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Abstract

This study presents an alternative geometric representation of the Thom form for vector bundles
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based on the construction of the Hodge star operator. In contrast to the classical Berezin integral
method, which requires embedding the curvature into the cohomological framework, we utilize the
canonical horizontal-vertical decomposition induced by a metric-preserving connection to define a
curvature 4-form on the total bundle space directly from the curvature tensor. By introducing an
exponential map and the Hodge star operator, we construct a Thom form TT, and it is demonstrated
that this construction coincides with the Berezin integral representation. Compared to traditional
approaches, our method explicitly relates the curvature tensor to the fiber structure through geo-
metric operations involving the Hodge star operator, thereby enhancing the geometric clarity of the
Thom class representation. Furthermore, in the case of flat vector bundles, this formula directly yields
an explicit expression for the Euler class.
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