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Abstract

In this paper, we deal with the isoperimetric-type inequalities for the embedded starshaped plane
curves. In fact, we establish a family of parametric inequalities involving the following geometric
functionals associated with the given starshaped curves with a simple Fourier series proof: Length
of the curve, areas of the region included by the curve and the locus of curvature centers, and inte-
gral of the curvature radius of the curve and the locus of curvature centers. Using our isoperimetric-
type inequalities, we also derive some new Bonnesen-type inequalities.

CHEHAEE

CES|F: TUHEEE, ML, mA. BRONTE T 2 S 2 R AN S0)]. FEISH2E, 2025, 15(6): 109-116.
DOI: 10.12677/pm.2025.156195


https://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2025.156195
https://doi.org/10.12677/pm.2025.156195
https://www.hanspub.org/

Pt

g

Par
&

Keywords

Isoperimetric Inequality, Locus of Curvature Centers, Stability, Fourier Series, Reverse
Isoperimetric Inequality

Copyright © 2025 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. MAREERR

AR H, AN HRR LRSS 1 R? R OSRAER, HERRWNTF:
FBH L1 (BHEHAER) MR y & —%KE N LR ihg, BRI Xsmis A, Ba:
12— 47A>0 (1.1)
M EAACY y 2R, SO,
X—F LRI A NG NG, (HE 19 a4 i Edler [ 1 T 528 MEIEH. BLLE,
X —EAAGERITUEA T aEe s HE RN H A Wrm .
WAL N2IRH ik R, 528 7P XM R A%, WS FR:
EHE 12, MRy Z—FKEN LR R, FBRXEmE s A, HBa
L®< 4;;(A+|A|) (1.2)

oo AR i RO BT XA TR, 4 ALY p R, 5SRO0,
e X — S5 AT Tk, R PR [3):
L2 s4;zA+7z|A| (1.3)

J7SIBOREFE 1.2 S R BRI, 380 T LU 45 2R (4]
SEH 1.3 WK 2= MEKNP(K). mHNa(K) MR, Ha(K) &R aK 1&g gus i
A TR, A
p(K)’ <4z (a(K)+a(K)) (1.4)

M HAY y 2, 255 AL .
EH 14 (FEEH) Wy 2 —FKENL. BRI NAMNERMZL, WA:
7L

[ Keds>—— (1.5)
7 A+ A

Hork 2y fhze, Al OB T EE ORI 29 BACY RN, S5 AL
EH L5 By B—KKENL . BRI AQEHMLE, FEEHRa, f,4.6,0,EHL:
a,A>20
0<0
2+4n6+w—-a =0 (1.6)
2+2A+4n6+&E—-a >0
4 +41+86+& -2+ =0

DOI: 10.12677/pm.2025.156195 110 I


https://doi.org/10.12677/pm.2025.156195
http://creativecommons.org/licenses/by/4.0/

H
2
48

A
aLk%s+ﬂﬁ”p%9me+iﬁﬂi(@de+5ﬁ+wA+§Azo (1.7)

Hrh, kMl p 53R B IR y (SRt 2242, p, 1A 43 30 il 2 b e i 2 2 42 0 T
AR 2 HAXE p 2 5 H S8 AL -

a=0
(1.8)
2+4n6+w=0

H1 HWa=B=1, 6=-1, o=E=4x, NARIEM 1.3 2R, toh, ik H A L (1.6)
(IS HE, WIATS BN R T T 1 2R 10— S 2 AR 2530, R s
SEEL 16, Wy R—FKENL . BSXIBIAY A KRB, WA:

L?stMs+HMA+5nA (1.9)
ESﬂi?pﬁw+4ﬁA+2ﬂA (1.10)
L?s%Lkws+3ﬁﬂid9+nﬁ”pw9 (1.11)
rA<2[ Kds+ [ p2d6’+% [ p2do (1.12)

Horf, kM p 53R R IG L y (s Rl A4, o, A1 A 43 205 il A2 cp Lo B I i 26 1 T
MR, A y 2R, 250(1.10) 07,

b Ed, S8R BACY NS S O, ST R L, 2 i 2R [
I, UM S . X RVRE Hh 2R 10 550 A A 22 Sl )y, Bl S 1 AR AT 2%, 3% IRl
T — 8 iR OB T AR, MR i FE v, bR O R AT R, 2k
TR 25 [, AR, A2 QP i) 22 R A 2K

AL 5 2 WREE RSS2 U & B R R . B8 3
T IUE I S5 AN SU(L5), SRR B 5 e 3 1.5 1) — A SE (TSR I o ASH SUAE B BF AL
et b, bR VRN BT 2R 0 S S R BN, IR T A R K 2R T
IR A R QBB TR, DL 2R il 2 2 5 il PO U AR A M S EOR SR 507 81
FE[AMELE, ARBFFEAM G S T MR A OB, BN T iR AR, TR T A T A
AR R BhAh, AHF FUIR ) FH 157 20 f (e B I G B0 B 1 IR A5 5, B AT 7 P I R 2 5B
BET WA

2. JUEFEEHRE

AT, BRI R LT R
B K /T IR O T, 36 LD FUR T C2 26 AE KR UL » oK BRI T 2R 5],
84 y(0) o MR R? 3] ANRALER (1,0) . H54 oK WL 0 S5 ATF

7(0)=(7(0).7,(0))=(r(0)cosd,r(0)sino) (2.1)

Hfoe[0,27], r(0) &y RIS AT IS

DOI: 10.12677/pm.2025.156195 111 FEp R


https://doi.org/10.12677/pm.2025.156195

7'(0)=(r,cos0—rsind,r,sind+rcoso) 22)
7"(0)=(ryy cOSO—2r,5in @1 C0OSH, 1, i O+ 21, COSH —rSiNG) '
or o’r
ﬁﬁiﬂ, rlg:%y r‘g(,:wo

AR LA A 23 ) 30K oK AR B R T AR, ] AT SR

L:LQS:L?VAdH:L?}h2+¢dH (2.3)

1 12 ,
A=E_[771d72_7/2d7125,[02 rede (2.4)
BIE, 7(0) M KA p(6) Rl K (6) 7T ATy
do 1
O =& (25)

p(«9)zﬁ=./r2+rg2 (2.6)

BTk, RATERE y(0) i dofulan R
B(0)=y(0)+p(0)N(0)=y(8)+r* +1;N(8)=(-r,sino,r,cos0) (2.7

1 . . ; RN =
HH, N(H)zm(—rgsme—rcosH,rgcose—rsme)%Y’&}/(@)E‘J$1EV~J¥£FEHE%O
SRIF, BATATLATESE B(0) BT AL A, ST HIZE B(0) fh S BB i ik, R34 p,
LU

A:%J‘ﬂ@dﬁz - BB, :jjﬂ razdg (2.8)

de 1

k,(0)=—
/f'( ) ds (r;+r920
1
Py (0)= =\ +r, (2.10)

5 (0

-
B T4 8 MR TR X K AR I B r (0) SURIESL. A S H UL 27 AN, B HA W R R E R
-2 4 [6] -

(2.9)

=~

r(0)=a, +i(an cosnd +b, sinng) (2.11)
MRERIDKT oRT, JAIGH):
r'(0)=

M

n(-a,sinnd +b, cosnv) (2.12)

[iN

n=;

r”(0)=—§:n2(an cosnd+b, sinng) (2.13)
Fit, HX(2.10). (2.11). (2.12) A KM 2E FO/RSE, ATELH r(0) HOME I REOR R XL LT &
R s

DOI: 10.12677/pm.2025.156195 112 I


https://doi.org/10.12677/pm.2025.156195

H
2
48

A=%j§”r2d6’=ﬁa§ +%n21(a§ +b?)

A:%J';”rjdezggnz(aﬁ +b7)
[ 07 (0)d0 =278 + 73 (n? +1) (a2 +1?) (2.14)

n=1
[ p2(0)d0 =73 0% (n* +1) (a2 +1?)
n=1

L :(IOZ” re+ r;dev)2 <2x["(r? +17)d0 = 4% +27z2i<n2 +1)(al +b7)

n=1

3. FEFEEAIER

FEAT R, ASOHRIEYEH 1.4,
ERH. ARAEH/REEASE, AT

2ﬁ=j02” - r21+ . 4r? + rjdesqu'oz”,/rz +r2do ”jﬂﬁde
9 [

A, 3AT175 2

47zzs(j02” r2+rjd€)[jo2” 1 de]:ij”kde:LLkzds

FreL, e A%(1.4), FATH

47’ (A+A) Al

(A+A)[ K?ds> > =l

j k2ds > ﬂL~
7 A+ A

k%,~ﬁﬁ,M%ﬁﬁ%ﬁW%%,%ZﬁB=MM+M,E%X%ﬁammm%%ﬁ,ﬁﬂy
=AM H—J7, WRML y £ —AE, REAERQ4)MIEERM, BAAEA(LS5)WINES .

BTk, ASOFARUE R E 4 R e 1.5,

ERH. B2, HIEH 1.4 Mg RASEASEN, ITH

(A+A)+] Kids>2 (A+ A)(Lkzds) SN

j k2ds>2+/zL - A— A

¥

R, ATH

Frek, EHEBIASER(L7), RATA HEIEWIAERAT(L.6) T, K L AEXMAANLKQT)EHREELT
ANREIROT

DOI: 10.12677/pm.2025.156195 113 FEp R


https://doi.org/10.12677/pm.2025.156195

Pt

g

#

af Kids+ B[ p?(0)d6+ 2], p2(8)d6+5L° +wA+EA
> a( 2zl - A-A)+ B[ p? (0)d0+ 4] p (0)d0+ 5L + wA+EA

> 2azL+ B[, p*(0)d0+ 4[] p2(8)d0+5L2 +(w—a) A+ (&) A
>0
9IF, FUR (0) MM RECRE T VTR, RATH

2oL+ [ p*(0)d0+ [ p}(6)d0+6L +(0-a) A+(E-a)A
:2aﬂ+ﬁ(2na§+ﬂ2(n2+1)(a§+bf)j+ﬂ(;zin2(n2+1)(af+bf)]
+o“[47r2a§+2ﬂ2n§;(n2+1)(an2+bﬁ)j+(a)—a)(ﬂa§+%g(a§+bf)j
+(§—a)(%in2(a§+bf)j

= 2oL +(2f + 475 + - a)ma}

+7ri(a§ +b,f)[,3(n2 +1)+An2(n2 +1)+27z5(n2 +1)+%nZ +(a)—a)%j

n=1

\
7
+
-

e X (K]
L:IOZ” r2+r§d02f;”rd6:2na0
JEAR, ﬁé1{‘]ﬁao=£zoiz~$io Kk, F(L6)T

2axL + (2 + 475 + - a)nal
> 22r\Ja,a+ (2 +4r6 + 0 —a) nal

>0
HH
ﬂg(ai-f-bf)[ﬁ(nz +1)+ﬂ’n2(n2+l)+27[5(n2 +1)+§;an2+w;aj
:”i(aﬁ+b§)([ﬂ+i+27z§+§;aan+in4+ﬂ+2ﬂ5+w;aj
n=1
>7z2(a +b2)[2ﬁ+21+4”5+§ f-a o-a aj
2 2
>0

af Kds+ B[, p*(0)d0+ 2], p}(0)d0+5L° + oA+ R0

DOI: 10.12677/pm.2025.156195 114

I


https://doi.org/10.12677/pm.2025.156195

H
2
48

2, BATEHE TAZERQT).

B OR, FRATIE 25 R 25 A

B, WRETEMIZL y(0) = —NE, BKBEMEEN p, AR gl R g —A s, bl
BATH A=0H p, =0. ik

ajkws+ﬁf”p (0)d0+2[" p2(8)d0+5L + wA+EA
—ajk%s+ﬂj p*(0)d0+5L° + wA

—aI —ds+ﬂ.[ p2(0)do+5(27p)’ +o(7p’)
:aZﬁ%+ﬂ2ﬂp +04r%p* + wrp?
:a25#+(2ﬂ+47r§+a})ﬂpz

Wz, T

a=0
2+4n6+w=0
KZz8a. - A~ 6 o &, BATH

2
aLkws+ﬁL P d9+ﬁj p5(0)d0+5L° + oA+ EA=0

F—J7, R A7) PSR RSL, BA

aLkms+ﬂﬁ” d0+ﬂj 0)d0+ 5L + wA+EA
Za@J;E—A—Ay4ﬁ d€+lj 0)d6+5L% + A+ EA
> 20wl + B[ p? (8)d0+ 2[ p2( d9+5L+(w a)A+(é-a)A
>0

BLE
:(IOZ” r?+ r62d¢9)2 < 27zJ'02”(r2 +17)do

AR 5, R ATA

L
A+A

J Kds=
I A
L? =(.|'02” r’+ r62d¢9)2 = 27rj§”(r2 - r;)de

FTCLE 2R v & — AN
KRG, RATEWHEH 1.7,
PERA. G HIAZER DL EE 2 F R - e 83kik =, BATH

DOI: 10.12677/pm.2025.156195 115 I


https://doi.org/10.12677/pm.2025.156195

H
:
48

Lkzds +107A+57A— L2

> 23zl +(107 ~1) A+ (57 -1) A- L

0

- 2M+(1oﬁ—1)[aa§ +%Z(a§ + bf)j+(5ﬁ—1)[%i n*(al + bf)j

n=1 n=1
—ar%al 227y (n” +1) (a2 +b7)
n=1

z (ﬂ(lOn—l)+57r—1

2L+ (br-)raf + 3 TE% Y, 5T ﬂn2—27r2(n2+1)J(a§+bf)
n=1

2

0 2
:2«/71_L+(67r—1)7ra§ +2[6” —7 +ET_17II’12)(8.§ +bf)
n=1

>0

RIG, BABEH T (L9 MAZER. AR, FRATAT PUEAZE20(1.10~1.12) 5.
SRIGERATIEZE R (LI0)RAL . — T, WRERIL y £ —ANE, I ST 2k i il 2 g

B — A I EBRATH py = A=0. JF HLEHEHE 1.3 7741, 24 HACY R M2 2 — A, %38(1.10)

&E 3k

(1]
[2]
(3]
[4]

[5]
(6]

Edler, F. (1882) Vervollstandigung der steiners chen elementar-geometrischen beweise fur densatz, dass der kreis gross-
eren acheninhalt besitzt als jede andere ebene gur gleich grossen umfanges. Gott. N., 73-80.

Pan, S.L. and Zhang, H. (2007) A Reverse Isoperimetric Inequality for Convex Plane Curves. Beitrage zur Algebra und
Geometrie/Contributions to Algebra and Geometry, 48, 303-308.

Gao, X. (2010) A Note on the Reverse Isoperimetric Inequality. Results in Mathematics, 59, 83-90.
https://doi.org/10.1007/s00025-010-0056-y

Fang, J. (2017) A Reverse Isoperimetric Inequality for Embedded Starshaped Plane Curves. Archiv der Mathematik, 108,
621-624. https://doi.org/10.1007/s00013-017-1048-x

Do Carmo, M. (1976) Differential Geometry of Curves and Surfaces. Prentice Hall.

Kreyszig, E. (1991) Introductory Functional Analysis with Applications. Wiley.

DOI: 10.12677/pm.2025.156195 116 I


https://doi.org/10.12677/pm.2025.156195
https://doi.org/10.1007/s00025-010-0056-y
https://doi.org/10.1007/s00013-017-1048-x

	嵌入型星形平面曲线的反向等周型不等式
	摘  要
	关键词
	Reverse Isoperimetric-Type Inequality for Embedded Starshaped Plane Curves
	Abstract
	Keywords
	1. 介绍及主要成果
	2. 几何量和傅里叶级数
	3. 主要定理的证明
	参考文献

