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Abstract

This paper establishes a discrete-time networked SIS epidemic model with community

opinions and infection media. Based on different values of the opinion-dependent basic

reproduction number, we classify the transmission severity into three cases: mild,

moderate, and severe, and analyze the stability of the healthy state and the endemic

equilibrium under each transmission level, revealing that community opinions play a

positive role in reducing the infection level of the population.
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1. Úó

D/¾d�a¾�N½M)ÁÚu, �3<�<, ÄÔ�ÄÔ±9<�ÄÔ�m�pDÂ[1].

��xDÂL§, Æö��â¾�N�ØÓA5, JÑ
õ«êÆ�., X´a-a/(SI), ´a-a

/-´a(SIS) ±9´a-a/-xE(SIR) �.[2]. @ÏïÄõà�uëY�mµe, �b�DÂé�

�þ!·Ü�Ó�+N. �´y¢­.pØÓ�<½ÄÔ3;¾DÂL§¥LyÑ�A5´ØÓ�.

ù«ØÓ3�½§ÝþK�
;¾�DÂ, ¤±��ïá�\°(��.7L�Ä«+�É�5.

�X�äÄåÆïÄ�,å, �äþD/¾�.�ïÄ, �Ny«+É�5Jø
B|[3, 4]. �A

é�5��ä¥G��m
��¯K, Mieghem �<u2009 cÄgJÑ
Äu!:�ëY�mSIS

D/¾�., ^un)�äé61¾DÂ�K�[5], ��Paré �<u2018 c�Ñ
ÙlÑ�m�

�[6].

yk©z¥��äzSIS �.¤£ã�61¾=ÏL�Nm����>DÂ[5, 6]. ,
, ¾�

NØ���<S�>	, ��±ÏLa/5x0(XY, �í, x0)Ô) m��>DÂ. ~X, ��

9, è;�õ«<a;¾Ø=ÏLa/�NDÂ, ��±ÏLa/5¨fDÂ[7]. Ïd, ïÄ�ka

/5x0�D/¾�.�©k7�. Shi �<Äg3E,�äþ?Ø
�ka/5x0�SIS �.,

^±£ã61¾²a/x03ØÓ�ä(�¥�DÂL§[8]. Xie, Wang �<?�ÚJÑ
eZ#
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.�E,�äþ�ka/x0�SIS �.[9, 10]. �ù
®k�.þÄuÝ?1�x, 
�Äu!

:. d	, duy¢*ÿêâõ¥ylÑ�mæ�, ¤±3lÑ�mµeeï�Ø=�bC¢SA^

|µ, �Bu�¢ÿêâ?1[Ü'�[6, 11].

d	, <�éD/¾î­5�@�§Ý¬K�D/¾�DÂ. 3©z[12]¥, Xuan �<ÏL^

zØÄ�5�[�NéD/¾î­5�@�, �âèx&g�., òzØÄ�Ú�äzSIS DÂÄ

�(Üå5, 5ïÄ¿�Ä�é�äzSIS �.�K�. ��, ¦�3©z[13]¥ïÄ
T�.�l

Ñ�m��, Ù*:üz�.Äu²;�DeGroot �.ïá. 3©z[14]¥, �1#ïÄ
�aÄu

Friedkin-Johnsen*:ÄåÆ�lÑ�m�äzSIS �.. �DeGroot �.ØÓ, F-J �.#N�N

3�½§Ýþj±g�Ð©*:. äN
ó, 3DeGroot �.¥, �N�*:=�6u�Ø�K�,


�Ñ
y¢�¸¥�N  j±g�Ð©*:�¯¢[15]; 3F-J �.¥, ÏLÚ\�N��Ýë

ê, *:üzÓ�É��¬K�Úg�Ð©*:��å[16]. Ïd, lDeGroot �.�F-J �.�*

Ð, �bCy¢¥�N@�QÉ�¬pÄK�, qÉg�&g�å��/.

Äuþã©Û, �©��z�: (1)·�3DÚ�lÑ�m�äzSIS �.¥, Ó�Ú\
õ«

a/x0ÚF-J *:üz�., ¿ò�«a/'~Úx0a/'~Ó�B\*:ÄåÆ; (2)·�é

¤JÑ��.?1
XÚ�ÄåÆ©Û§�)èxG�1�Ú/�51�; (3)�©z[12–14]¥�

�.�', ·���.�Ä
D/¾�±ÏLx0DÂù�­�Å�. ©z[13]=©Û
D/¾�Ý

DÂ�/eèxG��­½5, 
�©3D/¾�Ý, ¥ÝÚ­Ýn«ØÓDÂ�/e, éXÚèx

G�Ú/�¾²ï:��35�­½5�Ñ
�[�©ÛÚy². d	, ·�ÀJF-J �.��*

:üz�., QU�ý¢/�N�N@��/¤L§, qU��Y©Û*:�6�D/¾DÂJø

�?n�êÆµe; (4)·�Jø
�[�ê��[, ^±âÑÌ�nØ(J, ¿?�Ú?Ø�E,

��µ.

ÎÒ`²

é¤k���ê n, ^ [n]L«8Ü {1, 2, · · · , n}. ^ 0n Ú 1n ©OL«¤k©þþ� 0Ú 1�

n���þ. ^ I L«ü Ý
. éu�þ x, ^ diag(x)L«é����þ� xi �é�Ý
. éu

?¿ü�¢�þ a, b ∈ Rn, XJéu¤k i ∈ [n], ai > bi, P� a > b; XJé¤k i ∈ [n], ai > bi,

P� a� b. éu¢�
 A, ^ ρ (A)L« A�Ì�», = ρ (A) = max {|λ| |: λ ∈ σ (A)}. éuÝ

A, XJ A < 0 (½ A 6 0), L« A´K½� (�K½�). eÝ
 A�z�1��Ñ�K, �z1�

��ÚÑ�u1, K¡ A�1�ÅÝ
. eÝ
 A��ÜA��þ3ü ��S, K¡ A�Â Ý


. eÝ
 AØUÏL1���z�©¬þn�Ý
, K¡ A�Ø��Ý
.

2. �.Ú¯K�ã

�Ä��\�k�ã G = (V, E , A), Ù¥ V = {1, 2, ..., n}, E ∈ V × V ©O�º:8Ú>8, Ý


 A = [aij ]n×n ´�K��Ý
. e�3l!: j �!: i�>, K aij > 0, ÄK aij = 0. eã G
¥lz��!:�,	�?Û��!:Ñk�^k�´», K¡ã G ´rëÏ�, d���Ý
 A

´Ø��Ý
.
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2.1. �.ïá

�Ä¾Ó3d n�!:|¤��ä¥DÂ, ^k�ã Gx = (V, Ex, A)L«, Ù¥, º:8¥�

¹ n��N!:, >8¥�¹a/�NÚ´a�N�>, \���Ý
 A = [aij ]n×n L«�Nm�

>���§Ý. ·�k�Ä3©z[6]¥JÑ�²;lÑ�m�äSIS D/¾�.:

xi (k + 1) = xi (k) + h (1− xi (k))
n∑
j=1

βijxj (k)− hδixi (k) , (1)

Ù¥, xi (k)L«3�m k!: i?a/�N�'~; h > 0L«æ�±Ï; βij L«a/�N j é´

a�N i�a/Ç, δiL«a/�N i�£�Ç.

�e5, ·��Ä�«SIS a.�D/¾§§Ø=3��d n��N|¤�<S�>�ä¥D

Â, Ó�ÏLm«ØÓa.�x0DÂ(X¨f, j, Â), ù
x0Ú<S�>�ä¥��
�N�

>. �NØ=ÏLÚ<S�>�ä¥�a/�N�>a/, �ÏLÚa/x0�>a/. �L5, x

0��UÏLÚa/�N�>a/, ·�b�x0�mØ�)��a/. a/�NÚa/x0Ñ�

±ÏL�½�£�Ç¡E. /�©z[3]¥�éY]
¾�NDÂL§�ï�g´9ÙëêN�, ·

�3�.(1) �Ä:þïáXe�ka/x0�lÑ�m�äzSIS �.:

xi (k + 1) = xi (k) + h (1− xi (k)) (

n∑
j=1

βijxj (k) +

m∑
j=1

βνijx
ν
j (k))− hδixi (k) , (2)

xνj (k + 1) = xνj (k) + h(
(
1− xνj (k)

) n∑
l=1

cνjlxk (k)− δνj xνj (k)), (3)

Ù¥, xνj (k)L«3�m k 1 j «x0¥a/x0�'~, βνij L«a/x0 j é´a�N i�a/

Ç; cνjiL«a/�N ié´ax0 j �a/Ç; δνj L«a/x0�£�Ç.

�Ä��«*:¬é61¾�DÂE¤K�, ·�/�©z[13]¥�ï�g´, 3�.(2)-(3)

�Ä:þïáXeäk�«*:�a/x0�lÑ�m�äSIS D/¾�.:

xi (k + 1) = xi (k) + h (1− xi (k)) (

n∑
j=1

(βij − (βij − βmin) oi (k))xj (k)

+

m∑
j=1

(
βνij −

(
βνij − βνmin

)
oi (k)

)
xνj (k))− h (δmin + (δi − δmin) oi (k))xi (k) , (4)

xνj (k + 1) = xνj (k) + h(
(
1− xνj (k)

) n∑
l=1

cνjlxk (k)− δνj xνj (k)), (5)

Ù¥, oi (k) L«3�m k !: i éD/¾�*:; βmin = min
i,j∈[n]

{βij}, βνmin = min
i∈[n],j∈[m]

{βνij} Ú

δmin = min
i∈[n]
{δi}©OL«��a/ÇÚ£�Ç.

�e5·�éz�!: i?�*: oi (k)ï�. �Ä�«*:3k�ã Go = (V, Eo,W )þD

Â, º:8¥�¹�N!:, >8 EoL«3*:DÂ�µe�!:�m��pë�, ��Ý
W ´

��1�Å�KÝ
. ·�ò�« i�a/�N'~Úa/x0'~�F-J *:ÄåÆ�.(Ü,
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��Xe�.:

oi (k + 1) = θixi (k) + θνi

m∑
j=1

λijx
ν
j (k) + (1− θi − θνi ) (ϕi

n∑
j=1

ωijoj (k) + (1− ϕi) oi (0)), (6)

Ù¥, θi, θ
ν
i , (1− θi − θνi ) ©OL«!: i éa/�N, a/x0Ú�Ø*:�´Q§Ý; ϕi,

1 − ϕi ©OL«�N i é�Ø*:ÚÐ©*:�¯a§Ý; λij L«a/x0 j é�« i �K�,∑m
j=1 λij ∈ (0, 1]; ωij L«�Ø j �*:é�N i�K�å; oi (0)L«�N iéD/¾�Ð©*:.

òXÚ(4)-(6) �¤XeÝ
/ª:

x (k + 1) = x (k) + h (In −X (k)) ((B −O (k) (B − βminA))x (k)

+ (Bν −O (k) (Bν − βvminΛ))xν (k))− h (δminIn + (D − δminIn)O (k))x (k) , (7)

xν (k + 1) = xν (k) + h ((Im −Xν (k))Cνx (k)−Dνxν (k)) , (8)

o (k + 1) = Θx (k) +ΘνΛxν (k) + (In −Θ −Θν) (ΦWo (k) + (In − Φ) o (0)) , (9)

Ù¥, x (k) = [x1 (k) , · · · , xn (k)]
T

; xν (k) = [xν1 (k) , · · · , xνm (k)]
T

; o (k) = [o1 (k) , · · · , on (k)]
T

;

X (k) = diag (x (k)); Xν (k) = diag (xν (k)); O (k) = diag (o (k)); D = diag (δ1, · · · , δn); Dν =

diag (δν1 , · · · , δνm);Θ = diag (θ1, · · · , θn);Θν = diag (θν1 , · · · , θνn);Φ = diag (ϕ1, · · · , ϕn);B = [βij ]n×n;

Bν =
[
βνij
]
n×m; Cν = [cνjl]m×n; Λ = [λij ]n×m; W = [ωij ]n×n.

2.2. Eâb�

b�1: é¤k� i ∈ [n], j ∈ [m], Ð©ëê xi (0) , xνj (0) , oi (0)∈ [0, 1].

b�2: é¤k� i ∈ [n], j ∈ [m], ÷v βij > 0, βνij > 0, cνji > 0����3 j ¦� cνji > 0,

λij > 0����3 j ¦� λij > 0, ωij > 0, δi > 0, δνj > 0, θi, θ
ν
i , θi + θνi ∈ (0, 1), ϕi ∈ [0, 1].

b�3: æ�±Ï h > 0,é¤k� i ∈ [n], j ∈ [m],÷v h(
∑n

j=1 (βij − (βij − βmin)oi(k))xj(k)+∑m
j=1 (βνij − (βνij − βνmin)oi(k))xνj (k)) ∈ [0, 1], h (δmin + (δi − δmin) oi (k)), hδνj ∈ (0, 1], h

∑n
l=1 c

ν
jl ∈

(0, 1].

b�4: 61¾DÂã GxÚ*:DÂã Go´rëÏ�.

½Â8Ü D�:

D = {(x (k) , xν (k) , o (k)) |x (k) ∈ [0, 1]
n
, xν (k) ∈ [0, 1]

m
, o (k) ∈ [0, 1]

n } .

Ún 1. b�1-3 éXÚ¤á, K ∀ k > 0, ∀ i ∈ [n] , j ∈ [m], ÷v xi (k) , xνj (k) , oi (k)∈ [0, 1].

y². Äky² xi (k) ∈ [0, 1]. �§(4) �±­#�n¤Xe/ª:

xi (k + 1) = (1− xi (k))h(
n∑
j=1

(βij − (βij − βmin) oi (k))xj (k) +
m∑
j=1

(
βνij −

(
βνij − βνmin

)
oi (k)

)
xνj (k)).

+ (1− h (δmin + (δi − δmin) oi (k)))xi (k) .
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- β̄ij (k) = (βij − (βij − βmin) oi (k)), δ̄i (k) = (δmin + (δi − δmin) oi (k)), β̄νij(k) = (βνij − (βνij −
βνmin)oi (k)).

� k = 0�, �âb�1 ��, β̄ij(0) ∈ [βmin, βij ], δ̄i(0) ∈ [δmin, δi], β̄
ν
ij (0) ∈ [βνmin, β

ν
ij ].

�âb�3 ��, 1− hδ̄i(0) ∈ [0, 1], h(
∑n

j=1 β̄ij(0)xj(0) +
∑m

j=1 β̄
ν
ij (0)xνj (0)) ∈ [0, 1].

dd�� xi (1)´ (1− hδ̄i (0))Ú h(
∑n

j=1 β̄ij (0)xj (0) +
∑m

j=1 β̄
ν
ij (0)xνj (0))�à|Ü, �Xê

î�3«m [0, 1]S. ¤± xi (1) ∈ [0, 1].

b��3�m k > 0,÷v xi (k), xνj (k), oi (k)∈ [0, 1],@o β̄ij (k) ∈ [βmin, βij ], δ̄i (k) ∈ [δmin, δi],

β̄νij (k) ∈ [βνmin, β
ν
ij ].

Ón, (Üb�3 �� xi (k + 1)´ h(
∑n

j=1 β̄ij (k)xj (k) +
∑m

j=1 β̄
ν
ij (k)xνj (k)) ∈ [0, 1]Ú (1 −

hδ̄i (k)) ∈ [0, 1]�à|Ü. ¤± xi (k + 1) ∈ [0, 1].

�e5y² xνj (k) ∈ [0, 1]. �§(5) �±­#�n¤Xe/ª:

xνj (k + 1) =
(
1− hδνj

)
xνj (k) + h

(
1− xνj (k)

) n∑
l=1

cνjlxl (k).

b��3�m k > 0, ÷v xi (k), xνj (k)∈ [0, 1]. �âb�3 ��, xνj (k + 1)´ (1− hδνj ) ∈ [0, 1]

Ú h
∑n

l=1 c
ν
jlxl (k) ∈ [0, 1]�à|Ü. ¤± xνj (k + 1) ∈ [0, 1].

��y² oi (k)∈ [0, 1]. b��3�m k > 0, ÷v xi (k), xνj (k), oi (k)∈ [0, 1]. *	�§(6), �

âb�2��, oi (k + 1)´ xi (k) ∈ [0, 1],
∑m

j=1 λijx
ν
j (k) ∈ [0, 1],ϕi

∑n
j=1 ωijoj (k)+(1− ϕi) oi (0) ∈

[0, 1]�à|Ü. ¤± oi (k + 1)∈ [0, 1].

Ïd, ÏLêÆ8B{��, é¤k� k > 0, é¤k i ∈ [n], j ∈ [m], xi (k) ∈ [0, 1], xνj (k) ∈
[0, 1], oi (k) ∈ [0, 1].

Ún1 L²8Ü D´XÚ(7)-(9) ����ØC8. �Ò´`, l DS?¿Ð©G�Ñu, XÚ

3?¿�� k�;,Ñ�±3 DS. Ïd, D�¤
TXÚ�G��m.

½Â 1. - (x∗, xν∗, o∗)´XÚ(7)-(9)���²ï:.� x∗ = xν∗ = 0n�,¡E0 = (0n,0n, ō
∗)

�èxG�. � x∗ 6= 0n� xν∗ 6= 0n�, ¡ E∗ = (x∗, xν∗, o∗)�/�¾²ï:.

Ún 2. XÚ (7)-(9)�èxG�� E0 = (0n,0m, ō
∗), Ù¥ ō∗ = (In − (In −Θ −Θν)ΦW )

−1

× (In −Θ −Θν) (In − Φ) o (0), � 0n 6 o∗ 6 1n.

y². ò x (k + 1) = x (k) = 0n, xν (k + 1) = xν (k) = 0n, o (k + 1) = o (k) = ō∗ �\XÚ

(7)-(9) ��, x∗ = 0n, xν∗ = 0m´XÚ(7)-(8) �²ï:. dª(9) �n��:

(In − (In −Θ −Θν)ΦW ) ō∗ = (In −Θ −Θν) (In − Φ) o (0) .

�âb�2 �, é?¿� i ∈ [n], 1 − θi − θνi ∈ (0, 1), ϕi ∈ [0, 1], ¤±Ý
 In − Θ − Θν ÷v
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ρ(In−Θ−Θν) < 1,Ý
Φ÷v ρ(Φ) 6 1,qÏ�W ´���K1�ÅÝ
,k ρ(W ) = 1. dÌ�»

�g¦5�� ρ(In−Θ−Θν)ΦW ) 6 ρ(In−Θ−Θν)ρ(Φ)ρ(W ) < 1,¤±Ý
 In−(In −Θ −Θν)ΦW

�¤kA��þØ�u0. Ïd:

ō∗ = (In − (In −Θ −Θν)ΦW )
−1

(In −Θ −Θν) (In − Φ) o (0) . (10)

�e5y² ō∗ ∈ [0, 1]n. k�Ä4à�¹. � Φ = In �, �NéD/¾�*:���6�Ø�

K�, d�ª(10) z� ō∗ = 0n, ÷v ō∗ ∈ [0, 1]n. � Φ = 0n×n �, �N����, Øf�Ø�*:,

d�ª(10) z� ō∗ = (In −Θ −Θν) o (0), �âb�2 ÚÚn1 ��, ÷v ō∗ ∈ [0, 1]n.

e¡�Ä ϕi ∈ (0, 1). Ø���5, ��� i = 1�, ō∗1 > 1. òXÚ(9) �1�1Ðm�:

ō∗1 = (1− θ1 − θν1 )ϕ1(ω11ō
∗
1 +

n∑
j=2

ω1j ō
∗
j ) + (1− θ1 − θν1 ) (1− ϕ1) o1 (0) .

Ï�W ´1�Å�ÅÝ
, ¤± ω11 = 1−
∑n

j=2 ω1j , òÙ�\þª�n��:

−ϕ1

n∑
j=2

ω1j

(
ō∗j − ō∗1

)
= (1− ϕ1) (o1 (0)− ō∗1) +

(
1− 1

1− θ1 − θν1

)
ō∗1. (11)

�âb�1 �, o1 (0) ∈ [0, 1], Ï�b� ō∗1 > 1, ¤± (1− ϕ1) (o1 (0)− ō∗1) < 0, �âb�2 �,

1− θ1 − θν1 ∈ (0, 1), ¤± 1
1−θ1−θν1

> 1, = 1− 1
1−θ1−θν1

< 0. dd��ª(11) �m>�u0. ¤±

ϕ1

n∑
j=2

ω1j

(
ō∗j − ō∗1

)
> 0.

Ï� ω1j �K, ¤±é¤k� j ∈ [n], ���3�� ω1j > 0, ù¿�X�3��!: j (�

j = 2), ¦� ō∗2 > ō∗1.

�gaí, òXÚ(9) �1�1�1 n − 1 1Ðm, �±�� ō∗n > · · · > ō∗j · · · > ō∗2 > ō∗1,

j = 3, 4, · · · , n− 1.

,
, òXÚ(9) �1 n 1Ðm�, Ó��ín�¦�3,��!: j (� j = n + 1), ¦�

ō∗n+1 > ō∗n > · · · > ō∗j · · · > ō∗2 > ō∗1, ��ä¥���k n�!:, ¤±Ø�3ù��#!:, b�g

ñ. Ïd ō∗1 6 1. ^Ó���{�±y� ō∗1 > 0.

Ïd, é¤k� i ∈ [n], k ō∗i ∈ [0, 1], = ō∗ ∈ [0, 1]n.

Ún 3. XJ E∗ ´XÚ (7)-(9) �/�¾²ï:, @o 0n � x∗ � 1n, 0m � xν∗ � 1m,

0n � o∗ � 1n.

y². � E∗´XÚ (7)-(9)����"²ï:, �âÚn1 �, 0n 6 x∗, xν∗, o∗ 6 1n.
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Äky² x∗ � 0n. ò E∗�\XÚ(4)-(6), �n��:

x∗ =
[
In + (D−1minD − In)O∗ + diag(D−1min(B −O∗(B − βminA))x∗)

+ diag(D−1min(Bν −O∗(Bν − βνminΛ))xν∗)
]−1(

D−1min(In −O∗)B

+D−1minO
∗βminA+D−1min(Bν −O∗(Bν − βνminΛ))

× (Im + diag((Dν)−1Cνx∗))−1(Dν)−1Cν
)
x∗. (12)

·�P

Z1 =
[
In + (D

−1
minD − In)O

∗
+ diag(D

−1
min(B −O

∗
(B − βminA))x

∗
) + diag

(
D

−1
min

(
B
ν −O∗

(B
ν − βνminΛ)

)
x
ν∗
)]−1

,

Z2 = (D
−1
min

(
In −O∗)

B +D
−1
minO

∗
βminA+D

−1
min

(
B
ν −O∗

(B
ν − βνminΛ)

)
(Im + diag((D

ν
)
−1
C
ν
x
∗
))

−1
(D

ν
)
−1
C
ν
),

¤±ª(12) �±L«¤: x∗ = Z1Z2x
∗.

�âb�2-3 ��, Z1 ´�é�Ý
, Z2 ´�KÝ
, ¤± Z1Z2 ´�KÝ
. �âb�4 �,

Gx, Go´rëÏ�, ¤± Z1Z2´Ø���KÝ
.

b� x∗��k��"��, �â©z[17]¥�Ún1 �, x∗Ú Z1Z2x
∗Ø�Uäk�Ó�ÎÒ�

ª, = x∗Ú Z1Z2x
∗�"��©Ù7LØÓ, ù´Ø�U�, b�Ø¤á. Ïd x∗ � 0n.

�e5y² x∗ � 1n. Ï� E∗´��²ï:, �âª(4), ∀i ∈ [n], Ñk

x∗i =

∑n
j=1 (βij − (βij − βmin) o∗i )x

∗
j +

∑m
j=1

(
βνij −

(
βνij − βνmin

)
o∗i
)
xν∗j

δmin + (δi − δmin) o∗i +
∑n
j=1 (βij − (βij − βmin) o∗i )x

∗
j +

∑m
j=1

(
βνij −

(
βνij − βνmin

)
o∗i
)
xν∗j

.

�âb�2ÚÚn1�,
∑n

j=1 (βij − (βij − βmin) o∗i )x
∗
j > 0,

∑m
j=1 (βνij − (βνij − βνmin)o∗i )x

ν∗
j > 0,

δmin + (δi − δmin) o∗i > 0, ¤±∀i ∈ [n], x∗i < 1. Ïd, x∗ � 1n.

e¡y² xν∗ � 0m. �âª(5), ∀j ∈ [m], Ñk

xν∗j =

∑n
l=1 c

ν
jlx
∗
l

δνj +
∑n

l=1 c
ν
jlx
∗
l

. (13)

b� ∃ j ∈ [m], ¦� xν∗j = 0, �\þª�
∑n

l=1 c
ν
jlx
∗
l = 0, �âb�2 �, � j ∈ [m], XJ

cνjl > 0, ��=� x∗l = 0, �ª¤á, ù� x∗l > 0gñ. Ïd, ∀j ∈ [m], xν∗j > 0, = xν∗ � 0m.

�e5y² xν∗ � 1m. b� ∃ j ∈ [m], ¦� xν∗j = 1, �\ª(13) � δνj = 0, ù�b� δνj > 0

gñ. Ïd ∀j ∈ [m], xν∗j < 1, = xν∗ � 1m.

e¡y² o∗ � 0n. �âª(6), ∀i ∈ [n], Ñk

o∗i = θix
∗
i + θνi

m∑
j=1

λijx
ν∗
j + (1− θi − θνi ) (ϕi

n∑
j=1

ωijo
∗
j + (1− ϕi) oi (0)). (14)

du x∗i , x
ν∗
j > 0, (Üb�2 ÚÚn1 �, θix

∗
i > 0, θνi

∑m
j=1 λijx

ν∗
j > 0, (1− θi − θνi ) ×

(ϕi
∑n

j=1 ωijo
∗
j + (1− ϕi) oi (0)) > 0, ¤±∀i ∈ [n], o∗i > 0. Ïd, o∗ � 0n.
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�e5y² o∗ � 1n. ª(14) �±­#�n¤:

o∗i =
θix
∗
i + θνi

∑m
j=1 λijx

ν∗
j + (1− θi − θνi ) (ϕi

∑n
j=1,j 6=i ωijo

∗
j + (1− ϕi) oi (0))

1− (1− θi − θνi )ϕiωii
.

b� ∃i ∈ [n], ¦� o∗i = 1, dþª��:

1 =
θix
∗
i + θνi

∑m
j=1 λijx

ν∗
j + (1− θi − θνi ) (ϕi

∑n
j=1,j 6=i ωijo

∗
j + (1− ϕi) oi (0))

1− (1− θi − θνi )ϕiωii
.

�âÚn1 �, oi(k) ∈ [0, 1], ¤±

1 6
θix
∗
i + θνi

∑m
j=1 λijx

ν∗
j + (1− θi − θνi ) (ϕi

∑n
j=1,j 6=i ωij + 1− ϕi)

1− (1− θi − θνi )ϕiωii
.

qÏ�W = [ωij ]n×n´��1�ÅÝ
, ¤±
∑n

j=1,j 6=i ωij = 1− ωii, �\þª�n��

(1− x∗i ) θi + (1−
m∑
j=1

λijx
ν∗
j )θνi 6 0.

Ï� θi, θ
ν
i ∈ (0, 1), ddíÑ x∗i > 1 ½

∑m
j=1 λijx

ν∗
j > 1, ù� x∗i < 1, xν∗i < 1 gñ. Ïd,

∀i ∈ [n], o∗i < 1, = o∗ � 1n.

3. XÚ²ï:�­½5©Û

3©ÛXÚ(4)-(6) ²ï:�­½5�c, ·�¦^±eÎÒ:

y (k) =
[
x (k)

T
, xν (k)

T
]T
, Y (k) = diag (y (k)) ,

Bf (o (k)) =

[
B −O (k) (B − βminA) Bν −O (k) (Bν − βνminΛ)

Cν 0

]
, Df (o (k)) =

[
Dmin + (D −Dmin)O (k)

Dν

]
,

òXÚ(7) Ú(8) ­��:

y (k + 1) = y (k) + h ((In+m − Y (k))Bf (o (k))−Df (o (k))) y (k) . (15)

ëì©z[6]¥Jø��{, ·�½Â

Ro (o (k)) = ρ (In+m + hBf (o (k))− hDf (o (k)))

�XÚ(7)-(9) �Ä�2)ê, �Tê�X*:�Cz
Cz

AO�, � o (k) = omax = 1n �, ¤k�Nþ@�61¾¬E¤éî­��J, ¬æ��o�
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�, d� Romin = ρ (In+m + hBf (1n)− hDf (1n)).

� o (k) = omin = 0n �, ¤k�Nþ@�61¾Ø¬�¤?Û%�, Ø¬æ��o��, d�

Romax = ρ (In+m + hBf (0n)− hDf (0n)).

ë�©z[18]¥��{, ·��â Ro (o (k))���ò61¾�DÂ§Ý©��Ý, ¥ÝÚ­Ý

n«�¹, ¿ò©O?Øn«�¹e²ïG��­½5.

½Â 3. 3XÚ(7)-(9) ¥, �â Ro (o (k))�ØÓ��, ½Â61¾�DÂ§ÝXe: (1)e

Ro (o (k)) 6 Romax 6 1, K61¾�ÝDÂ. (2)e Ro
min 6 1, Ro

max > 1, K61¾¥ÝDÂ. (3)e

Ro (o (k)) > Ro
min > 1, K61¾­ÝDÂ.

3.1. Ã¾²ï:�­½5©Û

3�!, ·�©ÛD/¾3ØÓDÂ§Ýe, XÚ(7)-(9) èxG��­½5. Äk�ÄD/¾

�ÝDÂ��/. 3ù�c, ·�I�±eb�Ú·K.

b�5:Ý
 Bf (o (k))´Ø���.

·K 1. XJ Romax 6 1, KXÚ(7)-(9) ��3èxG� E0.

y². ·�P Bf (o (k)) , Bf (0n)−Bo
f (o (k)) , Df (o (k)) , Df (0n) +Do

f (o (k)).

b�� Romax 6 1�, XÚ�3/�¾²ï: E∗, ò E∗�\XÚ(15), �\þãPÒ�n�:

h (Bf (0n)−Df (0n)) y∗ = h
(
(In+m − Y ∗)Bo

f (o∗) + Y ∗Bf (0n) +Do
f (o∗)

)
y∗.

PQ1 = h (Bf (0n)−Df (0n)),Q2 = h((In+m − Y ∗)Bo
f (o∗)+Y ∗Bf (0n)+Do

f (o∗)).Ï� h > 0,

(Üb�2-3, 5ÚÚn3�,Ý
Q2´�KØ��Ý
. Ï� y∗ � 0n+m,¤±Q2y
∗ � 0n+m,ù¿

�XQ1y
∗ � 0n+m, ü>Ó�\ y∗�� (In+m +Q1)y

∗ � y∗. �âb�2-3, 5 ��, (In+m +Q1)´

�KØ��Ý
, �â©z[19]¥�íØ8.1.29 ÚíØ8.1.30 ��, ρ(In+m + Q1) > 1, = Romax > 1,

ù�b�gñ. Ïd, � Romax 6 1�, XÚ(7)-(9) ��3èxG� Eo.

½n 1. XJ Romax 6 1, KXÚ(7)-(9) ���èxG� E0´ìC­½�.

y². (Ü·K1 y²L§¥�PÒ, XÚ(15) ��n�:

y (k + 1)− y (k) = h ((In+m − Y (k))Bf (0n)−Df (0n)) y (k)

− h
(
(I − Y (k))Bo

f (o (k)) +Do
f (o (k))

)
y (k)

6 h ((In+m − Y (k))Bf (0n)−Df (0n)) y (k) .

-:

z (k + 1) = z (k) + h ((In+m − Z (k))Bf (0n)−Df (0n)) z (k) , (16)

w, y (k)�;,± z (k)�;,�þ., =cöØ�L�ö. e¡�ÄXÚ(16) �Âñ�¹.

Äk�Ä Romax = ρ (In+m + hBf (0n)− hDf (0n)) < 1.-M = In+m + hBf (0n) − hDf (0n),
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M̂ = In+m + hBf (0n)− hDf (0n)− hZ(k)Bf (0n). �âb�3, 5 �, M ´�KØ��Ý
, �â©

z[20]¥�·K1 �, �3���é�Ý
 P , ¦�MTPM − P ´K½�.

½ÂLyapunov ¼ê

V (z (k)) = (z (k))
T
Pz (k) . (17)

é¤k� z(k), k

4V (z (k)) = V (z (k + 1))− V (z (k)) = (M̂z (k))TPM̂z (k)− (z (k))
T
Pz (k)

= z (k)
T (
MTPM − P

)
z (k) + h2z (k)

T
Bf (0n)

T
Z (k)PZ (k)Bf (0n) z (k)

− hz (k)
T
MTPZ (k)Bf (0n) z (k)− hz (k)

T
Bf (0n)

T
Z (k)PMz (k) (18)

6 h2z (k)
T
Bf (0n)

T
Z (k)PZ (k)Bf (0n) z (k)− hz (k)

T
MTPZ (k)Bf (0n) z (k)

− hz (k)
T
Bf (0n)

T
Z (k)PMz (k) , (19)

ª(19) �±­#�n¤

z (k)T
(
h2Bf (0n)T Z (k)PZ (k)Bf (0n) − h (In+m + hBf (0n) − hDf (0n))T PZ (k)Bf (0n)

−hBf (0n)T Z (k)P (In+m + hBf (0n) − hDf (0n))
)
z (k)

6 z (k)T h2
(
Bf (0n)T Z (k)PZ (k)Bf (0n) −Bf (0n)T PZ (k)Bf (0n) −Bf (0n)T Z (k)PBf (0n)

)
z (k)

6 z (k)T h2
(
−Bf (0n)T Z (k)P (In+m − Z (k))Bf (0n) −Bf (0n)T PZ (k)Bf (0n)

)
z (k) 6 0.

ùL²� z(k) = 0n+m�,4V (z (k)) = 0,�é¤k� z(k) 6= 0n+m,4V (z (k)) < 0, Lyapunov

¼êî�4~, ù(�
3 Romax < 1�, XÚ(16) ìCÂñ� 0n+m.

Ùg�Ä Romax = ρ (In+m + hBf (0n)− hDf (0n)) = 1, �â©z[6]¥�Ún3 �, �3���

é�Ý
 P̄ , ¦� (M)T P̄M − P̄ ´�K½�.

½ÂLyapunov ¼ê V̄ (z (k)) = (z (k))
T
P̄ z (k), Ón��, é¤k� z(k), k 4V̄ (z (k)) 6 0,

ùL²� z(k) = 0n+m �,4V̄ (z (k)) = 0, �é¤k� z(k) 6= 0n+m,4V̄ (z (k)) < 0, Lyapunov ¼

êî�4~, ù(�
3 Romax = 1�, XÚ(16) ìCÂñ� 0n+m.

du y (k) �;,3 z (k) �;,��e, ¤±3÷v Romax 6 1 �^�e, y (k) ìCÂñ�

0n+m.

�e5�Ä o (k)�Ä�. �âÚn2 �y²L§��, ρ((In −Θ −Θν)ΦW ) < 1, ¤±Ý


(In −Θ −Θν)ΦW 3lÑ�m^�e´­½�, � (In −Θ −Θν)ΦWo (k)ìCÂñ� 0n. �â©

z[21]�Ún4.6 ��, XÚ(6) ´Ñ\�G�­½�. Ïd, � x (k)ìCÂñ� 0n, xν (k)ìCÂñ

� 0m�, o (k)¬ìCÂñ� ō∗.

½n 2. XJ Romax < 1, KXÚ(15) ¥� y(k)�êÂñ� 0n+m.

y². �â½n1 �y²��, y (k)�;,3 z (k)�;,�e.

du P ´�é�Ý
, λmin (P ) In+m 6 P 6 λmax (P ) In+m, �âª(17) ½Â�Lyapunov ¼ê
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��:

σ1 ‖z (k)‖2 6 V (z (k)) 6 σ2 ‖z (k)‖2 , (20)

Ù¥ σ1 = λmin (P ) > 0, σ2 = λmax (P ) > 0.

(Üª(18)-(19) ��,4V (z (k)) 6 z (k)
T (
MTPM − P

)
z (k), duMTPM −P ´K½Ý
,

��:

4V (z (k)) 6 −σ3 ‖z (k)‖2 , (21)

Ù¥ σ3 = λmin

(
P −MTPM

)
> 0.

(Üª(20)-(21) �©z[22]¥�½n28 �� V (z (k))´��äk�êP~5��Lyapunov ¼

ê, Ïd z (k)±�ê�ÝÂñ�èxG�. du y (k)�;,3 z (k)�;,��e, ¤±3÷v

Romax < 1�^�e, y (k)±�ê�ÝÂñ�èxG�.

íØ 1. XJ Romax < 1, K y(k)�Âñ�Ý´
√

1− σ3

σ2
∈ [0, 1), Ù¥ σ2, σ3 X½n2 �y²

L§¥¤½Â.

y². �â©z[23]¥�½n23.3 �, y(k)�Âñ�Ý�
√

1− σ3

σ2
. e¡y² σ3 6 σ2. Ï�Ý


 P ´�½�, MTPM − P ´K½�, ¤±k σ3I 6 P −MTPM 6 P 6 σ2I, ùL² σ3 6 σ2. Ï

d, y (k)±�ê�ÝÂñ�èxG�, �Âñ�Ý���
√

1− σ3

σ2
∈ [0, 1).

�e5�ÄD/¾¥ÝDÂ��/.3ù«�¹e, ¾Ó�¹��¾ÓÚî­¾Ó�A5, d�

¼��1�¬É��«*:�K�.b����3��*: ō¦� Ro (ō) = 1, KXÚ(7)-(9) �U

�3 Ro
min > 1Ú Ro

max < 1ü«�¹.du Ro (o(k))������6u*:G� o(k), ¤±·�Ï

L*:G� ō∗¤éA� Ro (ō∗)5©ÛèxG�. - Ro (ō∗) = In+m + hBf (ō∗)− hDf (ō∗).

½n 3. XJ Ro
min 6 1, Ro

max > 1, K±e�ã¤á:

(1)� Ro (ō∗) 6 1�, XÚ(7)-(9) �èxG� E0´ìC­½�.

(2)� Ro (ō∗) > 1�, XÚ(7)-(9) �èxG� E0´Ø­½�.

y². �ã(1) �y²L§Ú½n1 aq, e¡·�y²�ã(2). XÚ(7)-(9) 3 E0 ?�ä�'

Ý
´:

JE0
=

[
J11 0(n+m)×n

J21 (In −Θ −Θν)ΦW

]
,

Ù¥, J21 =
[
Θ ΘνΛ

]
,

J11 =

[
In + h

(
B − Ō∗ (B − βminA)

)
− h

(
Dmin + (D −Dmin) Ō∗

)
h
(
Bν − Ō∗ (Bν − βνminΛ)

)
hCν Im − hDν

]
.

�âÚn2 �y²L§��, ρ ((In −Θ −Θν)ΦW ) < 1.

Ï� ρ(J11) = ρ (In+m + hBf (ō∗)− hDf (ō∗)) = Ro (ō∗), ¤± ρ(J11) = Ro (ō∗) > 1, (Ü©

z[22]¥�½n42 �, JE0
Ø´Â Ý
, d� E0´Ø­½�.

½n 4. XJ Romin > 1, KXÚ(7)-(9) �èxG� E0´Ø­½�.
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y²L§Ú½n3 ��ã2 aq.

3.2. /�¾²ï:�­½5©Û

3�!, ·�©ÛD/¾3ØÓDÂ§Ýe, XÚ(7)-(9) /�¾²ï:�­½5. �â·K1

�, � Romax 6 1�, XÚ��3èxG� Eo. � Ro
min 6 1, Ro

max > 1�, ¾Ó�¹��¾ÓÚî­

¾Ó�A5. Ïd, ·�©ÛD/¾­ÝDÂ��/e, /�¾²ï:�­½5.

½n 5. XJ Romin > 1, KXÚ(7)-(9) �/�¾²ï: E∗´ìC­½�.

y². Äky² (x (k) , xν (k)) ´ìCÂñ� (x∗, xν∗) �, Ù¥ x∗ 6= 0n, xν∗ 6= 0m. ò

xi (k + 1) = xi (k) = x∗i , x
ν
j (k + 1) = xνj (k) = xν∗j �\(4)-(5) ª, �:

0 = (1− x∗i ) (
n∑
j=1

(βij − (βij − βmin) oi (k))x∗j +
m∑
j=1

(βνij − (βνij − βνmin)oi(k))xν∗j )

− (δmin + (δi − δmin) oi (k))x∗i , (22)

0 =
(
1− xν∗j

) n∑
l=1

cνjlx
∗
l − δνj xν∗j . (23)

½Â exi (k) = xi (k)− x∗i , eνj (k) = xνj (k)− xν∗j , �� ei (k), eνj (k)�S�ªXe:

exi (k + 1) = xi (k + 1)− x∗i

= (1− h
n∑
j=1

(βij − (βij − βmin) oi (k))x∗j − h (δmin + (δi − δmin) oi (k))

− h
m∑
j=1

(βνij − (βνij − βνmin)oi(k))xν∗j ))exi (k) + h (1− xi (k))

× (h
n∑
j=1

(βij − (βij − βmin) oj (k)) exj (k) +
m∑
j=1

(βνij − (βνij − βνmin)oi(k))eνj (k)).

dª(22) ��:
∑n

j=1 (βij − (βij − βmin) oi (k))x∗j +
∑m

j=1 (βνij − (βνij − βνmin)oi(k))xν∗j =
(δmin+(δi−δmin)oi(k))x

∗
i

1−x∗
i

, �\þª�n�:

exi (k + 1) =

(
1 − h (δmin + (δi − δmin) oi (k))

1 − x∗i

)
exi (k) + h (1 − xi (k))

m∑
j=1

(βνij − (βνij − βνmin)oi (k))eνj (k)

+ h (1 − xi (k))

n∑
j=1

(βij − (βij − βmin) oi (k)) exj (k). (24)

eνj (k + 1) = xνj (k + 1)− xν∗j = (1− hδνj − h
n∑
l=1

cνjlx
∗
l )e

ν
j (k) + h

(
1− xνj (k)

) n∑
l=1

cνjle
x
l (k).
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dª(23) ��:
∑n

l=1 c
ν
jlx
∗
l =

δνj x
ν∗
j

1−xν∗j
, �\þª�n�:

eνj (k + 1) =

(
1−

hδνj
1− xν∗j

)
eνj (k) + h

(
1− xνj (k)

) n∑
l=1

cνjle
x
l (k). (25)

òª(24)-(25) �¤XeÝ
�/ª:

e (k + 1) = F (k) e (k) , (26)

Ù¥, F (k) =

 F11 F12

h (Im −Xν (k))Cν Im − diag
(

hδνj
1−xν∗j

), e (k) =
[
ex (k)

T
, eν (k)

T
]T

,

F11 = In − diag
(
h(δmin+(δi−δmin)oi(k))

1−x∗
i

)
+ h (In −X (k)) (B −O (k) (B − βminA)),

F12 = h (In −X (k)) (Bν −O (k) (Bν − βνminΛ)), ex (k) = [ex1 (k) , ex2 (k) , · · · , exn (k)]
T

,

eν (k) = [eν1 (k) , eν2 (k) , · · · , eνm (k)]
T

.

�EÝ
:

F (k) =

In − diag
(
h(δmin+(δi−δmin)oi(k))

1−x∗i

)
+ h (B −O (k) (B − βminA)) h (Bν −O (k) (Bν − βνminΛ))

hCν Im − diag
(

hδνj
1−xν∗j

)  .
dª(22)-(23) (Üb�3 �:

x
∗
i = 1−

h (δmin + (δi − δmin) oi (k))

h
(∑n

j=1 (βij − (βij − βmin) oi (k)) x∗
j +

∑m
j=1 (βνij − (βνij − βνmin)oi (k))x

ν∗
j

)
+ h (δmin + (δi − δmin) oi (k))

6 1− h (δmin + (δi − δmin) oi (k)) ,

x
ν∗
j = 1−

hδνj

h
∑n
l=1 c

ν
jlx

∗
l + hδνj

6 1− hδνj ,

(Üb�3, 5 � F (k)´�KØ��Ý
. w, F (k) 6 F (k), ��=� x(k) = 0n, xν(k) = 0m �

��Ò.

- ξ =
[
1, x

∗
1

x∗
1
, · · · , x

∗
n

x∗
1
, x

ν∗
1

x∗
1
, x

ν∗
2

x∗
1
, · · · , x

ν∗
m

x∗
1

]T
, ��:

F (k) ξ = ξ.

Ï� F (k) ´���KØ��Ý
, � ξ � 0n+m, �â©z[19]�íØ8.1.29 Ú8.1.30 �

�, ρ (F (k)) = 1, �â©z[24]�½n2.7 �, F (k) �3����A��þ µT � 0n+m, ¦�

µTF (k) = µT .

·�é?¿ k > s�ÄXe9ÏXÚ:

ē (k + 1) = F (k) ē (k) , (27)

Ð©^��, é¤k� i ∈ V , ēi (s) = |ei (s)|, d	, ·��k e (k + 1) = F (k) e (k). Ï� F (k)´

�KÝ
, ¤±é¤k k > 0, k −ē (k) 6 e (k) 6 ē (k). Ïd, XJXÚ(27) ��:´ìC­½�§
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KXÚ(26) �´ìC­½�.

�ELyapunov ¼ê V̂ (k) = µT ē (k), ��:

4V̂ (k) = V̂ (k + 1)− V̂ (k) = µT (F (k)− In+m) ē (k) = µT (F (k)− F (k)) ē (k)

= µT

−hX (k) (B −O (k) (B − βminA)) −hX (k) (Bν −O (k) (Bν − βνminΛ))

−hXν (k)Cν 0

 ē (k)

= −hµT
X (k) X (k)

Xν (k) 0

Bf (o (k)) ē (k) 6 0.

du h > 0, µT � 0n+m, Bf (o (k))´�KÝ
, �XÚ?u;¾²ïG��, x � 0n, x
ν �

0m, ù¿�X4V̂ (k) = 0��=� ē (k) = 0n+m"Ïd§�âLaSalle’s ØC�n§XÚ(27) ��

:´ìC­½�. Äu'��n, ·��: éu?¿�"Ð©^�, XÚ(26) ´ìC­½�. �X

Ú(7)-(8) �/�¾²ï:´´ì?­½�.

�e5y²XÚ(6) ìCÂñ� o∗. �XÚ?u;¾²ïG��, ò xi (k) = x∗i , x
ν
j (k) = xν∗j ,

oi(k + 1) = oi(k) = o∗i �\(6) ª�:

o∗i = θix
∗
i + θνi

m∑
j=1

λijx
ν∗
j + (1− θi − θνi ) (ϕi

n∑
j=1

ωijo
∗
j + (1− ϕi) oi (0)).

½Â eoi (k) = oi (k)− o∗i , �� eoi (k)�S�ªXe:

eoi (k + 1) = oi (k + 1)− o∗i = (1− θi − θνi )ϕi

n∑
j=1

ωije
o
j (k), (28)

ª(28) ¤á´Ï�XÚ(26) ´�:ìC­½�, = exi (k) = 0, eνj (k) = 0. òª(28) �¤XeÝ
/

ª:

eo (k + 1) = (In −Θ −Θν)ΦWeo (k) , (29)

Ù¥, eo (k) = [eo1 (k) , eo2 (k) , · · · , eon (k)]
T

.

duW ´1�ÅÝ
, ¤± ρ(W ) = 1. �â©z[24]�½n2.7 �, W �3����A��þ

ηT � 0n, ¦� ηTW = ηT .

Ón, é?¿ k > s�ÄXe9ÏXÚ:

ēo (k + 1) = (In −Θ −Θν)ΦW ēo (k) , (30)

Ð©^��, é¤k� i ∈ V , ēoi (s) = |eoi (s)|, d	, ·��k eo (k + 1) = (In −Θ −Θν)Weo (k).

�âb�2 � (In −Θ −Θν)ΦW ´�KÝ
, ¤±é¤k k > 0, k −ēo (k) 6 eo (k) 6 ēo (k). Ï

d, XJXÚ(30) ��:´ìC­½�§KXÚ(29) �´ìC­½�.
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�ELyapunov ¼ê Ṽ (k) = ηT ēo (k), ��:

4Ṽ (k) = Ṽ (k + 1)− Ṽ (k)

= ηT ((In −Θ −Θν)ΦW − In) ēo (k) = ηT ((In −Θ −Θν)ΦW −W ) ēo (k)

= −ηT (Θ +Θν)Φēo (k) 6 0.

du ηT � 0n, Θ Ú Θν ´�é�Ý
, Φ ´�KÝ
, ù¿�X 4Ṽ (k) = 0 ��=�

ēo (k) = 0n. Ïd, �âLaSalle’s ØC�n, XÚ(30) ��:´ìC­½�. Äu'��n, ·��:

éu?¿�"Ð©^�, XÚ(29) ´ìC­½�. �XÚ(9) ìCÂñ�/�¾²ï: o∗.

Ïd, � Romin > 1�, XÚ(7)-(9) �/�¾²ï:´ìC­½�.

4. ê��[

3�!, ·�©O�éD/¾�ÝDÂ, ¥ÝDÂÚ­ÝDÂn«�/?1ê��ý, ±�

*Ð«XÚ(7)-(9) 3ØÓDÂrÝeèxG��/�¾²ï:�Ä�Âñ1�. b�¾Ó3�

�d n = 20 �+N|¤��ä¥DÂ, ��ä¥Ó��3 m = 15 «a/x0. 3�5e�ê

��ý¥, ·�^ùÚL«�Na/'~, 7ÚL«x0a/'~, ÉÚL«*:. � h = 0.1;

∀ i ∈ [n], j ∈ [m], �½Ð©^�Xe: xi(0) ∈ [0.2, 0.7], xνj (0) ∈ [0.1, 0.6], oi(0) ∈ [0.1, 0.6].

ã 1Ð«
�D/¾�ÝDÂ�, XÚ(6)-(9) �Ä�Âñ1�. ëê���: βij , β
ν
ij , δi, δ

ν
i , cνjl

©O3 [0.01, 0.03], [0.005, 0.01], [0.15, 0.25], [0.15, 0.25], [0, 0.01]þ�Å©Ù, θi, θ
ν
i Ñ3 [0, 0.3]þ�

Å©Ù, ϕi = 1. d� Romax = 0.99 6 1, XÚìCÂñ�èxG�, Ù¥ ō∗ = 0n.

Figure 1. Evolutionary trajectories of the infected proportion, the infected media proportion, and the opinion
when Romax 6 1

ã 1. � Romax 6 1�, a/ö'~, x0a/'~Ú*:�üz;,ã

ã 2Ð«
�D/¾­ÝDÂ�, XÚ(6)-(9) �Ä�Âñ1�. ëê���: βij , β
ν
ij , δi, δ

ν
i ,

cνjl ©O3 [0.02, 0.05], [0.01, 0.02], [0.1, 0.2], [0.1, 0.2], [0, 0.02]þ�Å©Ù, Ù¦ëê��ØC. d�

Romax = 1.03 > 1, XÚìCÂñ�/�¾²ï:.

ã 3 Úã 4©OÐ«
�D/¾¥ÝDÂ�, XÚ(6)-(9) �Ä�Âñ1�. ã 3 L², ��

3*:¦� Ro (ō∗) = 0.98 6 1 �, XÚìCÂñ�èxG�, Ù¥ ō∗ 6= 0n; ��3*:¦�
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Figure 2. Evolutionary trajectories of the infected proportion, the infected media proportion, and the opinion
when Romin > 1

ã 2. � Romin > 1�, a/ö'~, x0a/'~Ú*:�üz;,ã

Ro (ō∗) = 1.11 > 1�, XÚìCÂñ�/�¾²ï:.

é'ã 1�ã 3 �±uy, �¾Ó����u�ÝDÂ, ��Né¾Óî­5�@��p�, <

�¬Ï�ê
æ��o��, d��«¥a/ö'~Úx0a/'~Âñ�èxG���Ý, ¯u

<�@�¾ÓØî­���/. é'ã 2 Úã 4�±uy, �¾Ó����u­ÝDÂ, ��Né¾

Óî­5�@��$�, <�¬�t´Q
Øæ��o��, d��«¥a/ö'~Úx0a/'

~þ,�ÌÝ, �u<�@�¾Óéî­���/. þã(J�«
�«*:3ü$+Na/Y²

�¡äkÈ4�^.

Figure 3. Evolutionary trajectories of the infected proportion, the infected media proportion, and the opinion
when there exists ō∗ such that Ro (ō∗) 6 1

ã 3. ��3 ō∗ ¦� Ro (ō∗) 6 1�, a/ö'~, x0a/'~Ú*:�üz;,ã

5. (Ø

�©ïá
�aäk�«*:Úa/x0�lÑ�m�äz SISD/¾�., ïÄ
�p'é

�«¥¹a/x0�¼�DÂ�*:DÂ�m��p�^. nØïÄL², �D/¾�ÝDÂ�, X

Ú (7)-(9)=�3èxG�, ·��Ñ
èxG�ìC­½��ê­½�¿©^�, ¿�Ñ
�êÂ

ñ�Ý; �D/¾­ÝDÂ�, XÚ (7)-(9)�èxG�Ø­½, ·��Ñ
/�¾²ï:ìC­½
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Figure 4. Evolutionary trajectories of the infected proportion, the infected media proportion, and the opinion
when there exists ō∗ such that Ro (ō∗) > 1

ã 4. ��3 ō∗ ¦� Ro (ō∗) > 1�, a/ö'~, x0a/'~Ú*:�üz;,ã

�¿©^�; �D/¾¥ÝDÂ�, ¾Óoä�ÝDÂÚ­ÝDÂ�¾Ó�A5, e�3,�*:¦

�Ä�2)ê�u½�u 1, KèxG�ìC­½, e�3,�*:¦�Ä�2)ê�u 1, Kèx

G�Ø­½, �/�¾²ï:´ìC­½�. ��·�^ê��[Ð«
ù
(J, �«
�«*:

3ü$+Na/Y²�¡äkÈ4�^.

�Tó�8c�3�
Øv, X (1)�.b��¦�äDÂã´rëÏ�, �y¢¥�U�3

�áf+, rëÏ5�UØ¤á. e�äØ´rëÏ�, XÚ¬©)�õ�rëÏ©þ, ù��K�,

­½5, ²ï:(�Úëê�OÑ�U©þ?Ø, ó�þé�; (2)8c¤k(JÑ´nØí�Úê

��ý, "yý¢êâ�y. 3�5�ïÄ¥, �±l±eA��¡�Ä, X (1)�äDÂã3�r

ëÏ��¹e, ©ÛXÚ�ÄåÆ1�; (2)�^ý¢êâ5�ylÑ�m�.; (3)�òykü¾Ó

�.í2�õ¾Ó�., ¿3*:üz�.¥Ó�Ú\Ü�5�é|5pÄ.

ë�©z

[1] Kraemer, M.U.G., Tsui, J.L.H., Chang, S.Y., Lytras, S., Khurana, M.P., Vanderslott, S., et al.

(2025) Artificial Intelligence for Modelling Infectious Disease Epidemics. Nature, 638, 623-635.

https://doi.org/10.1038/s41586-024-08564-w

[2] Nowzari, C., Preciado, V.M. and Pappas, G.J. (2016) Analysis and Control of Epidemics: A

Survey of Spreading Processes on Complex Networks. IEEE Control Systems Magazine, 36,

26-46.

[3] Cui, S., Liu, F., Jardón-Kojakhmetov, H. and Cao, M. (2024) Discrete-Time Layered-Network

Epidemics Model with Time-Varying Transition Rates and Multiple Resources. Automatica,

159, Article ID: 111303. https://doi.org/10.1016/j.automatica.2023.111303

[4] ��, �^^, F#Ù. DÂÄåÆ�.£��Ð"[J]. A^êÆ�O�êÆÆ�, 2018, 32(2):

267-294.

DOI: 10.12677/pm.2026.1610219 144 nØêÆ

https://doi.org/10.1038/s41586-024-08564-w
https://doi.org/10.1016/j.automatica.2023.111303
https://doi.org/10.12677/pm.2026.1610219


��

[5] Van Mieghem, P., Omic, J. and Kooij, R. (2009) Virus Spread in Networks. IEEE/ACM

Transactions on Networking, 17, 1-14. https://doi.org/10.1109/tnet.2008.925623

[6] Pare, P.E., Liu, J., Beck, C.L., Kirwan, B.E. and Basar, T. (2020) Analysis, Estimation,

and Validation of Discrete-Time Epidemic Processes. IEEE Transactions on Control Systems

Technology, 28, 79-93. https://doi.org/10.1109/tcst.2018.2869369

[7] Masuda, N. and Konno, N. (2006) Multi-State Epidemic Processes on Complex Networks.

Journal of Theoretical Biology, 243, 64-75. https://doi.org/10.1016/j.jtbi.2006.06.010

[8] Shi, H., Duan, Z. and Chen, G. (2008) An SIS Model with Infective Medium on Complex

Networks. Physica A: Statistical Mechanics and Its Applications, 387, 2133-2144.

https://doi.org/10.1016/j.physa.2007.11.048

[9] Xie, Y. and Wang, Z. (2021) Transmission Dynamics, Global Stability and Control Strategies of

a Modified SIS Epidemic Model on Complex Networks with an Infective Medium. Mathematics

and Computers in Simulation, 188, 23-34. https://doi.org/10.1016/j.matcom.2021.03.029

[10] Wang, Y., Jin, Z., Yang, Z., Zhang, Z., Zhou, T. and Sun, G. (2012) Global Analysis of an

SIS Model with an Infective Vector on Complex Networks. Nonlinear Analysis: Real World

Applications, 13, 543-557. https://doi.org/10.1016/j.nonrwa.2011.07.033

[11] Pare, P.E., Vrabac, D., Sandberg, H. and Johansson, K.H. (2020) Analysis, Online Estima-

tion, and Validation of a Competing Virus Model. 2020 American Control Conference (ACC),

Denver, 1-3 July 2020, 2556-2561. https://doi.org/10.23919/acc45564.2020.9147568

[12] Xuan, W., Ren, R., ParW, P.E., Ye, M., Ruf, S. and Liu, J. (2020) On a Network SIS Model

with Opinion Dynamics. IFAC-PapersOnLine, 53, 2582-2587.

https://doi.org/10.1016/j.ifacol.2020.12.305

[13] Lin, Y., Xuan, W., Ren, R. and Liu, J. (2021) On a Discrete-Time Network SIS Model with

Opinion Dynamics.2021 60th IEEE Conference on Decision and Control (CDC), Austin, 14-17

December 2021, 2098-2103. https://doi.org/10.1109/cdc45484.2021.9683347

[14] �1#. äk*:Ä���äzlÑ�m61¾�.©Û�A^[D]: [a¬Æ Ø©]. ÉÇ: É

Ç�E�Æ, 2024.

[15] Degroot, M.H. (1974) Reaching a Consensus. Journal of the American Statistical Association,

69, 118-121. https://doi.org/10.1080/01621459.1974.10480137

[16] Friedkin, N.E. and Johnsen, E.C. (1990) Social Influence and Opinions. The Journal of Math-

ematical Sociology, 15, 193-206. https://doi.org/10.1080/0022250x.1990.9990069

[17] Liu, J., Pare, P.E., Nedic, A., Tang, C.Y., Beck, C.L. and Basar, T. (2019) Analysis and

Control of a Continuous-Time Bi-Virus Model. IEEE Transactions on Automatic Control, 64,

4891-4906. https://doi.org/10.1109/tac.2019.2898515

DOI: 10.12677/pm.2026.1610219 145 nØêÆ

https://doi.org/10.1109/tnet.2008.925623
https://doi.org/10.1109/tcst.2018.2869369
https://doi.org/10.1016/j.jtbi.2006.06.010
https://doi.org/10.1016/j.physa.2007.11.048
https://doi.org/10.1016/j.matcom.2021.03.029
https://doi.org/10.1016/j.nonrwa.2011.07.033
https://doi.org/10.23919/acc45564.2020.9147568
https://doi.org/10.1016/j.ifacol.2020.12.305
https://doi.org/10.1109/cdc45484.2021.9683347
https://doi.org/10.1080/01621459.1974.10480137
https://doi.org/10.1080/0022250x.1990.9990069
https://doi.org/10.1109/tac.2019.2898515
https://doi.org/10.12677/pm.2026.1610219


��

[18] She, B., Liu, J., Sundaram, S. and Pare, P.E. (2022) On a Networked SIS Epidemic Model with

Cooperative and Antagonistic Opinion Dynamics. IEEE Transactions on Control of Network

Systems, 9, 1154-1165. https://doi.org/10.1109/tcns.2022.3145748

[19] Horn, R.A. and Johnson, C.R. (2013) Matrix Analysis. 2nd Edition, Cambridge University

Press.

[20] Rantzer, A. (2011) Distributed Control of Positive Systems. IEEE Conference on Decision

and Control and European Control Conference, Orlando, 12-15 December 2011, 6608-6611.

https://doi.org/10.1109/cdc.2011.6161293

[21] Khalil, H.K. (2002) Nonlinear Systems. 3rd Edition, Prentice Hall Inc.

[22] Vidyasagar, M. (2002) Nonlinear Systems Analysis. 2nd Edition, Society for Industrial and

Applied Mathematics. https://doi.org/10.1137/1.9780898719185

[23] Rugh, W.J. (1996) Linear System Theory. 2nd Edition, Prentice-Hall Inc.

[24] Varga, R.S. (2000) Matrix Iterative Analysis. 2nd Edition, Springer.

DOI: 10.12677/pm.2026.1610219 146 nØêÆ

https://doi.org/10.1109/tcns.2022.3145748
https://doi.org/10.1109/cdc.2011.6161293
https://doi.org/10.1137/1.9780898719185
https://doi.org/10.12677/pm.2026.1610219

	1 引言
	2 模型和问题阐述
	2.1 模型建立
	2.2 技术假设

	3 系统平衡点的稳定性分析
	3.1 无病平衡点的稳定性分析
	3.2 地方病平衡点的稳定性分析

	4 数值模拟
	5 结论

