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−u′′(t) = λa(t)f(u(t), v(t)), t ∈ (0, 1),

−v′′(t) = λb(t)g(u(t), v(t)), t ∈ (0, 1),

u(0) = u(1) = 0,

v(0) = v(1) = 0

�)��35, Ù¥ λ > 0´ëê, a, b ∈ L1(0, 1), f, g ∈ C([0,+∞) × [0,+∞),R)��3 q ∈
L1(0, 1), ¦� f(u(t), v(t)) > −q(t), g(u(t), v(t)) > −q(t). y��3 λ0 > 0, ¦�� 0 < λ < λ0�,

T¯K���3���).Ì�(J�y²ÄuKrasnosel’skii.ØÄ:½n.
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Abstract

We are concerned with the existence of positive solutions for a class of semipositone

second-order Dirichlet systems:

−u′′(t) = λa(t)f(u(t), v(t)), t ∈ (0, 1),

−v′′(t) = λb(t)g(u(t), v(t)), t ∈ (0, 1),

u(0) = u(1) = 0,

v(0) = v(1) = 0,

where λ > 0 is a parameter, a, b ∈ L1(0, 1), f, g ∈ C([0,+∞) × [0,+∞),R) such that there

exists q ∈ L1(0, 1) satisfying f(u(t), v(t)) > −q(t) and g(u(t), v(t)) > −q(t). We prove

that there exists λ0 > 0 such that the problem has at least one positive solution for

0 < λ < λ0. The proof of the main result is based on the Krasnosel’skii type fixed point

theorem.
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1. Úó9Ì�(J

��~�©XÚ3£ãÔnÆ!)ÔÆ!ó§Æ�+��ÍÜy�¥äk­�A^.�k>.

^����5��XÚ,Ù�)��35��´��5©Û¥�Ø%¯K��.ÏdÚå
¯õÆ

ö�2�'5 [1–14].
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AO/, DunningerÚWang [1]ïÄ
Xe��XÚ

u′′(t) + λa(t) f(u(t), v(t)) = 0, t ∈ (0, 1),

v′′(t) + λb(t) g(u(t), v(t)) = 0, t ∈ (0, 1),

u(0) = u(1) = 0,

v(0) = v(1) = 0

(1.1)

�)��35, Ù¥λ��ëê, f, g : [0,+∞) × [0,+∞) → (0,+∞)ëY��~, a, b : [0, 1] →
[0,+∞)ëY.$^IþØÄ:�ênØ¼�
Xe(J:

½nA [1]b�e�^���¤á:

(H1) f∞ = lim
(u,v)→∞

f(u, v)

u+ v
=∞,

(H2) g∞ = lim
(u,v)→∞

g(u, v)

u+ v
=∞,

K�λ¿©��,¯K (1.1)���3���).ù�(JL²,3�¯Kµee,��5���K5

���5O�^�v±�y�)��35.

,
,3¢SA^¥,��5��U�K�,AO´#N f(0) < 0�,Ta¯K�¡���¯K,

ÙØ%�(J3u:IO�4���nØ2·^,)3«mSÜ�UCÒ,Ïd��¯K�)��3

5ïÄ��E,.3 2025c, Rodŕıguez-López [2]ïÄ
XeXÚ

−u(t)′′ = f(t, u(t), v(t)), t ∈ (0, 1),

−v(t)′′ = g(t, u(t), v(t)), t ∈ (0, 1),

u(0) = u(1) = 0,

v(0) = v(1) = 0

(1.2)

)��35,Ù¥ f : [0, 1]× (0,+∞)×R→ (0,+∞)� g : [0, 1]× (0,+∞)×R→ RëY.$^þe

)�{ÚKrasnosel’skiiØÄ:½n,¼�
¯K (1.2))��35(J.

��¯K�ïÄÄÅ�J��-�nØ¥�:»�.,Ù¥�A�ÇÏ>.9��
#N�K

�,�ÏÔnÑÑk.,g,÷ve����O^�.aq/,3«+)�Æ�­�*Ñ�.¥, Allee

�A��$�Ý�«+O�Ç�K,
Ô«m���"Å�K¦O�Ç¥��5O�,ù�´�©

^� (A3)!(A4)�y¢5
.

�����©XÚ�ïÄ���u Su [3]�Liu [4],©z [3]|^ØÄ:�ê½nïÄ
��

��XÚ�)��35;©z [4]K�é��5�3�:NC�UÛÉ��/,ÏLCþ��òÛÉ

��¯K=z�ÛÉ�¯K�2¦).ù
ó�þ�Ú\ëêλ ,Ù(Ø´3�½�§e�Ñ�)

�3�¿©^�.

��5¿�´, DunningerÚWang [1]¤ïÄ���5� f, gþ�K,
Rodŕıguez-López [2]
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�,#NÙ¥����5� g�K�,�E�¦,����5� f �K.��g,�¯K´:�ü

���5� f Ú gÑ#N�K��,�)��35XÛ?â·�¤�,éuü���5�þ���

�/���Dirichlet�©XÚ, Ù�)�35�ïÄÿØõ�. Äud, �©[ïÄXe���

�DirichletXÚ 
−u′′(t) = λa(t)f(u(t), v(t)), t ∈ (0, 1),

−v′′(t) = λb(t)g(u(t), v(t)), t ∈ (0, 1),

u(0) = u(1) = 0,

v(0) = v(1) = 0

�)��35,Ù¥λ > 0´��ëê.�©ob�:

(A1) a, b ∈ L1(0, 1), a(t) > 0, b(t) > 0, a.e., t ∈ [0, 1].

(A2) f, g : [0,+∞)× [0,+∞)→ RëY,é?¿u1 6 u2, v1 6 v2,k

f(u1, v1) 6 f(u2, v2), g(u1, v1) 6 g(u2, v2).

(A3) lim
u+v→∞

f(u, v)

u+ v
=∞, lim

u+v→∞

g(u, v)

u+ v
=∞.

(A4) �3 q ∈ L1(0, 1), q(t) > 0,¦�

f(u(t), v(t)) > −q(t), g(u(t), v(t)) > −q(t).

�©�Ì�(JXe:

½n 1.1 b� (A1)-(A4)¤á,K�3��~êλ0 > 0,¦�� 0 < λ < λ0�,¯K (1.1)��

�3���) (uλ, vλ),��λ→ 0+�, uλ, vλ3 (0, 1)�?¿;f«mþ÷vuλ →∞, vλ →∞.

2. ý��£9Ún

-E = C[0, 1]× C[0, 1],3Ù�ê

‖(u, v)‖∞ = max
{
‖u‖∞, ‖v‖∞

}
e�¤Banach�m.PY = L1(0, 1)��ê� ‖ · ‖.

¯K (1.1)�duÈ©�§

u(t) = λ

∫ 1

0

G(t, s)a(s)f(u(s), v(s)) ds, (2.1)

v(t) = λ

∫ 1

0

G(t, s)b(s)g(u(s), v(s)) ds,
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Ù¥

G(t, s) =


s(1− t), 0 6 s 6 t 6 1,

t(1− s), 0 6 t 6 s 6 1,

�÷v±eÄ�5�:

G(t, s) 6 G(s, s) = s(1− s) 6 1

4
, t, s ∈ [0, 1], (2.2)

G(t, s) >
s(1− s)

4
, t ∈

[1

4
,

3

4

]
, s ∈ [0, 1],

G(t, s) >
1

16
, t, s ∈

[1

4
,

3

4

]
. (2.3)

½Â�fT : E → E�

T (u, v)(t) =
(
T1(u, v)(t), T2(u, v)(t)

)
, t ∈ [0, 1],

Ù¥

T1(u, v)(t) = λ

∫ 1

0

G(t, s)a(s)f
(
u(s), v(s)

)
ds,

T2(u, v)(t) = λ

∫ 1

0

G(t, s)b(s)g
(
u(s), v(s)

)
ds.

Ún 2.1 T : E → E´�ëY�f.

y²d a, f ÚG(t, s)�ëY5��T1ëY, Ón��T2ëY, ÏdT ´ëY�f. eyT :

E → E´;�f. �S ⊂ E´k.8, K�3B > 0, ¦�é?¿ (u, v) ⊂ S, k ‖(u, v)‖∞ 6 B,

d f, g�ëY5��,�3��~êC,¦�

|a(s)f(u(s), v(s))| 6 Ca(s) ∈ L1(0, 1),

|b(s)g(u(s), v(s))| 6 Cb(s) ∈ L1(0, 1),

u´

|T1(u, v)(t)| =
∣∣∣∣λ ∫ 1

0

G(t, s)a(s)f(u(s), v(s))ds

∣∣∣∣
6 λC‖a‖1,

Ïd ‖T1(u, v)(t)‖∞ 6 λC‖a‖1,�T1(B)´��k.8.Ón�yT2(B)´��k.8,l
T (B)

´��k.8.
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,��¡,é?¿ t1, t2 ∈ [0, 1] (t1 < t2),k

|T1(u, v)(t1)− T1(u, v)(t2)| =
∣∣∣∣λ∫ 1

0

G(t1, s)a(s)f(u(s), v(s)− λ
∫ 1

0

G(t2, s)a(s)f(u(s), v(s)ds

∣∣∣∣
=

∣∣∣∣λ∫ 1

0

[G(t1, s)−G(t2, s)] a(s)f(u(s), v(s))ds

∣∣∣∣
6 λC‖a‖1

∫ 1

0

|G(t1, s)−G(t2, s)| ds,

Ï�G(t, s)3 [0, 1]× [0, 1]þëY,�é?¿ ε > 0,�3 δ > 0,� |t1 − t2| < δ�,k

|G(t1, s)−G(t2, s)| <
ε

λC‖a‖1
,

Ïd

|T1(u, v)(t1)− T1(u, v)(t2)| 6 λC‖a‖1
∫ 1

0

|G(t1, s)−G(t2, s)|ds

6 λC‖a‖1 ·
ε

λC‖a‖1
= ε,

ùL²T1(B)´�ÝëY8, Ón�yT2(B)´�ÝëY8, l
T (B)´�ÝëY8. dArzelà-

Ascoli½n, T : E → E´;�f,?
´�ëY�f.

Ún 2.2 � p(t) = t(1− t), t ∈ [0, 1].� k1, k2 ∈ Y � k1, k2 > 0, u, v ∈ C[0, 1]∩C2(0, 1)÷vu′′(t) 6 k1(t), t ∈ (0, 1),

u(0) > 0, u(1) > 0,

v′′(t) 6 k2(t), t ∈ (0, 1),

v(0) > 0, v(1) > 0.

e ‖u‖∞ > 2‖k1‖1, ‖v‖∞ > 2‖k2‖1� ‖u‖∞ = |u(τ)|, ‖v‖∞ = |v(η)|,Ku(τ) > 0, v(η) > 0�

u(t) >
(
‖u‖∞ − 2‖k1‖1

)
p(t), t ∈ [0, 1],

v(t) >
(
‖v‖∞ − 2‖k2‖1

)
p(t), t ∈ [0, 1].

y² �w´>�¯K −w′′ = k1(t), t ∈ (0, 1),

w(0) = w(1) = 0

���),K

w(t) =

∫ 1

0

G(t, s)k1(s) ds.
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d (2.2)��

0 6 w(t) 6 p(t)
∫ 1

0

k1(s) ds = ‖k1‖1 p(t) 6 ‖k1‖1.

- y = u+ w,K y ∈ C[0, 1] ∩ C2(0, 1)�÷v−y′′ > 0, t ∈ (0, 1),

y(0) > 0, y(1) > 0,

� y3 [0, 1]þ´]¼ê,l


y(t) > ‖y‖∞ p(t), t ∈ [0, 1].

5¿� ‖y‖∞ > ‖u‖∞ − ‖w‖∞ > ‖u‖∞ − ‖k1‖1,u´

u(t) = y(t)− w(t)

> ‖y‖∞ p(t)− ‖k1‖1 p(t)

>
(
‖u‖∞ − ‖k1‖1

)
p(t)− ‖k1‖1 p(t)

=
(
‖u‖∞ − 2‖k1‖1

)
p(t),

Ón�y

v(t) >
(
‖v‖∞ − 2‖k2‖1

)
p(t), t ∈ [0, 1].

��,eu(τ) < 0,K ‖u‖∞ = −u(τ) 6 ‖w‖∞ 6 ‖k1‖1 < 2‖k1‖1,�b�gñ,�u(τ) > 0.Ó

n, v(η) > 0.

�©¤^�óäXe:

Ún 2.3 [15] �E�Banach�m, T : E → E��ëY�f.b��3h ∈ E, h 6= 0Ú�

ê r, R� r 6= R,¦�

(a)e y ∈ E÷v y = θTy,Ù¥ θ ∈ [0, 1],K ‖y‖ 6= r,

(b)e y ∈ E÷v y = Ty + ξh,Ù¥ ξ > 0,K ‖y‖ 6= R.

KT �3ØÄ: y ∈ E,÷v

min{r,R} < ‖y‖ < max{r,R}.

3. Ì�(J�y²

½n 1.1�y²

b� ‖(u, v)‖∞ 6 r,�â fÚ g�ëY5��,�3��~êCr > 0,¦�é s ∈ (0, 1),k

|a(s)f(u(s), v(s))| 6 Cra(s),

|b(s)g(u(s), v(s))| 6 Crb(s).
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� r > 1,b�

λCr‖a‖1 < r, λCr‖b‖1 < r.

(a)e (u, v) ∈ E÷v (u, v) = θT (u, v),é?¿ θ ∈ [0, 1]¤á,K ‖(u, v)‖∞ 6= r.�� ‖(u, v)‖∞ =

r,K3 [0, 1]þ÷vu(t) 6 r, v(t) 6 r, u´é?¿ t ∈ (0, 1)

|T1(u, v)(t)| 6 λ
∫ 1

0

G(t, s)a(s)|f(u(s), v(s))|ds

6 λ
∫ 1

0

a(s)|f(u(s), v(s))|ds

6 λ
∫ 1

0

a(s)ds · Cr

= λCr‖a‖1 < r,

Ón��

|T2(u, v)(t)| 6 λCr‖b‖1 < r.

u´

‖T (u, v)‖∞ = max{‖T1(u, v)‖∞, ‖T2(u, v)‖∞} < r,

Ïd

‖(u, v)‖∞ = θ‖T (u, v)‖∞ 6 ‖T (u, v)‖∞ < r,

�b� ‖(u, v)‖∞ = rgñ.Ïd (a)÷v.

(b)�3~êRλ > r,� (u, v) ∈ E,e (u, v) = T (u, v) + (ξ, ξ),�h = (1, 1) ∈ E ,Ù¥ ξ > 0,

K (u− ξ, v − ξ) = T (u, v),�

u(t)− ξ = λ

∫ 1

0

G(t, s)a(s)f(u(s), v(s)) ds,

v(t)− ξ = λ

∫ 1

0

G(t, s)b(s)g(u(s), v(s)) ds,

K {
−u′′ = λa(t)f(u, v), t ∈ (0, 1),

u(0) = u(1) = ξ > 0,{
−v′′ = λb(t)g(u, v), t ∈ (0, 1),

v(0) = v(1) = ξ > 0.

d (A4)��

λa(t)f(u(t), v(t)) > −λq(t)a(t) =: −k1(t),

λb(t)g(u(t), v(t)) > −λq(t)b(t) =: −k2(t),
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�âÚn 2.2,� ‖u‖∞ > 2‖k1‖1, ‖v‖∞ > 2‖k2‖1�

u(t) > (‖u‖∞ − 2‖k1‖1) p(t), t ∈ [0, 1], (3.1)

v(t) > (‖v‖∞ − 2‖k2‖1) p(t), t ∈ [0, 1].

-

C0 = min

(∫ 3/4

1/4

a(s) ds,

∫ 3/4

1/4

b(s) ds

)
> 0,

�â^� (A2),Kk

f(u, v) > f(0, v), g(u, v) > g(u, 0),

?�Ú^� (A3)¿�X

lim
v→∞

f(0, v)

v
=∞, lim

u→∞

g(u, 0)

u
=∞. (3.2)

�|^^� (A3)���5O���gñ,I�À�¿©��Rλ ,¦Ù��4���λ‖aq‖1 ,

λ‖bq‖1�K��z,,��¡��Y|^ f, g���55�ý3O��m. äN/,�Rλ > 0�÷

v

Rλ > max{4λ‖aq‖1, 4λ‖bq‖1, 16r},

�
λC0

16
f

(
0,

3Rλ
32

)
> max (8λ‖aq‖1, 32r) ,

λC0

16
g

(
3Rλ
32

, 0

)
> max (8λ‖bq‖1, 32r) ,

d (3.2)��,ù�À��Rλ�3.

� ‖(u, v)‖∞ = Rλ,Ø���5,Ø�� ‖(u, v)‖∞ = ‖u‖∞.�â (3.1)�

u(t) >
‖u‖∞

2
p(t) >

3‖u‖∞
32

> p(t), t ∈
[

1

4
,

3

4

]
,

é?¿� t, s ∈
[
1
4
, 3
4

]
,d (2.3)��

v(t) = λ

(∫ 3/4

1/4

G(t, s)b(s)g(u(s), v(s))ds+

∫
[0,1]\[ 14 ,

3
4 ]

G(t, s)b(s)g(u(s), v(s))ds

)

> λ

(
1

16
g

(
3‖u‖∞

32
, 0

)∫ 3/4

1/4

b(s)ds−
∫ 1

0

b(s)q(s)ds

)

> λ

(
C0

16
g

(
3‖u‖∞

32
, 0

)
− ‖bq‖1

)
=
λC0

16
g

(
3‖u‖∞

32
, 0

)
− λ‖bq‖1

>
λC0

32
g

(
3‖u‖∞

32
, 0

)
> max (4λ‖bq‖1, 16r) ,

(3.3)
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Ón��

u(t) >
λC0

32
f

(
0,

3‖v‖∞
32

)
, t ∈

[
1

4
,

3

4

]
, (3.4)

éá (3.3)Ú (3.4)�
λC0

32
f

(
0,

3λC0

1024
g

(
3‖u‖∞

32
, 0

))
6 ‖u‖∞,

?
��

f
(

0, 3λC0

1024
g
(

3‖u‖∞
32

, 0
))

‖u‖∞
6

32

λC0

. (3.5)

d (3.2)��,� ‖u‖∞ →∞�
g
(

3‖u‖∞
32

, 0
)

3‖u‖∞
32

→∞,

l

3λC0

1024
g

(
3‖u‖∞

32
, 0

)
→∞,

(Ü (3.2)¥é f�^���,� ‖u‖∞ →∞�,Ø�ª (3.5)��>ªuÃ¡. Ïd,eRλ÷v

f

(
0,

3λC0

1024
g

(
3Rλ
32

, 0

))
>

32Rλ
λC0

,

g

(
3λC0

1024
f

(
0,

3Rλ
32

)
, 0

)
>

32Rλ
λC0

,

K7k ‖u‖∞ 6= Rλ,�b�gñ.Ïd (b)÷v.

�dÚn 2.3��, T �3ØÄ: (uλ, vλ), ÷v r < ‖(uλ, vλ)‖∞ < Rλ. ey, �λ → 0+�,

‖uλ‖∞ →∞, ‖vλ‖∞ →∞. b� ‖(uλ, vλ)‖∞ = ‖uλ‖∞,d (2.1)��

‖uλ‖∞ 6 λ‖a‖1f(‖uλ‖∞, ‖vλ‖∞),

Ïdk

f(‖uλ‖∞, ‖vλ‖∞) >
‖uλ‖∞
λ‖a‖1

>
r

λ‖a‖1
,

d (A3)��,�λ→ 0+, ‖uλ‖∞ + ‖vλ‖∞ →∞,qÏ ‖vλ‖∞ 6 ‖uλ‖∞,¤± ‖uλ‖∞ →∞.Ón,�b

� ‖(uλ, vλ)‖∞ = ‖vλ‖∞�,­EþãØy�� ‖vλ‖∞ → ∞.Ïd (uλ, vλ)´¯K (1.1)����),

¿��λ→ 0+�, uλ, vλ3 (0,1)�?¿;f«mþ÷vuλ →∞, vλ →∞,½n 1.1�y²�¤.

�

Ä7�8

I[g,�ÆÄ7]Ï�8(1OÒ: 12461036)"
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[2] Rodr[guez-López, J. (2024) Hybrid Localization for Nonlinear Systems: Lower/Upper Solution
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