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Abstract

Let L be a completely distributive lattice. This paper mainly investigates the char-

acterization of EilenbergõõõMoore algebras associated with the monad of strong L-
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upper sets. First, we introduce the notion of a strong L-upper set. Next, we con-

struct a monad structure based on strong L-upper sets. Finally, we prove that the

EilenbergõõõMoore algebras corresponding to this monad structure are precisely fuzzy

completely distributive lattices.
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(
CD1

) ∨
i∈I

∧
j∈Ji

βi,j =
∧

f∈
∏
i∈I

Ji

∨
i∈I

βi,f(i),

Ù¥
{
βi,j | j ∈ Ji, i ∈ I

}
⊆ L"éuz���©��§(CD1)�du(

CD2
) ∧
i∈I

∨
j∈Ji

βi,j =
∨

f∈
∏
i∈I

Ji

∧
i∈I

βi,f(i).

8ÜXþ���L-f8´�lX�L�N�"Xþ�NL-f8¤¤�xP�LX§¡�X�L-�

8"Lþ����ê$�þ�Å:*Ü�LX"äN/§é?¿f, g ∈ LX!ξ ∈ L 9x ∈ X§k

(1)
(
f ∨ g

)(
x
)

= f
(
x
)
∨ g
(
x
)
;

(2)
(
f ∧ g

)(
x
)

= f
(
x
)
∧ g
(
x
)
;

(3)
(
f → ξ

)(
x
)

= f
(
x
)
→ ξ;

(4)
(
ξ → f

)(
x
)

= ξ → f
(
x
)
.

é?¿A,B ∈ LX§A�¹uB�§Ý [10]½Â�

S(A,B) =
∧
x∈X

(
A(x)→ B(x)

)
.

é?¿8ÜX§X��Nf8¤¤��8P�P (X)§Ù�Nk�f8�¤�8ÜP�Pfin(X)"

�X,Y���8Ü§�f : X −→ Y�N�"é?¿A ∈ P (X)�B ∈ P (Y )§½Âf→ : P (X) −→
P (Y )9f← : P (Y ) −→ P (X)�

f→(A) =
{
f(x) ∈ Y | x ∈ A

}
Ú f←(B) =

{
x ∈ X | f(x) ∈ B

}
.

?�Ú/§é?¿A ∈ LX!B ∈ LY!x ∈ X9y ∈ Y§½Âf→L : LX −→ LY9f←L : LY −→ LX�

f→L
(
A
)
(y) =

∨
f(x)=y

A
(
x
)
Ú f←L

(
B
)
(x) = B

(
f(x)

)
.

L-f8f→L (A)¡�A3fe��§f←L (B)¡�B3fe���"N�K : LX −→ L�þ(.Úe(.

©O½Â�

supK =
∨

A∈LX

(
K(A) ∧A

)
Ú inf K =

∧
A∈LX

(
K(A)→ A

)
.

eN�K : LX −→ L÷v

K(A) ∧ S(A,B) ≤ K(B),

K¡K���L-þ8§Ù¥A,B ∈ LX"éu�ÆØ��'�£§�±ë�©z [11].

½Â2.1 ( [12]). 8Ü�ÆSetþ���monad(�´n�|S = (S, η, µ)§Ù¥S : Set −→ Set�

¼f§ηÚµ´ü�g,C�§©O¡�ü �¦{µ

η : idSet −→ S Ú µ : SS −→ S,
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¿÷v

µ ◦ ηS = idSet = µ ◦ Sη � µ ◦ µS = µ ◦ Sµ.

~2.2. (1) �8üfP = (P,d,n)½ÂXe"�8¼fPòSet¥�z�é�XN�Ù�8PX§¿

òz�N�f : X −→ YN�Pf : PX −→ PY§Ù¥é?¿A ∈ PX§

Pf(A) =
{
f(x) | x ∈ A

}
.

é?¿x ∈ XÚH ∈ PPX§N�dX�nX½Â�

dX(x) = {x} � nX(H) =
⋃
H.

(2) V�8üfP2 = (P2, e,m)½ÂXe"V�8¼fP 2ò8ÜXN�P 2X = PPX§Ù©

þeX : X −→ P 2X�mX : P 2P 2X −→ P 2X½Â�

eX(x) =
{
A ∈ PX | x ∈ A

}
� mX(H) = ΣH,

Ù¥A ∈ ΣH⇐⇒
{
A ⊆ PX | A ∈ A

}
"

½Â2.3. �½Setþ�üfS = (S, η, µ)"eN�a : SX −→ X÷v

a ◦ ηX = idX � a ◦ Sa = a ◦ µX ,

K¡a���S-�ê£½Eilenberg–Moore�ê¤"�Ò´`§eã���µ

X[dr]idX [r]ηXSX[d]aX SSX[d]µX
[r]SaSX[d]aSX[r]aX

ef : (X, a) −→ (Y, b)�÷v

f ◦ a = b ◦ Sf

�N�f : X −→ Y§K¡f���S-Ó�"�ó�§eã���µ

SX[d]a[r]
SfSY [d]bX[r]fY .

�NS-�ê9ÙS-Ó�¤¤��ÆP�SetS"

3. �
��©���S-�ê�x

�!ïÄS-�ê��
��©���m��Æ'X"Äk£��
��©���Vg"

½Â3.1 ( [13]). �X�����©��"eN�iX : L −→ X÷v

iX

( ∨
t∈T

βt

)
=
∨
t∈T

iX(βt) � iX

( ∧
t∈T

βt

)
=
∧
t∈T

iX(βt),

Ù¥{βt}t∈T ⊆ L§K¡(X, iX)����
��©��"
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½Â3.2 ( [13]). �(X, iX)�(Y, iY )��
��©��"e���¿����N�f : X −→ Y÷v

f ◦ iX = iY ,

K¡f���CD-��"

�N�
��©��9ÙCD-��¤¤��ÆP�FCDL"e©òlS-�êp��
��©�

�"

½Â3.3. eN�H : LX −→ L÷v

H(A) =
∨

U∈P (X)

H(χU ) ∧ S(χU , A),

Ù¥A ∈ LX§K¡H���rL-þ8"

�©^SXL«
(
LX , S

)
þ��NrL-þ8¤¤�8Ü"w,§(LX ,SX)´��÷��AlexandroffL-

ÿÀ�m"

• ½ÂS : Set −→ Setµ§òz�é�XN�SX§òz�N�f : X −→ YN�Sf : SX −→
SY§Ù¥

Sf(H)(B) = H
(
f←L (B)

)
.

• ½ÂηX : X −→ SX�
ηX(x)(A) = A(x),

Ù¥x ∈ X�A ∈ LX"

• ½ÂµX : SSX −→ SX�
µX
(
H
)
(A) = H(A∗),

Ù¥A∗
(
H
)

= H(A)§�H ∈ SSX!H ∈ SX9A ∈ LX"

�âþ¡��E§·��±y²S = (S, η, µ)´��monad(�"e¡§·�òïÄ�
��

©���S-�ê�m��Æ'X"

½n3.4. �a : SX −→ X���S-�ê§¿½Âx ≤ y��=�a
(
[x] ∨ [y]

)
= y"K(X,≤)���

©��§�(X, iaX)��
��©��§Ù¥é?¿α ∈ L§

iaX(α) = a(α ∧ [TX ]).

y². (1) a : SX −→ X´üN�"

dua : SX −→ X�S-�ê§�

a ◦ ηX = idX � a ◦ Sa = a ◦ µX .
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da ◦ ηX = idX§é?¿x ∈ Xk

a([x]) = a ◦ ηX(x) = idX(x) = x.

�n)�ªa ◦ Sa = a ◦ µX§k�	��AÏ�/"�H =
∨
t∈T

[Ht]§Ù¥
{
Ht
}
t∈T ⊆ SX"Ké?

¿A ∈ LX§

Sa(H)(A) = H
(
a←L (A)

)
=
∨
t∈T

[Ht]
(
a←L (A)

)
=
∨
t∈T

a←L (A)(Ht) =
∨
t∈T

A
(
a(Ht)

)
=
∨
t∈T

[a(Ht)](A)

�

µX(H)(A) = H(A∗) =
∨
t∈T

[Ht](A∗) =
∨
t∈T

A∗(Ht) =
∨
t∈T

Ht(A).

Ïd§é?¿
{
Ht
}
t∈T ⊆ SX§

a
( ∨
t∈T

Ht
)

= a
( ∨
t∈T

[a(Ht)]
)
.

u´§�G ≤ K�§
a(K) = a(K ∨ G) = a

(
[a(K)] ∨ [a(G)]

)
,

l


a(G) ≤ a(K).

�a : SX −→ XüN"qÏé?¿α ∈ L�H ∈ SX§α ∧ [H] ∈ SSX§�é?¿A ∈ LX§

Sa(α ∧ [H])(A) = α ∧ [H](a←L (A)) = α ∧ a←L (A)(H) = α ∧A(a(H)) =
(
α ∧ [a(H)]

)
(A)

�

µX(α ∧ [H])(A) = α ∧ [H](A∗) = α ∧A∗(H) =
(
α ∧H

)
(A).

Ïd§é?¿α ∈ L�H ∈ SX§

a(α ∧ [a(H)]) = a ◦ Sa(α ∧ [H]) = a ◦ µX(α ∧ [H]) = a(α ∧H).

(2) (X,≤)´�� S8"

(i) ?�x ∈ X"da([x]) = x§k

a([x] ∨ [x]) = a([x]) = x,

DOI: 10.12677/pm.2026.1610217 104 nØêÆ

https://doi.org/10.12677/pm.2026.1610217


�²��

�é?¿x ∈ X§x ≤ x"

(ii) ex ≤ y�y ≤ x§K

y = a([x] ∨ [y]) = a([y] ∨ [x]) = x,

�x = y"

(iii) ex ≤ y�y ≤ z§K

y = a
(
[x] ∨ [y]

)
� z = a

(
[y] ∨ [z]

)
.

qk

z = a([z])

≤ a
(
[x] ∨ [z]

)
≤ a

(
[x] ∨ [y] ∨ [z]

)
= a

(
[a([x] ∨ [y])] ∨ [z]

)
= a

(
[y] ∨ [z]

)
= z.

u´

a
(
[x] ∨ [z]

)
= z,

=x ≤ z"Ïd§(X,≤)� S8"

(3) (X,≤)´�����"

(i) ?�x ∈ X§K

x = a([x]) = a([x] ∨ 0LX ) = a([x] ∨ [a(0LX )]),

l
é?¿x ∈ X§a(0LX ) ≤ x"�a(0LX )�X����"

(ii) ?�
{
xt
}
t∈T ⊆ X§Ù¥T 6= ∅"da : SX −→ X�üN5§éz�t ∈ Tk

xt = a
(
[xt]
)
≤ a

( ∨
t∈T

[xt]
)
.

ùL²a
( ∨
t∈T

[xt]
)
´
{
xt
}
t∈T���þ."éTx�?¿þ.x§k

a
(
[x] ∨ [xt]

)
= x,
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Ù¥t ∈ T"u´

a
(

[x] ∨ [a
( ∨
t∈T

[xt]
)
]
)

= a
(

[x] ∨
∨
t∈T

[xt]
)

= a
( ∨
t∈T

[x] ∨ [xt]
)

= a
( ∨
t∈T

[a
(
[x] ∨ [xt]

)
]
)

= a([x])

= x,

=a
( ∨
t∈T

[xt]
)
≤ x"Ïd§

a
( ∨
t∈T

[xt]
)

=
∨
t∈T

xt,

=(X,≤)´�����"?�Ú/§é?¿
{
Gt
}
t∈T ⊆ SX§

a
( ∨
t∈T

Gt
)

= a
( ∨
t∈T

[a(Gt)]
)

=
∨
t∈T

a
(
Gt
)
,

ù`²a : SX −→ X�?¿¿"

(4) a : SX −→ X�?¿�"

�{Ft}t∈T ⊆ SX§¿-H =
∧
t∈T

[Ft]"?�A ∈ LX§K

Sa
(
H
)
(A) = H

(
a←L (A)

)
=
( ∧
t∈T

[Ft]
)(
a←L (A)

)
=
∧
t∈T

[Ft]
(
a←L (A)

)
=
∧
t∈T

a←L (A)(Ft)

=
∧
t∈T

A(a(Ft))

=
∧
t∈T

[a(Ft)](A)

�

µX
(
H
)
(A) = H(A∗) =

( ∧
t∈T

[Ft]
)

(A∗) =
∧
t∈T

[Ft](A
∗) =

∧
t∈T

A∗(Ft) =
∧
t∈T

Ft(A).
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�

a
( ∧
t∈T

Ft

)
= a

( ∧
t∈T

[a(Ft)]
)
.

��¡§da : SX −→ XüN§k

a
( ∧
t∈T

Ft

)
≤
∧
t∈T

a(Ft),

l
a
( ∧
t∈T

Ft
)
´¤ka(Ft)�e.",��¡§�x�¤ka(Ft)�?�e."Ké?¿t ∈ T§

a
(
[x] ∨ [a(Ft)]

)
= a(Ft).

¿�

a
(

[x] ∨ [a(
∧
t∈T

Ft)]
)

= a
(

[x] ∨ (
∧
t∈T

Ft)
)

= a
( ∧
t∈T

([x] ∨ Ft)
)

£Ï�L´��©��¤

= a
( ∧
t∈T

[a([x] ∨ Ft)]
)

= a
( ∧
t∈T

[a([x] ∨ [a(Ft)])]
)

= a
( ∧
t∈T

[a(Ft)]
)

= a
( ∧
t∈T

Ft

)
,

ù¿�Xx ≤ a
( ∧
t∈T

Ft
)
"�é?¿{Ft}t∈T ⊆ SX§

a
( ∧
t∈T

Ft

)
=
∧
t∈T

a
(
Ft
)
,

=a : SX −→ X�?¿�"

(5) (X,≤)���©��"

duL���©��§LL
X

����©��"?�{Hi,j ∈ SX | j ∈ Ji, i ∈ I}§K

a
(∨
i∈I

∧
j∈Ji

Hi,j
)

=
∨
i∈I

∧
j∈Ji

a(Hi,j)

�

a
( ∧
f∈

∏
i∈I Ji

∨
i∈I

Hi,f(i)
)

=
∧

f∈
∏

i∈I Ji

∨
i∈I

a(Hi,f(i)),
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l
 ∨
i∈I

∧
j∈Ji

a(Hi,j) = a
(∨
i∈I

∧
j∈Ji

Hi,j
)

= a
( ∧
f∈

∏
i∈I Ji

∨
i∈I

Hi,f(i)
)

=
∧

f∈
∏

i∈I Ji

∨
i∈I

a(Hi,f(i)).

?�Ú/§?�{xi,j ∈ X | j ∈ Ji, i ∈ I}§k∨
i∈I

∧
j∈Ji

xi,j =
∨
i∈I

∧
j∈Ji

a([xi,j ]) =
∧

f∈
∏

i∈I Ji

∨
i∈I

a([xi,f(i)]) =
∧

f∈
∏

i∈I Ji

∨
i∈I

xi,f(i).

�(X,≤)���©��"

(6) (X, iaX)��
��©��"

é?¿α ∈ L§½ÂiaX : L −→ X�

iaX(α) = a(α ∧ [TX ]).

ey(X, iaX)��
��©��"

(i) ?�{αt}t∈T ⊆ L§K

iaX

( ∨
t∈T

αt

)
= a

( ∨
t∈T

αt ∧ [TX ]
)

= a
( ∨
t∈T

(αt ∧ [TX ])
)
£Ï�L��©�¤

=
∨
t∈T

a(αt ∧ [TX ])

=
∨
t∈T

iaX(αt),

=iaX�?¿¿"

(ii) ?�{αt}t∈T ⊆ L§K

iaX

( ∧
t∈T

αt

)
= a

( ∧
t∈T

αt ∧ [TX ]
)

=
∧
t∈T

a(αt ∧ [TX ]) =
∧
t∈T

iaX(αt),

=iaX�?¿�"Ïd§(X, iaX)����
��©��"

½n3.5. ef : (X, a) −→ (Y, b)���S-Ó�§Kf : (X, iaX) −→ (Y, ibY )���CD-��"
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y². (1) ?�{xt}t∈T ⊆ X§K

f
( ∨
t∈T

xt

)
= f

( ∨
t∈T

a([xt])
)

= f
(
a
( ∨
t∈T

[xt]
))

= b ◦ Sf
( ∨
t∈T

[xt]
)

= b
( ∨
t∈T

[f(xt)]
)

=
∨
t∈T

b([f(xt)])

=
∨
t∈T

f(xt).

(2) ?�{xt}t∈T ⊆ X§K

f
( ∧
t∈T

xt

)
= f

( ∧
t∈T

a([xt])
)

= f
(
a
( ∧
t∈T

[xt]
))

= b ◦ Sf
( ∧
t∈T

[xt]
)

= b
( ∧
t∈T

[f(xt)]
)

=
∧
t∈T

b([f(xt)])

=
∧
t∈T

f(xt).

(3) ?�α ∈ L§K

f ◦ iaX(α) = f(a(α ∧ [TX ])) = b ◦ Sf(α ∧ [TX ]) = b(α ∧ [f(TX)]) = b(α ∧ [TY ]) = ibY (α).

Ïd§f ◦ iaX = ibY§=f : (X, iaX) −→ (Y, ibY )�CD-��"

d½n3.4�½n3.5§�½Â¼fK : SetS −→ FCDLXeµ

K :


SetS −→ FCDL

(X, a) 7−→ (X, iaX)

f 7−→ f.

��§�d�
��©��Xe/p�S-�ê"
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½n3.6. �(X, iX)����
��©��"é?¿H ∈ SX§½ÂaiX : SX −→ X�

aiX (H) =
∨

U∈P (X)

iX(H(χU )) ∧ (∧U).

K(X, aiX )���S-�ê"

y². (1) ?�x ∈ X§K

aiX ◦ ηX(x) = aiX ([x]) =
∨

U∈P (X)

iX([x](χU )) ∧ (∧U) =
∨

x∈U∈P (X)

(
TX ∧ (∧U)

)
= x,

=aiX ◦ ηX = idX"

(2) ?�Φ ∈ SSX§K

aiX ◦ SaiX (Φ) =
∨

U∈P (X)

iX(SaiX (Φ)(χU )) ∧ (∧U)

=
∨

U∈P (X)

iX(Φ(a←iX (χU ))) ∧ (∧U)

=
∨

U∈P (X)

iX

( ∨
B⊆SX

Φ(χB) ∧ S
(
χB, a

←
iX

(χU )
))
∧ (∧U)

=
∨

U∈P (X)

( ∨
B⊆a←iX (χU )

iX(Φ(χB))
)
∧ (∧U)

=
∨

U∈P (X)

∨
B⊆a←iX (χU )

iX(Φ(χB)) ∧ (∧U). £Ï�X��©�¤

��¡§?�U ∈ P (X)Ú÷vB ⊆ a←iX (χU )�B ⊆ SX"Ké?¿H ∈ B§

aiX (H) ∈ U,

l


∧U ≤
∧
H∈B

aiX (H)

=
∧
H∈B

∨
UH∈P (X)

iX(H(χUH)) ∧ (∧UH)

=
∨

H∈
∏
H∈B

P (X)

∧
H∈B

(
iX(H(χH(H))) ∧ (∧H(H))

)
=

∨
H∈

∏
H∈B

P (X)

( ∧
H∈B

iX
(
H(χH(H))

))
∧
(
∧
⋃
H∈B

H(H)
)

=
∨

H∈
∏
H∈B

P (X)

iX

( ∧
H∈B

H(χH(H))
)
∧
(
∧
⋃
H∈B

H(H)
)
.
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?�Ú§

iX(Φ(χB)) ∧ (∧U) ≤ iX(Φ(χB)) ∧
∨

H∈
∏
H∈B

P (X)

iX

( ∧
H∈B

H(χH(H))
)
∧
(
∧
⋃
H∈B

H(H)
)

=
∨

H∈
∏
H∈B

P (X)

(
iX(Φ(χB)) ∧ iX

( ∧
H∈B

H(χH(H))
)
∧
(
∧
⋃
H∈B

H(H)
))

≤
∨

W∈P (X)

iX(Φ(χB)) ∧ iX
( ∧
H∈B

H(χW )
)
∧ (∧W ).

u´

aiX ◦ µX(Φ) =
∨

U∈P (X)

iX(µX(Φ)(χU )) ∧ (∧U)

=
∨

U∈P (X)

iX(Φ(χ∗U )) ∧ (∧U)

=
∨

U∈P (X)

iX

( ∨
G∈P (SX)

Φ(χG) ∧ S(χG, χ
∗
U )
)
∧ (∧U)

≥
∨

U∈P (X)

iX

(
Φ(χB) ∧ S(χB, χ

∗
U )
)
∧ (∧U)

=
∨

U∈P (X)

iX

(
Φ(χB) ∧

∧
H∈B

H(χU )
)
∧ (∧U),

=aiX ◦ SaiX ≤ aiX ◦ µX",��¡§?�Φ ∈ SSX§K

aiX ◦ µX(Φ) =
∨

U∈P (X)

∨
G∈P (SX)

iX

(
Φ(χG) ∧ S(χG, χ

∗
U )
)
∧ (∧U).

?�U ∈ P (X)ÚG ∈ P (SX)"-U = {aiX (H) | H ∈ G}"K

G ⊆ a←iX (U),

l


aiX ◦ SaiX (Φ) ≥ iX(Φ(χG)) ∧ (∧U)

= iX(Φ(χG)) ∧
∧
H∈G

aiX (H)

= iX(Φ(χG)) ∧
∧
H∈G

∨
UH∈P (X)

iX(H(χUH)) ∧ (∧UH)

≥ iX(Φ(χG)) ∧
∧
H∈G

iX(H(χU )) ∧ (∧U)

= iX(Φ(χG)) ∧ iX
( ∧
H∈G

H(χU )
)
∧ (∧U)

= iX(Φ(χG)) ∧ iX(S(χG, χ
∗
U )) ∧ (∧U)

= iX
(
Φ(χG) ∧ S(χG, χ

∗
U )
)
∧ (∧U),
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=aiX ◦ µX ≤ aiX ◦ SaiX"Ïd§(X, aiX )�S-�ê"

½n3.7. ef : (X, iX) −→ (Y, iY )���CD-��§Kf : (X, aiX ) −→ (Y, biY )���S-Ó�"

y². ?�H ∈ SX§K

f ◦ aiX (H) = f
( ∨
U∈P (X)

iX(H(χU )) ∧ (∧U)
)

=
∨

U∈P (X)

f(iX(H(χU ))) ∧ (∧f→(U))

=
∨

U∈P (X)

iY (H(χU )) ∧ (∧f→(U))

�

biY ◦ Sf(H) =
∨

V ∈P (Y )

iY (Sf(H)(χV )) ∧ (∧V )

=
∨

V ∈P (Y )

iY (H(f←L (χV ))) ∧ (∧V )

=
∨

V ∈P (Y )

iY (H(χf←(V ))) ∧ (∧V ).

N´�yf ◦ aiX = biY ◦ Sf§=f : (X, aiX ) −→ (Y, biY )���S-Ó�"

d½n3.6�½n3.7§�½Â¼fM : FCDL −→ SetSXeµ

M :


FCDL −→ SetS

(X, iX) 7−→ (X, aiX )

f 7−→ f.

e¡�Ñ�!�Ì�(Ø"

½n3.8. FCDL�SetSÓ�"

y². �Iy²M ◦K = idSetS9K ◦M = idFCDL"=é?¿S-�ê(X, a)9?¿�
��©�

�(X, iX)§k

(1) a = aiaX¶

(2) iX = i
aiX
X "
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(1) ?�H ∈ SX§K

aiaX (H) =
∨

U∈P (X)

iaX(H(χU )) ∧ (∧U)

=
∨

U∈P (X)

a(H(χU ) ∧ [TX ]) ∧ (∧U)

= a
( ∨
U∈P (X)

H(χU ) ∧ [TX ] ∧ [∧U ]
)

= a
( ∨
U∈P (X)

H(χU ) ∧
( ∧
x∈U

[x]
))

= a
( ∨
U∈P (X)

H(χU ) ∧ S(χU ,−)
)

= a(H),

=a = aiaX"

(2) ?�α ∈ L§K

i
aiX
X (α) = aiX (α ∧ [TX ])

=
∨

U∈P (X)

iX

(
(α ∧ [TX ])(χU )

)
∧ (∧U)

=
∨

U∈P (X)

iX

(
α ∧ χU (TX)

)
∧ (∧U)

=
∨

TX∈U∈P (X)

(
iX(α) ∧ (∧U)

)
= iX(α) ∧ TX
= iX(α),

=iX = i
aiX
X "Ïd§FCDL�SetSÓ�"

� �

�ïÄ��U9nó�Æ�?�Æ)M#M�ÔöOy�8]Ï§�8?Ò:202610060176"
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