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Abstract

Two paths P1 and P2 between distinct vertices u and v are called openly disjoint if

they have no internal vertices in common. Let T1, T2, . . . , Tk be spanning trees of G. If

for each pair of distinct vertices u, v ∈ V (G), the paths from u to v in T1, T2, . . . , Tk are

pairwise openly disjoint, then T1, T2, . . . , Tk are called completely independent spanning

trees in G. Regarding completely independent spanning tree, the question we are

concerned with is the maximum number of completely independent spanning trees

that can exist in a graph. For line graphs, Hasunuma showed that for any n ≥ 4,

there are
⌊
n+1
2

⌋
completely independent spanning trees in L(Kn), and further,

⌊
n+1
2

⌋
completely independent spanning trees still exist in L(Kn) − v for any vertex v when

n = 4 or n is odd and in L(Kn) − V (P ) for any induced path P of order at most n
2

when n (≥ 6) is even. In this paper, we apply Hasunuma’s idea to the line graph of

Kn,n and obtain that, for any n ≥ 3, there are
⌊
n+1
2

⌋
completely independent spanning

trees in L(Kn,n), and further,
⌊
n+1
2

⌋
completely independent spanning trees still exist

in L(Kn,n) − v for any vertex v when n is odd and in L(Kn,n) − V (P ) for any induced

path P of order at most n when n is even.
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Figure 1. Subtrees T0 and T1; Dashed lines for the cycle of 〈S0, S1〉L(K3,3)
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Figure 2. The edges of Ti and E(Kn,n) \
⋃

0≤i<k E(Ti) for even n = 2k

ã 2. éuóên = 2k§TiÚE(Kn,n) \
⋃
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Figure 3. The edges of Ti and Tk for odd n = 2k + 1; E(Kn,n) \
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⌊
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⌋
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Figure 4. The edges of Ti and Tj wiht i < j; Solid lines for Ti, dashed lines for Tj

ã 4. i < j�TiÚTj�>¶Ti�¢�§Tj�J�

�¹1. >e uE(Ti)¥"

�â·���E§éuz�0 ≤ i < k§ak+i+1 /∈ V (Ti)§¿�Ti¥Øai!bi!ak+iÚbk+i	�¤

kº:Ñ´�f:"

B¥Ýê�1�º:ve¿�XeTÐ�Tj¥��^>��"�é{`§e���à:´Tj���

�f:§
,��à:Ø3Tj¥"�âþã©Û§ak+j+1´Ø�¹3Tj¥�º:§Ïd§´e��

�à:"db�i < jÚTi��E��§ak+j+13Ti¥����:´bk+i"ù¿�XTi¥�k�^

>e = ak+j+1bk+i¦�ve3B¥Ýê�1"5¿ve3B¥��:´vf§Ù¥f = ajbk+i ∈ E(Tj)"Ï

ddTi
(aj) = 1�dTi

(bk+i) = k§ù¿�XdB(vf ) = k + 1 ≥ 3"

�¹2. >e uE(Tj)¥"

·��Ä±eü«f�¹"

�¹2.1. k + i+ 1 < k + j§�d/§i+ 1 < j"

��¹1¥?Ø�Øyaq§·�kTj¥÷vdB(ve) = 1����^>´e = ak+i+1bj§¿

�ve3B¥����:´vf§Ù¥f = aibj ∈ E(Ti)"ddTj
(ai) = 1�dTj

(bj) = k + 1��dB(vf ) =

k + 2 ≥ 3"

�¹2.2. k + i+ 1 = k + j§�d/§i+ 1 = j"

Xc¤ã§ak+i+1 = ak+j´Ø�¹3Ti¥�e���à:"�ÄTj¥¤k�ak+j'é�>"é

u?¿t = k + j + 1, k + j + 2, · · · , k + j + k + 1£tU�2k + 1��¤§ak+jbt´E(Tj)¥��^>§

¿�?�Ú/§et 6= i§K

(i) z�bt´Ti����f:¶

(ii) z�bt£t 6= j¤3Ti¥�ak+i��§
bj3Ti¥�ai��"

��Bå�§3e¡�?Ø¥·�o´òt��3��k+ j + 1 ≤ t ≤ k+ j + k+ 1£�2k+ 1¤

�t 6= iS"d(i)Ú(ii)§·��±�Ñ(Øµéu?¿e = ak+jbt§dB(ve) = 1"X(ii)¥¤?Ø§

ve3B¥����:´vf§Ù¥

f =

ak+ibt, ee = ak+jbt (t 6= j);

aibj , ee = ak+jbj .

DOI: 10.12677/pm.2026.1611233 54 nØêÆ

https://doi.org/10.12677/pm.2026.1611233


�èl§±R�

y3·�5�	vf3B¥Øve	��:"et = j§KdTj
(ai) = 1�dTj

(bj) = k + 1"Ïd§
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��"

aquäó3.1�y²§en�óê§K½n1.2á=�y"éuÛên§·�I�üÕ?nSk�

�¹"

äó3.2. éu?¿0 ≤ i < k§Ù¥k = bn
2
c�n = 2k + 1§

〈
Si, Sk

〉
�z�©|Ñ¹k���"

y². d�E��§ak /∈ V (Tk)§¿�V (Tk) \ {a`, b` | k + 1 ≤ ` ≤ 2k}¥�¤kº:Ñ´Tk��f

:"�B =
〈
Si, Sk

〉
"Xc¤ã§·��±b�B´ëÏ�§�ve´B¥Ýê�1�º:"·��Ä

±eü«�¹"

�¹1. >e uE(Ti)¥"

dd��ak´e���à:§Ïde = akbi"5¿bi3Tk¥�a2k��"Ïdve3B¥��:

´f = a2kbi"?�Ú/§dTi
(a2k) = 1£ei 6= k − 1¤½dTi

(a2k) = 0£ei = k − 1¤§�dTi
(bi) =

k + 1"ù¿�XdB(vf ) = k + 1½dB(vf ) = k + 2"

�¹2. >e uE(Tk)¥"

d�§·��Ä±eü«�¹"

(i) 0 ≤ i ≤ k − 2"

ù¿�Xk + 1 ≤ k + i + 1 ≤ 2k − 1"�âTk��E§·�kak+i+1bk+i§ak+i+1bk+i+1 ∈
E(Tk)"dubk+iØ´Ti��f:§·�ke = ak+i+1bk+i+1"Ïdve3B¥��:´vf§Ù¥f =

ak+ibk+i+1 ∈ E(Ti)"N´u��i 6= 0�dTk
(ak+i) = 2§�dTk

(bk+i+1) = 2"Ïd�i 6= 0�dB(vf ) =

4§�i = 0�dB(vf ) = 2"

(ii) i = k − 1"

@ok+i+1 = 2k§3ù«�¹ee = ak+i+1bs§Ù¥s = 2k−1, 2k, 2k+1, · · · , 2k−1+k, 2k−1+

k + 1£�2k + 1¤"dub2k−1Úbk−1Ø´Ti��f:§ee = ak+i+1b2k−1½e = ak+i+1bk−1§KveØ
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´B¥Ýê�1�º:"éue = a2kbs£s = 2k, 0, 1, 2, · · · , k − 2¤§ve3B¥Ýê�1§�ve3B¥

��:´vf§Ù¥f = a2k−1bs"5¿dTk
(a2k−1) = 2"éubs§e0 ≤ s ≤ k − 2§KdTk

(bt) = 1¶

es = 2k§KdTk
(bt) = k + 1"Ïd

dB(vf ) =


3, ef = a2k−1bs (0 ≤ s ≤ k − 1);

k + 3, ef = a2k−1b2k.
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