Pure Mathematics Z %%, 2025, 15(10), 116-128 Hans i
Published Online October 2025 in Hans. https://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2025.1510255

] IR AR AR A AR A — 4 LI B

I X, R¥T
A TR A 2 e, bR

Weks H . 20254F8 H24H; S HEM: 20254F9H26H; KA H: 20254104 27H

wm B

7] lE4ENavier-Stokes/Allen-Cahn 5 2 H R R LB PIHRMIN M EERFER 2 —. KXHAAE
545 )% (& 1R) Navier-Stokes/Allen-Cahn 5 FREWME 7] @ i — 44 R R A AEME—1E, Hd RE
JVan der WaalsRE& 518, SRS HEXRTEELIERFN, WE ¥ ARERRAENHEE. A3CET
BB, EVMEASESREAT, IR T iZ AR —%Cauchy W& R EBNFERE M, X—4
WATREXNEIN AR/ IER S . ERRE, EERFRNFEN, ERHEBERKNER. 5. &
BEEMBEERREESME, ERMARREL, KRS ETDRGEIZ, H_RASHBREE, FHHHE
BFEgz b, AEBAEZE BB mEE.

XA
7] 4§ Navier-Stokes/Allen-Cahn 572, #&f#, Van der WaalsIRZS &

Initial Value Problem for Compressible
Non-Ideal Immiscible Two-Phase
Flow in 1D

Cen Wang, Tongyan Song

College of Mathematics and Physics, Beijing University of Chemical Technology, Beijing

Received: August 24, 2025; accepted: September 26, 2025; published: October 27, 2025

Abstract

The compressible Navier-Stokes/Allen-Cahn equations system is one of the important mathemati-
cal models for describing immiscible two-phase flows. This paper studies the existence and unique-
ness of global strong solutions to the initial value problem for the 1-D compressible isentropic (or
isothermal) Navier-Stokes/Allen-Cahn equations. The pressure satisfies the Van der Waals equation
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of state, which is non-monotonic with respect to density and is commonly used in physics to de-
scribe fluid phase transitions. Using the energy method, we establish the existence and uniqueness
of global strong solutions for the equations under the condition that the initial data contains no
vacuum. This result holds without imposing any smallness restriction on the initial data. The results
demonstrate that within any finite time interval, the physical quantities of the immiscible two-
phase flow—such as density, phase field, and velocity—remain continuous. While the density may
exhibit intense oscillations at locations where phase transitions are possible, discontinuities do not
arise. Furthermore, where new phases emerge, the distinct phases are connected by diffuse inter-
faces.
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Figure 2. p-v at different temperatures
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Figure 3. p-v of Van der Waals equations
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