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Abstract

Let L be a completely distributive lattice. This paper mainly investigates the char-

acterization of Eilenberg - Moore algebras associated with the monad of strong L-
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upper sets. First, we introduce the notion of a strong L-upper set. Next, we con-
struct a monad structure based on strong L-upper sets. Finally, we prove that the
Eilenberg - Moore algebras corresponding to this monad structure are precisely fuzzy

completely distributive lattices.

Keywords

Monad Structure, Eilenberg-Moore Category, Fuzzy CD-Lattice

Copyright (© 2026 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

BY

1. 5|5

Monad 45 14 72 Vi W5 18 o i B A T B, A8 Fy G5 A0 AN 0 b 22 18] AT 7t o 3% %6+ 70 B AT .
ELMEET, JETFmonadd i) LA XKHEIEH. AR, H£E5IE4Set FiJEFmonadsh
Fa %53 37 ) Eilenberg—Mooreft i 15 5 'S Hausdor fF#h $h 23 ] 35 B4 [F] #4 [1].  HofmannF1Tholen PA i€
T monad 45 4 B AUEIE T monad 454, FFAESCHR (2] A BIKleisli & X #4102 (8] #E4T 1 R G0 7.
DayilFE ] T € Fmonad 45 # [ Eilenberg—MoorefRE A U /& E 2245 [3].

BEf5, monadZh i H it 5 HIMIEHIR ML G Sealdh T ¥ monad4h M HIKleislify 5k 4 &
FAE R R UG I — Bk iE (4] fEERA [5)3 T T 7 B AR B A 51N T — P monad45 1, JF
E B Zmonad 45 14 X B [ Eilenberg—MoorefU A Nframe. JEXR [6)45 H T AE A IR Emonad 45
R LA A 97 5K JF 20 1 HAAARHEL B (7)€ T A PR AL BLL- | BEmonad &5 4, FFAEST T
HEilenberg—Mooreft (1A 2 i

& monad &t M I BE S AEVERE 10 b AT B 20 o BB AR ERR] (8] X T & T Rk A AR
B _E£Emonad4h 4, AT T EATZ 81K R K HEilenberg—Mooref S E AR RAR KL Z ], oA 2 2
fEBIRTTENE KA 7T, MELE EAF SiRilenbergMoorefRE {2 il . MR 7€ 45 4 Fo A A2 P 3L 6
AN AT EGER ) — 5. 25 T -monad 45 #4 XT B [F) Eilenberg—Mooref CEUTE %I R 7> 45 44 77 TH AR 35
Ja KIBATE— LB A, BB moand 45 K49t B (1) Eilenberg-Mooref U2 BOM 78 4 7 FC g 2 X A1)
BUE AR FATTRAH T

2. IR

AL SE A Beds, BB A /N e AR R Ie i 52 & 4% (9] Hodpe /e Al Koo 43 il
HNO51, L
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(CD1) \/ /\ Bij = /\ \/ﬁi,f(i)v

i€l jeJ; fell Jiiel
i€l
Kb {B,;|j€Ji,iel} C L XTHANTERTEH, (CDL)SEMT

(€p2) AV Bii= V AbBisor

iel jeJ; feT] Jiiel
el

HE£EHX ER—ANL-THEZIRMNX B LEBE . X ESERL- RIS NLY, FRAX ) L-5
£, LEM—UIREueHEY Sy ikeLX. BAth, SEZEf,ge LY. €L kaee X, A

D) (fvg)(z) =f(z)vg(z);
2) (f1g)(x) = f(z) Ag(x);
3) (f=8)(z) =f(z) = &
1) (£ = f)(z) =€ = f(2).
MMEEA, B € LY, AGETBIIFEE [10]2 L H

(1)
(2)
(3)
(4)

S(A4,B)= M (Ax) - B()).

zeX

SHERESX, XHERTETRINFEEILAP(X), HEmERTFEMRNESICNP i (X).
WX, Y RAETES, Hf - X — YA, SMEEA e P(X)5B € P(Y), BXf~: P(X) —
PY)Lfe: P(Y)— P(X)N

={f(x)eY |ze A} M f(B)={zeX]|f(z)e€B}.
H—PH, SHMEEAc LY. BeLY. v e XFkyeY, @Xfp : LX — LYRfi LY — LA

=\ A(@@) B fi(B)(@) = B(f(2)).

f(z)=y
LT (AFNATEf TG, fi(B)FRABIESf FTHIEAR. BN . LY — LI E#A A T 57

I3l SUN
supk = \/ (IC(A) /\A) Momfc = A (IC(A) = A).
AeLX AeLX
HWK - LY — Lk
K(A) A S(A, B) < K(B),
MFRKR—AL- B4, HA A B e LY, XWTaWag A kR, vl LS 30k [11).

EX2.1 ([12]). HE&TESet EF— M monadZith &2 =J0S = (S,n,p), HHS : Set — SetHy
BT, Al PN B IRAS R, IR B S 3R

N :idges — S Ml p:S8S — S,
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ponS =idser = poSn H pouS=poSpu.

2.2, (1) BELTP = (P,d,n)E XN, BERTPRSet PN RXMOVHREEPX, I
BEADMGf . X — YBUAPSf : PX — PY, Hhx{EEA € PX,

Pf(A) = {f(:z:) |z € A}.
SHERr € XHIH € PPX, Wbtdy SnxE XN

dx(z) = {z} H nx(H)=J*n.

(2) BRmEFRTP? = (P2 e,m)& XM TF. BRER FPKESXWAP’X = PPX, H4)
Hey: X — P2XEmy : P2P2X — P2XE XN

ex(z)={Ae PX |z A} H mx(9) =19,

HiAerp < {ACPX|Ac A}
EX2.3. 45ESet LIHETS = (S,n,p1)o HWfa: SX — X2

aonxy =idx H aoSa=aopuy,
NFRaN—AS-HE (8iEilenberg-MoorefRE). WEiZ, TR .
X[dr)iay [r]™ SX[d]* X SSX[d],y [1°*SX[d]"SX [r]. X

#f (X, a) — (Y,b) A2
foa=boSf

BRI f - X — Y, WFRFN—AS-FR. -T2, FEWH:
SX[d)o[r]?!SY [’ X[r] ;Y.

RS- ARHUILS-[RIZS B B YE I 1L Set®.

3. EHiTT £ S ECAR RS- R &% E

AT FCS-AB S R 76 42 40 FOAS Z A RS OC 2R 1 50 IR BTSSR 56 4 73 A% HO A2
EX3.1 ([13]). WX AN liihk. Gy L — Xiig

ix(V 8) = Vix(8) B ix(N\s)=Nix(8),

teT teT teT teT

HA{Bitier € L, WIFR(X, ix ) A— MR 78470 Tk
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FEX3.2 ([13]). W(X,ix) 5 (Y, iy) BB 20Tk 5 MRIFHRSZHE f X — Vil 2
f OiX = iY7

NFR f—ACD-75 44

SRR 58 45 Be ks S HLCD-Z8 5 BT G 50 A FCDL. T S0 SR HBGHE SRR 58 4 0 il
¥
ENX3.3. HWRH : LX — LiFi 2

HA) =\ Hiw) Sk, A),

UeP(X)

HrpAde L, WARHA—EL- B,

AXMSXFoR (LY, S) L e fdsi L- EAEPTRIISES. B8, (LY, SX)&— Mz Alexandroff L-
bl

o &S : Set — Set: UMM RXMNSX, BENMHS: X — YBASF : SX —
Sy, H#
SfH)(B) =H(fi (B)).

o %anX%SXj"j

Hrz e XHA e LY,

o Wy SSX — SXH
px (9)(A) = H(A),

HerA*(H) = H(A), HHeSSX. HeSXKAe L,

MR IR, BATATLIUES = (S, n, p) & —PmonadZ5 4. T, FATRHFFA 754
o eAE 5 S-RECZ TR TE s 26 R
EIE3.4. Ka:SX — XA—ASKHEK, FRXe <yEHERLa(2z]V]y]) =y WX, )ATE
HEA, H(X,i%)AREMT A, LdPidiEEaclL,

i%(a) = a(a A [Tx]).

MERR. (1) a: SX — X 2K,
HTa:SX — XASAH,

aonxy =idx H aoSa=aopux.
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Haony =idx, WM&z € XA
a([z]) = aonx(z) =idx(z) = .

NERE R a0 Sa = aopx, THEFE-NRHEIE. &9 =V [H) HP{H}

teT

C SX. MXHE

teT —

=AeLX,

Sa(9)(A) = H(ap (4)) = \/ M (ai (4)) = \/ ap (A)(H) = \/ A(a(He)) = \/ [a(H)I(A)

teT teT teT teT

H

px(9)(A) = H(A7) = \/ (A7) = \/ A (Hy) = \/ Hi(A).

teT teT teT

i, MEE{H.},., C SX,

teT —

a( \/Ht) :a( \/[a(?—[t)]).

teT teT

Th, M0 < K,
a(K) = a(KV G) = a([a(K)] V [a(9))),

NI}
a(G) < a(K).

a: SX — XHIH. XPFXHfEREa e LEH € SX, an[H] € SSX, WM{EmAe LY,

Sa(a A [H])(A) = a A [H](af (A) = a Aap (A)(H) = a A Ala(H)) = (a Ala(H)])(A)

px (A [H])(A) = a A [H](AY) =an A (H) = (a AH)(A).
Rk, MEEa e L5H € SX,

alaN[a(H)]) =aoSa(aN[H]) =aopux(aA[H]) =alaANH).

(2) (X, <)M P4

(i) £z € X. Ha([z]) =z, B
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HOHEE2z € X, = < o

(ii) vz <yHy <z, N

Mz = y.

(iii) Hr <yHy <z, W

XA
z = a([z])
<a([z] v [2])
< a([z]V [y] V [2])
= a([a([2] v )] vV [4])
= a([y] v [])
T

Bla <z B, (X, <)HnF5E.
(3) (X, <)tk
(i) £ e X, W

z = a([z]) = a([z] VOrx) = a([z] V [a(0rx)]),

MRz € X, a(0px) < 2o #Wa(0px) XK/ TT.

(i) {2}, . C X, HHPT #0. Ha:SX — XHHFEME, WEANMeTH

z = a([zy]) < a( \/ [xt])

teT

teT

i Wa( V(o) (o), A B SRR R, A

teT

a([z] vV [a;t]) =z,
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a(fa] v [“(MW) = a([s] v Vi
- a(tET[x] v [wt])
= a(@{a(m v [zi])])
= a([a])

Bla( V [z]) <z B,

teT

a( \/[xt]) = \/ Ty,

teT teT

HI(X, <) —Aoesktk. dt—2H, sMERE{G}, . CSX,

teT —

o(V ) = o Via@]) = V a(@),

teT teT

X : SX — X TMEE I
(4) a: SX — X{RMEER.
B{Fier CSX, HAH = N\ [F]. {TWA e LY, N

teT
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i1

a( /\Ft) :a( /\[a(Ft)D.

teT teT

— 1, Ha:SX — XHH, &

o( AF) < N\ ar),

teT teT

Mifia( A\ F)—FHa(F)R TR 5—J7H, WG a(F)RE—T 5 MXHERL € T,

teT

I H.

XEWEr < a( A Ft)o HOMEEA{F, }ier € SX,

teT

a( /\ Ft) = /\ a(Ft),

teT teT
Bla: SX — XTRTEA.

(5) (X, <) NFEL B

HFLNEEN I, L2 ANl FB{H,, € SX |je Jiic I}, N

a(\/ A 7—[”) =V A\ a#:))

i€l jed; i€l jeJd;

a( /\ \/Hi,f(i)): /\ \/G(Hi’f(i))v

fEHiEI Ji i€l f€l‘he1 Jiiel
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\/ /\ a(?—li,j)za(\/ /\ ’H”) :a( /\ \/Hi,f(i)> = /\ \/a(?—l 7))

iel jeJ; icl jeJ; fe€lliey Ji i€l fellie; Ji i€l

iﬁ—‘%/':ﬂijn Eﬁﬂ{mi’j e X |j S Ji, 1€ I}y ﬁ

V Az =\ Nalzh= A Valzizod= A Vaso

i€l jEJT; i€l jEJ; feller Jitel feller Jitel
WX, <) NFEasriits.
(6) (X, i% ) AR 56425 Fi Ak o

SE®a € L, EXi% : L — XA

TNUE(X, 3% ) AR 76 4 7 Fi A%

(i) FEB{ o} eer € L, W

B Vor) =

/_\

\/ozt/\ TX)

teT teT
_ ( 7&) (BN L5240
teT
= \/ Clt VAN TX
eT
= lg{(at)v
teT

Bag PRAE =T

(i) B aebrer € L, W

z‘}(( /\ at) = a( /\ oy A [Tx]> = /\ alog N [Tx]) = /\ i% (o),

teT teT teT teT

B AREREAE, Bk, (X, i) 9 —AMKER 52 4 4 s 0

EHE3.5. Ff:(X,a) — (Y, 0)A—AS-RZ&, MNf:(X,i%) — (V,i%)A—ACD-&4
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MERR. (1) AEB {2 }eer € X, )

F(\ @) =r(\ allzd)

teT teT

=1(«( Vi)

teT

=bosf(\/ =)

teT

= b( \/[f()])

teT

= \/ b([f (z+)])

teT

= \/ f ().

teT

(2) Bz }ier € X, M

F(N\w) = (A alz))

teT teT

- ol )

teT

_ boSf( /\[%])

teT

= b( Alf(@)])

teT

= N\ b([f ()

teT
= /\ ().
teT
(3) e L, N

foi(a) = flala A [Tx])) = bo Sf(a A [Tx]) = b(a A [f(Tx)]) = bla A [Ty]) = i (a).

Kk, foi% =4db, HIf:(X,i%) — (Y,i%) NCD-A&4t. O

HEH3. 45235, AE XETFK : Set® — FCDLUIF:

SetS — FCDL
K:{ (X,a) — (X,i%)
f — I

S, W] ERE e 4 o3 BORS T M S SARKL
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FH3.6. K (X, ix)H—AEME L HTA. HHEEH € SX, #la, 1 SX — X

a (M) =\ ix(H(xw)) A (AD).

UeP(X)

(X, a; ) A —AS-Kko

IERR. (1) (e € X, TN

aix onx(@) =ai () =\ ix(Elow) A () =\ (T A (D)) =

UeP(X) zeUeP(X)

Bla;, onx = idx.

(2) TP € SSX, N

aiy 08a; (@) = \/ ix(Sai (®)(xv)) A (AU)

UeP(X)
=\ ix(®@(af; (xv)) A (AD)

UeP(X)

=V ix( V2w A S (xeal (0))) A D)

UeP(X) BCSX

=V (V  ix@us))Ano)

UEP(X)  BCaf, (xv)

=\ Vo ix(@(xs) A (AU).  (BEAX 584250

UeP(X) BCat, (xv)

—J7 M, ERU € P(X)F#EB C af, (xu)IB C SX. MXMERH € B,
aix (H) c U,
N}

AU < /\ aiX(’H)

HeB

= AV ix(HOw)) A (AUx)

HEB Uy eP(X)

=V N (ix(H(xum)) A (AH(H)))

He T] P(X)HeB

=V ( N iX(H(XH(H)))> A (A U H(H))
He I1 P(X) HEB Heb

=V zx( N\ o) ) ( U H# )
He 1 P(X) HeB Heb
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4,
ix(®(xs)) A (AU) <ix(®(xs)) A \/ ix( /\ H(XH(’H))) A </\ U H(%))
He I P(X) HeB HEB
=V (i <<I><x6>>mx( A Hlxon Na(aUHm))
HGHI;[BP(X) HEB
<V 7;X(<1>(XB))MX( N\ H( xW)) A (AW).
WeP(X) HeB
T2
iy o pux(P) = ix(ux(®)(xv)) A (AU)
UeP(X)
= ix(®(xp)) A (AU)
UeP(X)
ix( V@) ASxaxi)) A D)
UeP(X) GeP(SX)
> zX(¢> x5) A S( XB7XU) (NU)
UeP(X)
ix (@ /\ H(xv ) U),
UeP(X) HEB

E]]aix OSCLZ'X S i O UXo %—‘jjﬁ]‘y {EEX@ € SSX, )I_I\]J

aixonx@ =\ V ix(®0e) AS(e.xi)) A (D).

UeP(X) GEP(SX)

fEHU € P(X)MG € P(SX). AU = {a;,(H) | H € G} NI
G Caj (U),

LN(]

aiy 08a; (P) > ix(P(xg)) A (AD)
= ix(@(xa)) A\ aix(H)

HEG

@aa)A AV ixHOw)) A (AU)

HEG Uy eP(X)

ix(®(xa)) A N\ ix(H(xv)) A (AU)

HEG

ix(®(xa)) A iX< A ”H(XU)) A (AU)

HEG
=ix(®(xe)) Nix(S(xa, X)) A (AU)
= ix(®(xa) A S(xe: x1)) A (AU),

v
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E]]a/ix o ‘LLX S a’ix oSaiXo JJ:EH (X, aix)j\jg'/fﬁﬁo D

EIE3.7. Hf: (X,ix) — (V,iy) A —ACD-E4, Wf: (X, a;,) — (Y, b, ) A —AS-Fl &

JUERR. fEELH € SX, W

Foan () =F(\ ix(HOxw) A (AD))

UeP(X)

=\ Flix () A )

UeP(X)

= Vi (How) A (0)

UeP(X)

biy oSf(H) =\ iv(SF(H)(xv)) A (AV)

VeP(Y)

Vv o)) A (V)

VEP(Y)

=V iv(Hyew) A (AV).

VeP(Y)

ﬁ%gﬁiﬁfoai}( = biy OSf, E]]f : (X, CLiX) — (Y, biy)?'\j*/l\S—la?&o O

HHEP3.65 2R 3.7, WE XK FM : FCDL — SetilI

FCDL — Set®
M: (X,Zx) — (Xva'ix)

N2 AT 2 A R

ETE3.8. FCDL5SetSF #,

HWEER. HFFIEMIM o K = idgers XK o M = idpcpre B XTEESARE(X, a) S AT =AM 56 4 43 il
(X, ix), A
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(1) T]H € SX,

aiq (1)

\/ i H(xw)) A (AD)

UeP(X)

V' aHxw) A [Tx]) A (AD)

UeP(X)

=a(\/ HOw) A x4 A))

UeP(X)

=V How) A (Al]))

UeP(X) zeU

=\ HOw)ASKw.-))

UeP(X)

= a(H),

E]]CL = aiaxo

(2) {Efla e L, N

i () = ai (a A [Tx])

=V ix((@nmxhiw)) A (a0)

UeP(X)

=\ z’X(a/\XU(TX))A(/\U)
UeP(X)

-V (z’X(a) A (AU))

TxeUeP(X)
= iX (Oz) VAN TX

= ix(a),

Bliy =%, Kk, FCDL5Set®[FH. O

B it

M FAF B R B TR PR GRS AERH ODNL ISR I H 958, T H %% 5:202610060176.
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