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Abstract

Two paths P, and P, between distinct vertices © and v are called openly disjoint if
they have no internal vertices in common. Let T},75,...,T; be spanning trees of G. If
for each pair of distinct vertices u,v € V(G), the paths from u to v in T}, Ts,..., T} are
pairwise openly disjoint, then 77,75, ..., T}, are called completely independent spanning
trees in G. Regarding completely independent spanning tree, the question we are
concerned with is the maximum number of completely independent spanning trees
that can exist in a graph. For line graphs, Hasunuma showed that for any n > 4,
there are |“f!| completely independent spanning trees in L(K,), and further, |“f!|
completely independent spanning trees still exist in L(K,) — v for any vertex v when
n = 4 or n is odd and in L(K,) — V(P) for any induced path P of order at most }
when n (> 6) is even. In this paper, we apply Hasunuma’s idea to the line graph of

n+1

K, , and obtain that, for any n > 3, there are L 5

J completely independent spanning
trees in L(K, ,), and further, L"T“J completely independent spanning trees still exist
in L(K,, ,) — v for any vertex v when n is odd and in L(K,,) — V(P) for any induced

path P of order at most n when n is even.
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Figure 1. Subtrees Ty and T%; Dashed lines for the cycle of (So, SI>L(K3,3)
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S0, 81, S s |y RIRL(K ) B X BT E(Ty), B(Th), oy B(T msr ) TR T 2R T
EBIERRA (Si) o HOEEEYE, Hh0 < < |20 o #2030, BT, T, Top K
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a; djyq Ai+i-1 Ag+i Ak+i+1AKk+i+2 azk-14do aj—

b; b brti—1 bryi Priv1brsiva box_1bo  bi_g

ag Ag+1 Ak+2 dgx-2 dzk-1 do di ayg-2dk—1
o . - o o

E(Knn)\ |J ET)

0<i<k

bi brsibrsz  bakea baxeibo b1 bilabrog

Figure 2. The edges of T; and E(Knn) \ U<y E(T3) for even n = 2k

2. WFEHn =2k, THE(Knn)\ Uo<icr B(Ti) B34

a; ajyq Ak+i-1 Ok4i Ak+i+1Ak+i+2 azk do aj-1
S Y o« e .« e

T;
b; b1 brii—1 bryi Prtiv1brriv2 box by bi_g
Ak di+1 dk+2 dzk-1 dzx do di ag—20dk—1
* - o . o« . e
I
1
I Tk
1
1
by byy1 bri2 bak-1 bax bo by byx_2by_1

Figure 3. The edges of T; and T} for odd n = 2k + 1; E(Knn) \ Up<;<p £(T3) = {arbi}
3. XMTAHn =2k + 1, TATMIL: E(Knn) \ Upci<r E(Ti) = {arbi}

(i) 0 B IEE(K o) \ Upeie |y | BT Bt — %Py 451 F LK) ) — 4 %
SP 1 2HQ- T, So,Sh,- o, Spugs | PVARL(K, ) — V(QW RSB L. 1K, .10
SR, SHERE AT A SBEP, L(K,,.) — V(P)#E | 2L AR A3 L.

Rk, A TIEWERL2, WRAEmE2.2, RTEVIX TAER # 4, (S, S;) KEN &R

— N
el
WiS3.1. FTHELZ0<i<j<k, £Fk=[2]En=2k+1, (S;,S;)0&M Ny LAEH—AE,

SERR. P AR TTT . Rk, RS, S, RIEE, B st o LB A
VESEJY SCHEAT Rk i8. BB = (S0, 8;). WRBRIGATAREED N2, WBrHAFE— .
HEMISE R (BB B AEAE— ML I, Bo 2 BERRER) — AL, e K TR T o, 30
LT Rt BLEA T PR L
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Figure 4. The edges of T; and T; wiht ¢ < j; Solid lines for T}, dashed lines for Tj
4. 4 < JTRATy I3 ToRSEER, TiNEL

W1, el TE(T,) .
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A TS I

B FEHUNIE T flo, SR Fela i 5T, 9 (1) — U AH . #A)ilul, el — N sl 2T, 10— A
TR, T AN R ET B AR FR T, ansy o RS TET, FIOTA A, BRILE Reel—
AN e FHAR B < JATRIMIE TR, gy ZETH B ME— &0 SR by IXEIRETH RA —%
iﬂ@ = ak+j+1bk+iﬁ?%ve?£BﬁPfE§'ﬁj'\jlo if%‘fveEquE(]@B)ﬁ%Uf’ EEF'JC = ajbk+i € E(Tj)o
,[J:thi(CLj) = ]-E-dTl(bk—i-z) = ]{7; ﬁ%%%d}g(’l}f) =k +1 2 3o

B2, Weli T E(T;)H.

AV LT AT 15 Dt

B21 k+i+1<k+j, M, i+1<j.

H5IGMIR e MR iE Rl RATAT I Eds(ve) = 1ME—— 2% fRe = appipby, IF
HveEBEPE(Juﬁ—%B)ﬁ%Uf; /E\:I:Pf - aibj S E(ﬂ)o EEdTJ ((17) = ].Ede (bj) =k + 1m%DdB(Uf) =
kE+2>3

2.2 k+i+1=k+j, M, i+1=7.

WETHTR, apriv1 = apy RAEEIET K — D e HIET D ITH Sag, REEHL. X
FEEt=k+i+Lk+5+2,- k+j+k+1 GRB2k + 1HUED, ap b RE(Ty) T H—%,
FHBE—DH, Bt A4, N

(i) b ET I — T 5
(ii) BEADO, (¢ # ) T Fag M8, M LT 5 a; AHLR.

RTTAER N, £ NPT RATE MR EEEE+ j+1 <t <k+j+k+1 (B2k+ 1D
Ht #iW. ()MGi), FATATUR LR X TERe = apsber dp(ve) = 1o W) T,
v AEBHHIME— 4R R vy, Hoth

o {akJribt, tre = agb (t#7);

e
aibj, e = ak+jbj.
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LAE FRAT K 2 G0 TE B BRo A48 e it = j, Wdr, (a;) = 1Hdr, (b;) = k + 1. B,
dp(vy) =k+2. %t #j, FEREIbZTMT TR, Hap TR —AF L Moy & B RS
2T A TERXFEIL T, Bop o BRo SIS AR = ajiibje AHEREdr, (ag4i) = k + Lo
Bltk, FATHdp(vn) =k + 2

PAERATHE S UEIWT 5 3.1 B AMFEe € B(T)) i3 2 FEEUON I R, T8 AR 3 i 1 1) 15
D18, BRA —NEHONIKE, B E B Rtk t. #Hi+1 <j, B
D2 1K, WBHEZ AW EHONIITA. XM T, FEHCOVIRI R 5 K 2 > 03,
G SLAN TS BL2. 1 BT 0. A B thAEfE— ANl PRI IRATA FEHEIE + 1 = jtEN. W
FEMIER B BT AT EEON TR TR e RIS, BERON LI ME — T v, e = apqjiabrrss Ho 928
RAEBHEHONE > 3. UM BRv AN & 7 AARDHT I RO TR R S A kA RO T
Horp— AN AT R EONE + 2, Rk — IDNRIAT R 2. BRI IR B AR5 2 Btk — 182
HONI T RGeS F— N BEEOE + 28T 48 8 BRIk — 148 B0 BE BN T A
BAVKEAF B B — M@ T, dhB, HS(B) > 2. Hit, Eanzkisprid, B B #as—
A8, O

AT WrE 3 LER, En B, NE 1252 BIE. 3 T8, FRATHZ RIS,
T Ut
BiE3.2. FTFHEE0<i<k, £ Pk=[2]Hn=2k+1, (S, Su)dHFANDLAEH—ANE.

WERR. HHAIETTHL, ap ¢ V(Tk), FFHV(Te) \ {ae, be | k41 <0 <2k} RTA T s A A2 T, 1 -
Mo WB = (S;, Sk). WHTHTLA, AT LMREBRIEBNY, Ho&BHEECHIM TR, FATHE
LU A

L1, el T E(T;)H.

I T fag i&e 1 — AN a8, BHlttbe = apbie B IETLH Hag MH 4R B o AEBH 147 £
IEéf = G:kaio :‘lﬁ—‘y}:ﬂﬂ; dTi(CLQk) =1 (%Z 75 k— 1) Ejszi(G,Qk;) =0 (%Z =k—- 1); HdTl(bz) =
k41, XEMEdp(vy) =k +18dp(vs) =k + 2

tHL2. el T E(Ty) %,

BB, AT RE LR A L

)o0<i<k-—2

REWEE+1 <k+i+1<2k— 1. WBETHEE, FATGakriv1birir arriv1biriv: €
E(Ty) M T b ARTHIMN T 5, BlTHe = arpivrbrrivre FIvAEBRRME v, HPf =

ak+zbk+1+1 € E( )° H KA i # OHTdi (ak-H) =2, E-di (bk+z+1) =2, [Hhq 7é OHTdB(Uf)
4, Hi=0Mdg(vy) =2

(ii) i =k — 1.
MAak+i+l =2k, EXFEN Fe = appipr1bsr s =2k—1,2k,2k+1,- -+ 2k—1+k,2k—1+
k41 (BE2k + 1o BT bop_1 Mlbp 1 AT T 55, e = aprip1bor_18%e = apyip1bp_1, Mo A
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