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Abstract

Vaccination has been proven to be one of the most successful prevention and control measures in the
long-term struggle between humans and infectious diseases. Vaccines can form protective mecha-
nisms against specific pathogens by activating the body’s specific immune response. Numerous
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practical cases have shown that vaccines not only significantly reduce the risk of disease transmis-
sion, but are also an important way to ultimately eradicate certain infectious diseases. Currently,
this technology has become a core component of research and practice in infectious disease preven-
tion and control. Therefore, this paper investigates the stationary distribution of a stochastic SVIR
epidemic model incorporating vaccination. Firstly, we prove the existence and uniqueness of the
positive solution of the model by constructing Lyapunov function. Then, we establish the parameter

%° and proven that when %R >1, the solution of the model has a unique stationary distribution in
R!.Finally, we summarize the main results of this article and found that R’ is affected by stochas-

tic perturbations. Othermore, %®; is less than or equal to the basic reproduction number % of
the deterministic SVIR model.

Keywords

Stochastic SVIR Infectious Disease Model, The Existence and Uniqueness of Solutions, Stationary
Distribution

Copyright © 2025 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

(GROR opr s

1. 5l

e — B U N B AEAE 5 R SR A EE K Ra R, 2019 4F (138 ek il 8 e PR IR ENAE 70X — . 7ETY
5N, RN AL QAL R AR BRI B U v R B . [ A3 O T 2R, L
WAL Jui B AS A RERFAE . Bltm, Li SE[1)0F 90 T — A IRLe I R AE R SIRS AR Y iy, FRTERF 5T
HuG s T AR SR AR AR 4. Khan S8 [2] 852 T — R B WAUR A 20 S HE QYR iR, st it R4
P RS EEAR AR, RN T )R AR E R G A IS . Cai SE[3]HRH T — A
SRS R A KR BRI 3 - B AR U R A T R R kB . L AR T — AR
A AR AR 2B AR SIR BAYE YT DR .

TE NPT G KIS B, S T OOl S 2 I L B 2 SRS 2 — o X —J7 Vi by
PETTENAR NN, R = A e 1 s SN, T BB X 4R 8 o SR AR R ORAP LA o AT 0 22 2
R, G R S PR ARAL R IAT S . s, X — 4R OO S B va i 7 ) B AL . B,
Hu S5[5)9e T — R EA AR R AR 2R . M EAE G S M AR TT RE 7110 SIR A% G BRI e ST Y
PIFEAR A K. Bai SE[6]42H T —2HBA — A A SRS 1) SEIRS & Yuimtsi iy, RIS H 1)
AR TR A AR Cai SR[7T1HR M T — iy A WA IR AT W 3l ) R, PR T
FET SR X W7 AU REA o R A ASE Y FE 25 P e K S R 3R I S ) 49 SURIXUAR 1 o Liu 58 A\ [8]32
H TR BT SVIR £ YL i

ik

dsd—Et):,u—,uS—,BSI —as,

dv—(t):as_ﬂl\/l -7V -V,

a D
%:ﬂSI + BVl =yl —ul,

dR(t

—G%l=%v+7l—ﬂR

DOI: 10.12677/pm.2025.156188 50 I


https://doi.org/10.12677/pm.2025.156188
http://creativecommons.org/licenses/by/4.0/

FHS(t) . V(t)s 1(t) . R(E)S MRS EAE, AR, BRI AR, o F5
WARMERIET R, y FRERB TR, 5, R I G R E KR, Yy, 2R3 5ers
B, NS B PIII, B 3R S SR 2 MR, B, FR (s, R A
R 2 B AR, ol TR A P R ok 5 o T R A 90 S8 ) S S 5 B (4
BT, TR SRR M, Dtk (8 B, < B R

PR RS(L.1), Liu S50 1 A8 ) J0 1 E0=(SO,V0,O)=( £ 22 ,ojﬂlﬂﬁﬁ
pra (u+a)(u+y)

- S ou
ﬁ‘j‘%ZTQLI{_i E+: S+1V+,I+ ’ :/H\:EF' S+:L’ V+: =2 = ’ I"'%
( ) p+a+pl, prrfl (uratBL)(u+n+pBl)

g(1)=A1"+ Al +A (1-RG) FIER, Hh A =(u+7) BB, >0, A =(u+7)[(u+n)B+(u+a)B, |- Bbu
A= (et y) () (ura)>0, FFH Liu 5T 7 B3 A B A
W P paut - I ELHERT T 24 S <10, RE(L1)MIERTFH S E, B4

(a+u)(u+y) (u+y)(a+u)(u+y)
WIHERER: S > 1A, BUR(L1) AR T A E, AR R 1.

RS B, PRI S SR BEATL DR 2R 2 B 35 S AR YL AR J R AR T R G Q2 8. BTk, iadf
K AR TR T K e T REHUAE S SR BT 50 R 9]-[13] . lm: Nguyen 2514152t T —2&BEHL SIRS
LY . Settati S5 [15]47 1 T —K B —HER £ MIBEHL SIRS B, Mehdaoui 25[16]40H7 T —Firi
SRR E 3 SVIR B2 /1% . Lin 1 Jiang S5[17]42 H T — K HA 4528 (L RIRUER P K A 2 11
BEAL SIR & Y 7y

T B RGLL), EILHI NS REREBRAMAFN Gauss WS T4, TR0 T BEHLIL
Gy T FERE AL

dS(t)=[u—uS—BSI —aS]dt+0,SdB, (1),
dV (t)=[aS - BVl —yV -V |dt + o,VdB, (t),
di (t)=[BSI + AVI - y1 — gl Jdt + o, 1B, (1),
dR(t)=[V +yI - uR]dt+o,RdB, (1),

o B, (1)(i =1,2,3,4) Rl O FRHEAR BIEED, o (t)(i =1,2,3,4) FoRBENLFHR 303 R 2L

ASCR ARG ZEHEANS « 35 300 A ARBENL 2 T5 FE I B AR 18 5 A5G 24 5 B8 = /R IE R (1.2)
£ R b4 R IE A ARA7AEE— 1k . 55 DU HS 78 1 M iE Lyapunov R4, € CREZ RS - UEW] 42
Ry >, BR(LEE R EAFAEME— PR AT 7 () » PIRFREEAFAE . 55 TLE0 > B A BT SRR
WFARHFEIT 1A
2. MEAIR

ASRBE(QF (R P) A ESMAEN, Heh {F] W BT & H A ELE, B AR
FTH P-ZAELE). 12 man=min{m,n} Flmvn=max{m,n} .
EX 1[18]

Bx(t)(t20) 2 16 W, I H R BALEAY dx(t)=f (t)dt+g(t)dB(t) » e f el (R R,
gel’(R;R™). AV (xt)eCH*(R"xR ;R), WV (xt) {552 1o i, HEEHLHS HAT I TR

dV (x(t),t) =LV (x,t)dt+V, (x,t)g(t)dB(t) as.

(1.2)

DOI: 10.12677/pm.2025.156188 51 I


https://doi.org/10.12677/pm.2025.156188

b
H

ﬁV(x,t):Vt(x,t)+Vx(x,t)f(t)+%trace[gT(x,t)VXXg(x,t)]
Fr B8 16 25K
3. 2 RIEMFEME—4

TEATT, WM SR Lyapunov BREUSIERAY (1.2) IE M IIAFEME—ME . &5k, & XN
R* :{x:(xl,xz,xg,,xél)eR“.xi >0,|_1,2,3,4} o NIHNEPABIA(1.2) FIMRAE R FIMEZ N 1.

SEF 3.1

SHERLAEIVIE (S(0),V(0),1(0),R(0)) e RY » RE(L2)FEL >0 EAFFEME—AE (S(t),V (), 1(t).R()) >
EAE(S(t).V (1), 1(t),R(t)) e RY HIMBER 1, BIXHER 20, A (S(t),V (1), 1(t) R(t))eR“ as..

UER TR (L2) M R B RIED Lipschitz JE4ERT, MHERYIME (S(0).V (0),1(0),R(0)) e RY Al
te[0,z,), MALLFAAEME— KRR, Horb o, FORIBRRI R . BEMR RN, RFIEW 7, =o as.

Lk >1, 4%?%(8(0),V(0),I(0),R(0))?£[X|‘Eﬂ{k—,k0} 3 FAERUH K > &, 5 ST
0

7, =inf {t e[O,re):S(t)eEE%,kjEjZV (t)ﬁ(%,k)ﬁﬁ | (t)e[%,k)g‘a R(t)%[%,kj} :

TEARI, Ainfd=c. B, Uk>oll, 7, ZHHET. iarw=l|<i_l:2rk, Mz, <z, as. Wz, =
as., Mar, = as. T, MAKIEEIEN 7, =0 . Bz, 200, WAFET >0 MEER £ (0,1) 15
P{r,<T}>e

HIUAF Bk, > Ky, 5 Q, ={r, <T} I, HP{Q}=e, k>k .

R C*-HHW R SR

W(S,V,I,R):S—a—aln§+V—1—an+I—1—InI+R—1—InR,
Hrta2fe i Hkxk, MT FHEEM. 145 1o A, 153
dW (S,V,1,R)= LW (S,V,I,R)dt + o, (S —a)dB, (t)+ o, (V —1)dB, (t)+ o, (1 ~1)dB, (t) + 5, (R-1)dB, (t)
Hrp
au a as
/JW(S,V,I,R):,u—,uS—?+,ua—ﬂal—(;ra+50'l —,uV——+ﬁ1|+}/l+,u
+%0'22—,u|—ﬂ8—ﬂlv+7/+,u+%0'32 UR - n 7 U 15
Su—(p+p)S+(B~pa-u)l —(u+p)V - uR
+,ua+%012+(7l+,u)+%022+(7+,u)+%032+,u+%0'f

a 1 1 1
_y+(ﬂ1—ﬂa—y)l +,ua+5012+(71+,u)+50'22+(}/+,u)+5032+,u+50'f

ﬂlﬁ 20, Hp—pa-u<0. HI

CW(S,V,I,R)S,u-i-,ua+%of+(}/1+y)+%azz+(;/+/1)+%0'32+y+%0'f,

DOI: 10.12677/pm.2025.156188 52 I


https://doi.org/10.12677/pm.2025.156188

dW(S,V,I,R)S,u+,ua+%012+(;/1+,u)+%022+(7+,u)+%0'32+,u+%0'f
+0,(S—a)dB, (t) + 0, (V ~1)dB, (t) + o (1 ~1)dB, (t) + o, (R—1)dB, (1)
=D+o0,(S—a)dB,(t)+0,(E-1)dB,(t)+ oy (1 -1)dB,(t)+0o,(R-1)dB,(t)
Hrp D=,u+,ua+%dl2 +(7/1+,u)+%0'22 +(7/+,u)+%0'§+/1+%0'f o HHXTAEEKk>k , A

[ aw = [ LW SV, LR)dt+ [ oy (S —a)dB, (t)+ [ o, (V ~1)dB, (1)
[ oy (1-1)dBy (1) + [, o, (R-1)dB, (1)
<D["dt+[ " 0,(S-a)dB,(t)+ [ "o, (V ~1)dB, (1)
+[" oy (1-2)dBy (1) + |1 o, (R-1)dB, ().
B[W(S(T Az )V (T A1), 1(T A7) R(T A7, ))|<W(S(0).V(0),1(0),R(0))+£D]
<W ($(0),v(0),1(0),R(0))+DT.

L0 ={r,<T}, BRHEP{Q}ze, MVoeQ WIS (r, @), V(o) |I(r,®), R(r,0)EPIFEE

ATk

5 .1 p
—METk EJZE, 15

W(S(rk,a)),v(rk,w), (7, @), R(Tk,a))>2 min{k—l—alng,%—aﬂn ak,k—1-1In k,%l—ln%} =g(k).

Bt
W (s(0),v(0),1(0),R(0))+DT >EW(S( o)V (1, 0),1(z,,0).R(7,, 0))
[rk( W ( (Tk-w)vV(Tk,w)J(Tk,w),R(rk,a)))JZgg(k).

A ko, AHl0>W(S(0),V(0) R(0))+DT =co, f3EFJE. Ktz =c0 .

4. FROTHNEEN

FEIX—HB5Y, ¥ € LPGETR KA B EEAFAE N BUE S HCN R, IEWI A EME RG> 10, BAY(1.2)%E
A RY FAFFEME— PR 7 () BNBORHFSAAAE. B oEa thn T ol .

5|3 4.1. [16]

WRAFAE— A BA IENA R HE I A e R, 645 LA T 0RO

(i) 7E7E I A KRR, F B0 M A(x) R NRFIE(E AR

(i) AAEERI xeRNA M x R FEU B FER 6 RAERK, a8 ET74HE KR HL
sup, . E*'r <o

BTy /RFIRILAR X (1) A ME— PR AT 2 () -

EH 4.1,

(6354

Ry = 1 o 1 B+ ﬂlal >1
(7+#+2032J('u+a+2012j y1+,u+50'22

DOI: 10.12677/pm.2025.156188 53 I


https://doi.org/10.12677/pm.2025.156188

TR TAERYIE (S(0),V (0),1(0),R(0)) e R RG(LFE RS EAFAE—MME—TR T (), EIWRHR

FRELAFLE
ERA UEWTERE 4.1, ATEEAERISIFE 4.1 RIS MG ST RI AT . 4, IERASRPEG). BB (1.2)
75 3 HA U

62 0 0 0
0

BAR, HFEM X T R PAERE FHEEZ EEN, Fbs 4.1 B30z,
T, CKAERTSI B 4.1 (4G . E X
W, (S,V,1)==Inl(t)—b InV (t)—b,InS(t)—b,InS(t)
Horb b, by, b, NAEEIERE . HRE 10 A, 1535
1, aS ,
EWASNJ):_ﬂS_@V+7+ﬂ+EGé_%T+QMJ+Q%+Qﬂ+%ﬁb
—(h, +b3){§—(,u+ﬂl +a+%afﬂ

@.1)
<2\ -l + 1+ 308 |1 S

+(b, +b3)(y+a+%0'12)+(b2 +h,) Bl +bB1

&

b = Bop

1,y 1,)
[;/l+y+o-§j (y+a+o-f)
2 2

b, = Bu

1 ,\
(/J'FO.""ZO']_Z)

b — ﬂla/u
3 1 1 2!
[7/1+,u+022j(,u+a+crfj
2 2
4, ¥b,b,, b AAANE|4.1), "JLIGE]
LWl(S,V,l)S(}/‘F/J‘F%O'g)_ ﬂﬂ _ ﬂjofu 1 )+(b2+b3)ﬁ|+b1ﬁ1|

1, 1
y+a+50'1 7+ﬂ+553

(4.2)
:-(y+,u+%0'32j(i}{g —1)+(b2 +b,) A1 +b,41

o R = u pa

1, R A W b
7+’U+EO-3 ,u+0!+50'1 }/1+/U+§O'z

DOI: 10.12677/pm.2025.156188 54 PR K2


https://doi.org/10.12677/pm.2025.156188

K, %sz(s,v,|)=w1(s,v,|)+(b2+b3)€|+%|, WIE@.2)R, 55

EWZ(S,E,I)s—[;/+y+%a32j(ﬂi’g—1)+(bl+b2+b3) ﬂ+ﬁ+al | (4.3)
}/1+,L1+§O'§
E W, (S,1,R)==InS—In1 -InR, W4(S,V,I,R):ﬁ(S+V+I+R)M, o0 785y
+

2 A P
Ho<o< 20y gumast, ms
o, VO, V0, V0,

£V3(S,I,R)=—é[y—u8—ﬁSI —aS]—%[ﬁSI + BV =yl =l ]
1 1
—E[)/IV +y1 —,uR]+§(0'12 +ol +0'f) (4.4)
:—§+ﬂl - BS - BV —%—y—;+[3y+a+y+%<af +0) +af)},
LW, (SW,1,R)=(S+V +1+R) [~ uS —aS—uV - ul - uR]
+g(s +V +1+R) " [ofS* +o3V + 0317 +oiR? |

<(S+V +1 +R)9[,u—(y/\a)(S+V+l +R)]

+§(S +V + 1+ R)0+1(0'12 VoLV oLV af) (4.5)

S(S+V+|+R)g,u—‘:(,u/\a)—g(dlzVGSVG?VO‘;):'(S-FV+|+R)€+1
1 Or o 2, 2 2 641

<H _E[(ﬂAa)_E(Gl vo,Vo, Vo, )}(S +V +1+R)

<H L (,LI/\CX)—Q(O'ZVO'ZVJZVO'Z) (SH+1+V'9”+ |9+1+R9+1)
2 2 1 2 3 4

St H =S {(s R [ e | C R)'9+1}<oo

& CP-HBW R SR, W(S,V,1,R)=KW,(S,V,1)+W,(S,1,R)+W,(S,V,I,R) Hr K & L5k
{1 — AN I B 2

—K(y+y+%o§j(‘ﬁ§ ~1)+C<-2 (4.6)

=

C= sup {_1[(ﬂ/\a)_g(012 \/022 v0'32 vaf)}(vg+l+ |9+1+R9+1)+’B| + Bl +H
sviRer: | 4 2

(4.7)
+{3y+a+)/+%(o&2 +0ol +0'f)}}.

DOI: 10.12677/pm.2025.156188 55 I


https://doi.org/10.12677/pm.2025.156188

Jesk, HFW(S,V,LR)7E R EXELME, FH 2 (SV,1,R) =08 (S,V,1,R)—>+o I, ¥JHI1H
W(S.\V,1,R)=+c0 . (AW (S,V,1,R) 7 R? P33 AT LB BIME, BER/IME AN (S, Ve, 1L R)

SESLCP-F¥V R >R, W(S,\V,1,R)=W(S,\V,I,R)-W (S.,V,, L,R.) . #4E(4.3), (4.4)F1(4.5), T
DEEE

EW(S,V,|,R)S—K(y+y+£o—§](*ﬁ§ ~1)+K (b, +b, +b,) ﬂ+ﬂ+‘)‘l |
2 y+u+-o;
2
I 1
—§+,BI—/5’S BV — n —g+[3y+a+7+z<of+a§+o§)}

1 0 + + + +
+H —E[(ﬂ/\a)—5<012v022vcrgvaf)}(sg SRR VLG Lorpny o& 1)

S—K(y+y+ia§](mg ~1)+K (b, +b, +b,) ﬂ+—ﬂ1“1 [ (4.8)
2 y+y+§a§

1 a\_#_nV 7l
+ﬁI+H+3,u+a+;/+2(al+a3+ 4)—§—?— R

_%[(ﬂ/\a)—g(o'f \/0'22\/0'32\/a‘j)}(sg+1 +V o |6+1+Ra+1)
_%[(ﬂ/\a)—g(cf voivol \/azf)}(vg’fl_ir [0+ 4 R‘M),
R, EWIBIE AL FRIRLEG RS, B, S AT

A, {g<8<1 g<|<ig <V <= L & <R<i}
& & & &

Ho0<e<l HE2WB/. FEESGRINA, T, AKIESIFE 4.1 PRI, Bk, SBL% N e 15

Y g—l, (4.9)
& 2
K (b, +b, +by) ﬁ+ﬂ+al 53—%, (4.10)
y+u+-ol
2
“hime-l (4.11)
£ 2
_7 _
Lim<-1, (4.12)
&
—%[(Ma)—g(dfV0§v0§v0§)}%+M S—%, (4.13)
—%[(,u/\a)—g(df v0'22 \/0'32\/0'2)]92%+M S—%, (4.14)

Horf

DOI: 10.12677/pm.2025.156188 56 I


https://doi.org/10.12677/pm.2025.156188

1 0 + + +
—Z[(,u/\a)—z(ofvazzvaszvaf)}(vg1+|€1+R'9 1)
M= sup
4
VIR 1K (b, +b, +by) ﬂ+ﬂ+al +,BI+H+3,u+a+7+l((712+0'32+0'f).
yru+-ol 2
2
B RINA, Q7P BT 8 AN IX I,
A ={(S.\V,I,R)eR S <z}, A, ={(S.V,I,R)eR? 11 <&},
A ={(S.V.I,R)eR::1>2V <e*], A, ={(S.V,I,R)eR!:I>gR<s,
Asz{(s,v,LR)eRi:szl}, AG:{(S,V,l,R)eRjzlzl},
& &
TRV 455 1
:{(S,V,I,R)ER+.V z?}, AS:{(S,V,LR)EK.RZ?},

MRINA, =A, UA, UA; UA, UA UAGUA, UA; o FIHHEBIFHER (S,V,1,R)eRINA H
< -1,

LW (S,V,I,R)< 117, KR AFIEMEX 8 Xk, ¥4 LW (S,V,1,R)
(1) SMER(S,V,1,R)eA,, RIEA4.8)FI(4.9), H

Lw(s,v,|,R)s-ﬁ—K(y+y+%a§j(m§ ~1)+ K (b, +b, +b;) pe—Le |,

S yo ol
2
[ N 0'1 VoIV oLV oL )}(Se+1+vg+1+l‘g+l+R‘9+l)
I: (una)-— 0'1 Vol v ol ol )}(V0+1+ I”+1+R0+1) (4.15)

+B1+H +3y+a+y+%(o-f+o-32+of)

< Hime<l
£ 2

(2) MMERE(S.V,1,R)eA,, IRIE4.6), (4.7), (4.8)H(4.10), H

LW (S,V,1,R) S—K(;/+,u+la32j(‘ﬁg —~1)+K (b, +b, +b,) ﬂ+ﬂ+"‘l I+ 81 +H+3u
2 7+,u+5032

+a+y—%[(ﬂ/\a)_§<o-12 VO'ZZ VU§ VO—;):|(S€+1 +V49+l+ |6+1+ R9+l)
(4.16)

_%[(ﬂ/\a)—g((ff Vo, Vol vaf)}(vg*l+ 17+ RM)+%(012 +0; +o-f)

S—K(;/+,u+%a32j(‘ﬁ§ —1)+ K (b, +b, +b,) ﬂ+L12 g+C£—%.
7+y+§03

(3) MMERMI(S,V,1,R) A, , WIEA4.8)FI(4.11), H

DOI: 10.12677/pm.2025.156188 57 I


https://doi.org/10.12677/pm.2025.156188

ﬂla |

2

7l 1
LW (SV,I,R)<—F—K(7/+y+zo—3J(*){S—l)+K(b1+b +b,)| B+ 1
}/+,Ll+§0'3

i{(y/\a)—g(al vaz vo-3 vo-4 } 59+1 V9+1+|9+1+R9+1)

i{(,u/\a)—g(al voivaolvo? } VAGeES I€+1+R(M) (4.17)

2
(O‘l +03 +0'4)

+pl+H+3u+a+y+—mF"— >

<Zim<-L
& 2

(4) MEE(S\V,I,R)eA,, HHE@48)M(4.12),
ﬂla |

ﬁw(s,v,|,R)s—ﬁ-K(7+ﬂ+la§)(mg ~1)+K (b +b, +b,)| S+ 1
R 2 y+y+§a§

—%[(,u/\a)—g(of voivol vof)}(sg+l FVO 0 R9+1)+,BI +H+3u (4.18)

2+ 2+ 2
_%[(;Moc)—g(ofvazzvagvgf)}(vm+ |9+1+R9+1)+(O-16—23O-4)+06+7
<-Nim g—l.
& 2

(5) MMERMI(S,V,1,R) e Ay, HE(4.8)F1(4.13), H
EW(S,V,|,R)S—%|:(/J/\a)—§(0'12VO'ZZVGB?\/O'E):|(59+1+V9+1+ |9+1+R9*1)

_1[(;;/\05)—%(012 volivol VGf)}(VG*H- [0 4 R€+1>

4
. (4.19)
K (b, +b, +b;) ﬁ+ﬂ+al I +p41+H +3y+a+;/+—(af+a32+af)
y+u+-ol 2
2
1 0 1 1
<——[(,u/\a)—5(01 voivoivo, )}W—i—M S—E.
(6) FMERMI(S,V,1,R) €A, ffEJE(48)$u(4 13), A
LW (S,V,1,R <—%[ (Lna)—— 01 VGZv03v04)}(89+1+vg+1+|9+1+R9+l)
1 -+ 4 -+
4[(/1/\6!)——(01 VGZVO'3VO'4):‘(V91+|91+R9 l)
. (4.20)
K (b, +b, +b,) ﬂ+ﬂ+a1 I+ﬂI+H+3y+a+y+E(af+a§+aj)
y+u+-ol
2
1 0 1 1
S—Z[(yAa)—E(afvazzvaszvaf)}F+M S—E.

DOI: 10.12677/pm.2025.156188 58 I


https://doi.org/10.12677/pm.2025.156188

(7) MEERI(S\V,1,R)eA,, WiE(4.8)H(4.14), &
LW (SV, 1, R)S—%[(y/\a)—g(af voivaol VO'f):l(SQA RV R9+1>
1

_Z{(Iu/\a)—g(ofvazzvo-szvo.f)}(veﬂ_’_ |9+1+R€+1)+ﬁl +H

. (4.21)
+3y+a+y+5(af+a§+af)+ K (b, +b,+b,)| B+

1 0 1
S—Z[(,u/\a)—a(of v ol v ol vof)}g—+ M<-—=.

(8) MMEEMI(S,V,1,R) A, RIE(4.8)F1(4.14),

L‘W(S,V,|,R)S—%|:(,u/\a)—§(o'lz\/O'ZZVO';\/o-j):|(SH+1+Ve+1+ |a+1+R9+1)

_%[(ﬂ/\a)—g(o‘f \/0-22 VU§ Vo.f):l(v«%l_'_ |r9+1+ R:9+1)

s (4.22)
1

| +p1+H +3,u+a+y+£(of+o§+af)
}/+,u+5032 2

+K (b +b, +by)| B+

1 0 1 1
S—Z|:(,Ll/\a)—§<o-12 \/O'z2 VG:‘,2 VGE):|82W+ M S—E

BRI, HR45(4.15)~(4.22), XHEBE/INE & (51324 (S,V,I,R) e RI\NA, B, 45
LW (S,V,I,R)<-1.

FiLL, 3IEE 4.1 MIAPRG)RSLARE S 2 4.1, RELDER EAFEME— 19 TR 7 () -
5 HR5RE

AICHEIT T —REA PO HAIBENL SVIR AL K- Ra A . B %, W THEE S ERYME, IiE
W AR GEIE MR AL ME— 1 o LUK, UEW] 7 2 R > LI, BREREAE RS EAFAEME— (PR AT 7 (1) - A
e 1 78 PEARZY (1) MG ANBE ML PERLAY (1 RS BEAT XS EL, BEMERILRG <RG . H T o, > 0(i=12,3,4) I,
Ry > Re » RIRIPAFEHLIEEN BN, BEHL SVIR BIRUAE RS EAFAEME— TR0 A () » X —WFFERCR
BB T Liu SF[BIERER SVIR BRIAFIMIREE R . fRJa, ASCWFFCE mERTT 13 [ S T
HAZEHEM BN SVIR AL G4z /1258 . gehbh, JRATIE R LA IR0 axF RS 520 o

SE 0w

[1] Li, T., Zhang, F., Liu, H. and Chen, Y. (2017) Threshold Dynamics of an SIRS Model with Nonlinear Incidence Rate
and Transfer from Infectious to Susceptible. Applied Mathematics Letters, 70, 52-57.
https://doi.org/10.1016/j.aml.2017.03.005

[2] Khan, T., Ullah, Z., Ali, N. and Zaman, G. (2019) Modeling and Control of the Hepatitis B Virus Spreading Using an
Epidemic Model. Chaos, Solitons & Fractals, 124, 1-9. https://doi.org/10.1016/j.chaos.2019.04.033

[3] Cai, Y., Kang, Y., Banerjee, M. and Wang, W. (2018) Complex Dynamics of a Host-Parasite Model with Both Horizontal
and Vertical Transmissions in a Spatial Heterogeneous Environment. Nonlinear Analysis: Real World Applications, 40,
444-465. https://doi.org/10.1016/j.nonrwa.2017.10.001

DOI: 10.12677/pm.2025.156188 59 I


https://doi.org/10.12677/pm.2025.156188
https://doi.org/10.1016/j.aml.2017.03.005
https://doi.org/10.1016/j.chaos.2019.04.033
https://doi.org/10.1016/j.nonrwa.2017.10.001

[10]

[11]

[17]

[18]

Li, L., Bai, Y. and Jin, Z. (2014) Periodic Solutions of an Epidemic Model with Saturated Treatment. Nonlinear Dynam-
ics, 76, 1099-1108. https://doi.org/10.1007/s11071-013-1193-0

Hu, Z., Ma, W. and Ruan, S. (2012) Analysis of SIR Epidemic Models with Nonlinear Incidence Rate and Treatment.
Mathematical Biosciences, 238, 12-20. https://doi.org/10.1016/j.mbs.2012.03.010

Bai, Z. and Zhou, Y. (2012) Global Dynamics of an SEIRS Epidemic Model with Periodic Vaccination and Seasonal
Contact Rate. Nonlinear Analysis: Real World Applications, 13, 1060-1068.
https://doi.org/10.1016/j.nonrwa.2011.02.008

Cai, L., Li, Z. and Song, X. (2018) Global Analysis of an Epidemic Model with Vaccination. Journal of Applied Math-
ematics and Computing, 57, 605-628. https://doi.org/10.1007/s12190-017-1124-1

Liu, X., Takeuchi, Y. and Iwami, S. (2008) SVIR Epidemic Models with Vaccination Strategies. Journal of Theoretical
Biology, 253, 1-11. https://doi.org/10.1016/j.jtbi.2007.10.014

Dieu, N.T., Nguyen, D.H., Du, N.H. and Yin, G. (2016) Classification of Asymptotic Behavior in a Stochastic SIR Model.
SIAM Journal on Applied Dynamical Systems, 15, 1062-1084. https://doi.org/10.1137/15m1043315

Cai, S., Cai, Y. and Mao, X. (2019) A Stochastic Differential Equation SIS Epidemic Model with Two Correlated Brown-
ian Motions. Nonlinear Dynamics, 97, 2175-2187. https://doi.org/10.1007/s11071-019-05114-2

Cao, Z., Feng, W., Wen, X., Zu, L. and Gao, J. (2020) Nontrivial Periodic Solution of a Stochastic Seasonal Rabies
Epidemic Model. Physica A: Statistical Mechanics and 7ts Applications, 545, Article 123361.
https://doi.org/10.1016/j.physa.2019.123361

Du, N.H. and Nhu, N.N. (2020) Permanence and Extinction for the Stochastic SIR Epidemic Model. Journal of Differ-
ential Equations, 269, 9619-9652. https://doi.org/10.1016/j.jde.2020.06.049

Shi, X., Cao, Y. and Zhou, X. (2020) Dynamics for a Stochastic Delayed SIRS Epidemic Model. Nonlinear Analysis:
Modelling and Control, 25, 705-725. https://doi.org/10.15388/namc.2020.25.17804

Nguyen, D.H., Yin, G. and Zhu, C. (2020) Long-Term Analysis of a Stochastic SIRS Model with General Incidence
Rates. SIAM Journal on Applied Mathematics, 80, 814-838. https://doi.org/10.1137/19m1246973

Settati, A., Lahrouz, A., Zahri, M., Tridane, A., El Fatini, M., El Mahjour, H., et al. (2021) A Stochastic Threshold to
Predict Extinction and Persistence of an Epidemic SIRS System with a General Incidence Rate. Chaos, Solitons & Frac-
tals, 144, Article 110690. https://doi.org/10.1016/j.cha0s.2021.110690

Mehdaoui, M., Alaoui, A.L. and Tilioua, M. (2023) Dynamical Analysis of a Stochastic Non-Autonomous SVIR Model

with Multiple Stages of VVaccination. Journal of Applied Mathematics and Computing, 69, 2177-2206.
https://doi.org/10.1007/s12190-022-01828-6

Lin, Y., Jiang, D. and Liu, T. (2015) Nontrivial Periodic Solution of a Stochastic Epidemic Model with Seasonal Varia-
tion. Applied Mathematics Letters, 45, 103-107. https://doi.org/10.1016/j.am|.2015.01.021

Mao, X. (2008) Stochastic Differential Equations and Applications. Woodhead Publishing.
https://doi.org/10.1533/9780857099402

DOI: 10.12677/pm.2025.156188 60 I


https://doi.org/10.12677/pm.2025.156188
https://doi.org/10.1007/s11071-013-1193-0
https://doi.org/10.1016/j.mbs.2012.03.010
https://doi.org/10.1016/j.nonrwa.2011.02.008
https://doi.org/10.1007/s12190-017-1124-1
https://doi.org/10.1016/j.jtbi.2007.10.014
https://doi.org/10.1137/15m1043315
https://doi.org/10.1007/s11071-019-05114-2
https://doi.org/10.1016/j.physa.2019.123361
https://doi.org/10.1016/j.jde.2020.06.049
https://doi.org/10.15388/namc.2020.25.17804
https://doi.org/10.1137/19m1246973
https://doi.org/10.1016/j.chaos.2021.110690
https://doi.org/10.1007/s12190-022-01828-6
https://doi.org/10.1016/j.aml.2015.01.021
https://doi.org/10.1533/9780857099402

	一类具有疫苗接种的随机SVIR传染病模型的平稳分布
	摘  要
	关键词
	The Stationary Distribution of a Stochastic SVIR Infectious Disease Model with Vaccination
	Abstract
	Keywords
	1. 引言
	2. 预备知识
	定义1 [18]

	3. 全局正解的存在唯一性
	4. 平稳分布的存在性
	5. 结论与展望
	参考文献

