A1).�

lim
|s|→0

f(t, s)

s
= f0, lim

|s|→∞

f(t, s)

s
=∞,

÷v (A2).éu (A3),� sk =
√

60f0
λk
− f0,= λk < 60f0.K� |s| ≤ sk �,

|f(t, s)| = |f0s+ s3| ≤ f0sk + s3k = sk(f0 + s2k) < sk ·
60f0
λk

,

= (A3)¤á.Ïd,b� (A1)-(A3)´�N�,½n 1.2�(Ø��.

2. ý��£

éu?¿�ê r > 0 ,P Cr[0, 1]�½Â3 [0, 1]þ rgëY���¢�¼ê�¤�IO Banach

�m,Ù�ê� ||u|| =
∑r

i=0 ||u(i)||∞,Ù¥ ||u‖∞ = max{|u(x)|
∣∣x ∈ [0, 1]}.

-

Y = C[0, 1],
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X = {u ∈ C4[0, 1] | u(0) = u(1) = u′′(0) = u′′(1) = 0}.

½Â�f L : X → Y �

Lu := u′′′′, u ∈ X.

-

E = {u ∈ C3[0, 1] : u(0) = u(1) = u′′(0) = u′′(1) = 0},

Ù�ê� ‖ · ‖3.K L−1 : Y → E ´û½����ëY�f.

éu?¿�ê k ≥ 1, ν ∈ {+,−}. Sνk � E ¥÷v±e^��¼ê�¤�8Ü,¿äk±e5

�:

(i) u3 (0, 1)S�k{ü":;

(ii) u 3 (0, 1)STÐk k − 1�":;

(iii)3 t = 0 �,��%��S,k νu > 0.

ù
8Ü Sνk 3 E ¥´m8�pØ��.

½Â 2.1 [11] �X ��� Banach�m, {Cn | n = 1, 2, . . . } �X ¥��qf8.K {Cn}�
þ4� D ½Â�

D := lim sup
n→∞

Cn =
{
x ∈ X | ∃{ni} ⊂ N, xni

∈ Cni
, ¦� xni

→ x
}
.

½Â 2.2 [11] 8Ü Q ¥��4�ëÏf8¡� Q �ëÏ©|.

Ún 2.3 [12] - X ��� Banach �m, {Cn} � X ¥��qëÏf8.b�

(a)�3 zn ∈ Cn, n = 1, 2, . . . ,9 z∗ ∈ X,¦� zn → z∗;

(b) lim
n→∞

rn =∞,Ù¥ rn = sup{‖x‖ | x ∈ Cn};

(c)é?¿�½� R > 0, (
⋃∞
n=1Cn)∩BR ´X ¥��é;8,Ù¥ BR = {x ∈ X | ‖x‖ ≤ R}.

K3 D ¥�3��Ã.ëÏ©| C � z∗ ∈ C.

Ún 2.4 [13] � a(t) ∈ C([0, 1], (0,∞)) ¤á.

(i)e u ∈ X ´�§ Lu = au����²�),K�3,� k Ú ν ¦� u ∈ Sνk ,¿� u ���

":�mTÐk�� u′ �":;

(ii)A��¯K Lu = µau �3��î�4O�A��S� µk := µk(a) > 0, k = 1, 2, . . .;z�

µk ��ê­ê� 1,��A�8�zA�¼ê ϕk ∈ S+
k .

5 2.5.��5¿�´,©z [14]¤�Ä���¯K¥,(:5�3 Cνk þ�±�±.
éuo�¯K

(3),(:(�Ø�½�±.
Ún 2.4�1 (i)Ü©�y
3ù
©|þ(:(�´�±�.¯¢þ,

e u ´¯K (3)����²�),K

Lu = λq(t)u,
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Ù¥

q(t) =


f(t, u(t))

u(t)
, u(t) 6= 0,

f0, u(t) = 0,

w,, q ∈ C([0, 1], (0,∞)),dÚn 2.4� (i)Ü©��,é,� k ∈ N ±9 ν ∈ {+,−},k u ∈ Sνk .

� ζ ∈ C([0, 1]× R,R) ÷v

f(t, u) = f0u+ ζ(t, u),

w,k

lim
|u|→0

ζ(t, u)

u
= 0.

�Ä

Lu− λf0u = λ ζ(t, u) (4)

´l²�) u ≡ 0�)�©Ü¯K.

þã�§�±=z��d�È©�§

u = λL−1[f0u(·)] + λL−1[ζ( · , u(·))].

d	,

lim
||u||→0

||L−1[ζ( · , u(·))]||3
||u||3

= 0.

d©z [15]Ú [16]½n 2.2��,l: (λk

f0
, 0) ?uÑü^pØ�Ó�Ã.ëÏ©| C+

k � C−k .k

Cvk ⊂
{

(
λk
f0
, 0)
}
∪
(
R× Svk

)
.

3. Ì�(J�y²

Ún 3.1 b�^� (A1)-(A2)¤á.Kéz��ê k ≥ 1 9 ν ∈ {+,−},�3¯K (4)�)�

¤���ëÏ©| Cνk ⊆ R× Sνk ë�
(
λk

f0
, 0
)
Ú (0,∞).d	,k Cνk \

{(
λk

f0
, 0
)}
⊂ R× Sνk .

y²:éu?¿� n ∈ N,½Â f [n](t, s) ∈ C([0, 1]× R,R)�

f [n](t, s) =

f(t, s), |s| ≤ n,
sf(t,n)
n

, |s| > n.

�ÄXe�9Ï¯K

 u′′′′(t) = λf [n](t, u(t)), t ∈ (0, 1),

u(0) = u(1) = u′′(0) = u′′(1) = 0,
(5)
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Ón,d©z [16]½n 2.2��l:
(

λk

(f [n])0
, 0
)
?uÑü^pØ�Ó�Ã.ëÏ©| C

+[n]
k � C

−[n]
k .

e¡y²©| C
ν[n]
k �àë�

(
λk

(f [n])0
, 0
)
, ,�à÷Ã¡ª�

(
λk

(f [n])∞
,+∞

)
. ?�:� (λm, um) ∈

C
ν[n]
k ÷v λm+‖um‖3 → +∞.5¿�,� λ = 0��§ (5)�k²�) (0, 0) ,ÏdCνk ∩

(
{0}×E

)
=

∅,?
é¤km ∈ NÑk λm > 0.d��Iy²(
λk

(f [n])∞
,

λk
(f [n])0

)
⊆
{
λ ∈ R | (λ, u) ∈ Cν[n]k

}
.

1�Ú:y²e�3~êM > 0¦�¿©��m÷v λm ∈ (0,M ] ,K©| Cνk ë�
(

λk

(f [n])0
, 0
)

�
(

λk

f [n])∞
,+∞

)
.

du λmk.� λm + ‖um‖3 → +∞,� ‖um‖3 → +∞.¯K (5)��d/��{
u′′′′m (t) = λm(f [n])∞um(t) + λm

[
f [n](t, um(t))− (f [n])∞um(t)

]
, t ∈ (0, 1),

um(0) = um(1) = u′′m(0) = u′′m(1) = 0,
(6)

�

(f [n])0 := lim
|s|→0

f [n](t, s)

s
= f0, (f [n])∞ := lim

|s|→∞

f [n](t, s)

s
=
f(t, n)

n
,

lim
|s|→∞

f [n](t, s)− (f [n])∞s

s
= 0. (7)

?�Úd (A2)��,

lim
n→0

(f [n])0 = f0, lim
n→∞

(f [n])∞ =∞.

é (6)ü>ÓØ± ‖um‖3,P um = um

‖um‖3 .du {um}3�m E ¥k.,��f�÷v um →
ū ∈ E.(Ü (7)��

lim
m→+∞

f [n](t, um(t))− (f [n])∞um(t)

||um||3
= 0.

P λ = lim
m→+∞

λm,÷v

u′′′′ = λ(f [n])∞u.

qÏ� Cνk ´48,� u ∈ Cνk ,u´ λ(f [n])∞ = λk,=

λ =
λk

(f [n])∞
.

Ïd©| C
ν[n]
k ë�

(
λk

(f [n])0
, 0
)
�
(

λk

(f [n])∞
,+∞

)
.

1�Ú: y²(¢�3��~ê M > 0 ¦�éu?¿� m ∈ N k λm ∈ (0,M ]. ��e

lim
m→+∞

λm = +∞.d (λm, um) ∈ Cν[n]k .é?¿ t ∈ [0, 1],P

p̃m(t) =


f [n](t, um(t))

um(t)
, um(t) 6= 0,

(f [n])0, um(t) = 0.

DOI: 10.12677/pm.2026.1610220 153 nØêÆ

https://10.12677/pm.2026.1610220


Á[�

d^� (A1), (A2),�3~ê % > 0¦�é?¿� t ∈ [0, 1], n ∈ Nk p̃m(t) > %,u´

u′′′′m = λmp̃m(t)um.

�â Sturm'�½n(ë�©z [16]Ún 3.2)���m → +∞�íÑ um 3,�«mS":ªu

Ã¡õ,ù� um ∈ Sν[n]k gñ. � λm kþ..·�5¿�, Rynne3©z [17]�Ún3.7�y²¥�

æ^
�Ó�Øy�{.Ïd,¯K (5)3 R × Sν[n]k ¥�3ë�
(

λk

(f [n])0
, 0
)
�
(

λk

(f [n])∞
,+∞

)
�ëÏ

©| C
ν[n]
k ,÷v C

ν[n]
k \

{(
λk

(f [n])0
, 0
)}
⊂ R× Sν[n]k .

Ï�

lim
n→∞

λk
(f [n])∞

= lim
n→∞

λk
nf(t, n)

= 0,

� z∗ = (0,∞),KÚn 2.3¥�^� (a)÷v.

Ï� C
ν[n]
k Ã.,¤± rn = sup

{
|λm|+ ‖um‖ | (λm, um) ∈ Cv[n]k

}
=∞,K^� (b)÷v.

^� (c)�d Ascoli-ArzelU½n9 f [n] �½Â��í�.Ïd, {Cν[n]k } �þ4�,= D¥�¹
��Ã.ëÏ©| Cνk ë�

(
λk

f0
, 0
)
Ú (0,∞). �

Ún 3.2 b� (A3)¤á.e ((λ∗k)
ν , uk) ∈ Cνk ÷v ‖uk‖∞ = sk (k = 1, 2, · · · , n, n+ 1),K

(λ∗k)
ν >

λk
f0
.

y²:¯K (3)��dÈ©/ª�

u(t) = λ

∫ 1

0

G(t, x)

[∫ 1

0

G(x, τ)f(τ, u(τ))dτ

]
dx,

Ù¥

G(t, x) =


t(1− x), 0 ≤ t ≤ x ≤ 1,

x(1− t), 0 ≤ x ≤ t ≤ 1.

e ((λ∗k)
ν , uk) ∈ Cvk ÷v ‖uk‖∞ = sk,Kd^� (A3)Ú Green¼ê G(t, x)�5���

sk = ‖uk‖∞ = max
t∈[0,1]

∣∣∣∣(λ∗k)ν ∫ 1

0

G(t, x)

[∫ 1

0

G(x, τ)f(τ, uk(τ)) dτ

]
dx

∣∣∣∣
< (λ∗k)

ν 60f0
λk

sk

∫ 1

0

G(x, x)

[∫ 1

0

G(x, τ) dτ

]
dx

= (λ∗k)
ν f0
λk
sk,

=k

(λ∗k)
ν >

λk
f0
. �
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3.1. ½n 1.1�y²

� Cνk �Ún 3.1 ¥¤ã�ëÏ©|, T©|± (λk

f0
, 0) �©Ü:, ��ë�� (0,∞) , e

0 < λ < λ1

f0
,K¯K (3)���3 2n�) u+k Ú u−k (k = 1, 2, 3, · · · , n).Ù¥ u+k 3«m (0, 1)STÐ

k k − 1�":,�3 0NC��; u−k 3«m (0, 1)STÐk k − 1�":,�3 0NC�K. �

3.2. ½n 1.2�y²

� Cνk �Ún 3.1¥¤ã�ëÏ©|,T©|± (λk

f0
, 0)�©Ü:,� {((λ∗k)ν , uk)} �Ún 3.2¥

¤ã�S�,÷v ‖uk‖∞ = sk,dÚn 3.2��, Cνk l (λk

f0
, 0) uÑ�¬²L©Ü:mý�:,��

ë�� (0,∞) ,e λ1

f0
< λ < λ∗,K¯K (3)���3 2n + 2�) u+k Ú u−k (k = 1, 2, · · · , n, n + 1),

Ù¥ u+k 3«m (0, 1)STÐk k − 1�":,�3 0NC��; u−k 3«m (0, 1)STÐk k − 1�

":,�3 0NC�K. �

Ä7�8

I[g,�ÆÄ7]Ï�8(1OÒ: 12461036).
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