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Abstract

This paper is devoted to analyzing the codimension-2 Bautin bifurcations of a generalized three-
dimensional (3D) jerk system which is jerk function with some cubic terms. First, some adequate
parameter conditions for guaranteeing the occurrence of Hopf bifurcation of this jerk system are
given, and the first Lyapunov coefficient is obtained. Second, some adequate parameter conditions
for guaranteeing the occurrence of Bautin bifurcation of this jerk system are given, and the second
Lyapunov coefficient is obtained. Finally, according to the theoretical analyses and numerical
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simulation, under some certain parameter conditions, the above theoretical analyses are verified.
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1. 51§

R RGN A FER RS M sh h ZREEE®, WP miae . Fm Rt &
FEAE S TRTEAE S R D A P R ARG 7 R R TE EE R 4 A TRV 5]
A 5 8K [1]-[5]

Hopf 737 7 B2 © i S H0CE FiE 53 7 R T8 s BT o SR A = A 5 98 S IR T H,, Tl Bautin
G325 WA eSS Hopf ~F- s Bt i 7= A4 24N AR L A2 AT R[] [6] [7], X5 Hilbert 75 [ BR8] 25 —
Mo BEEA R, &M EEEE AL X R G TR AR A e S L. IRZERNE) R 5,
WAAE A BIREE T &R TR RS55[9] [10], HAFERZ IR FIAERR . XEINIRG T W
WG| FHAFIGAEARZ A LRGN, KRR W RS AN r] T 517 1) 72, BRI 5] A R
ke 517 [11] [12]

FEG 775 p, I S I =B 5 FRAAR 20 Jerk R 4K, PSRRI B x (t) Bt 1] 28 4k ) s 28 A,

X =J (X x,%t).

Jerk BREL I fiik T IS IE L R EE, x(t) J7 ARSI A] € ) . Jerk RGEAE LR A
KEMNAH, JOHRAEN 5 A RN H A [13].
L x=y,X=2, W E&R=Frisr 7 fE e DA R T i =4k Jerk R4
x=y, y=2, 2=3(xY,z1),

ARG AT, (HREEI AR Z IR0 0% KB 15T N ER 2P F B Rk Jerk &
g, ANFEZRBR AT O E[4] [5], I H L8 IR Jerk R ZE AT A0t 72
IRZ BV T =4k Jerk RGHI44E— Zero-Hopf 70 #547 M[4] [5], (B RAR/D SCHRIE 5T
Jerk R E K% 437047, 40 Bagdanov-Takens 43 7 & Bautin 43 77
FEASCHT, Jerk BREHE T IR A AL A =R, BARR =48 Jerk KRG F
X=Y,

Y= (1.1)
2=bx+b,y+b,z+cx®+c,xyz,
ZRGURLBA — A AP 5.0(0,0,0) .
A EEHI TR Jerk REE(1.1)H Hopf 7% B4k — Bautin 73 % 55 2 15, N TIN5
M, JATg T — B Hopf 70 %€ 21, JF HAG 1 IRIE Hopf 73 8 K ZE I — BB 8Ok k. 7258 3 75,
YT Jerk R4u(L.1)TE 4 £ 0(0,0,0) &by Bautin 7378 78, Fild BE 1 B 7 VR BRI 7T 45 R AT
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TEHE. S, 1R 4 TN A TARAT T A4 .
2. Hopf & 04l
TG Jerk R4 (L) FEFT i3 O A1) Hopf 4378 K ILIBAAT Ny, FRAT K SCHBR[ 1] 455 07 1k S 45
WR, FEHT SR RT Hopf 4025 ) Bautin 4 7% )55 — K 55 — Lyapunov R3¢, BIIL A1, .
AN T
X =1f(X,n), (2.1)
Hrp X eR" Fene R G Al & LSHAE, f(X,n) NR" <R BRI C™ K ERE. Ri%R
GiU)TEBH 1 =y W LA TR X = X0 AR X — X, FHFIE X, 3 ELAS R F(X)= £ (X,) i
N
F(X)=AX +2B(X,X)+1C(X, X, X )+ —=D(X,X,X,X)
2 ’ 6 U 24 B

1
+ s E(X XX, X)+O([XF),

Horp A= £, (0,7,) &

Z”: O°F (&)

jii-1 0650604,

B (xy)= 3 20)

XY, Ci(Xy,2)=
Fagos, |0 Gl

£=0

XY« (2.2)
&0

D, E,i=1--- ,nWEGRUUMLEN, HbhyeR"KzeR".
R L3k Jacobian AiFE A BA —X4ERIEE 4, = oy, 0, >0, I HILE R IEE S BAEEL
. 4 p,qeC" AMERU T KR LM &

Aq =iay0, ATp =—iayp,(p,a) =Y B =1, (2.3)
i=1

Horpr AT RERE A FOFCE
A TC AR A XN THRAEME A, = 2oy, 0, > 0 ) SCRHEZS (], AER A& y e TS #0T LAY R A
y=wq+Wwq, Horw=(p,y) NEH. SHRAEM A, HX R e b0y T LAEE w & w T S UL,
I EAT QR X A R IE
X =wq+@qg+ Y Jih wiw +0(w]°), (2.4)

. ik
2<j+k<5 ! k !

Hrth, €C" Kehy = . BRERQARARGQ DS, HHRMIFOFE L N, FRATHIF

KT w T,
=i+ Gyl +- G’ + O, (2.5)
Hop
Gy =(P.C(0.0.7)+B(T hy)+2B(a.hy)) (2.6)
G =(p.Hy) 2.7)
ps
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Ha, = B(hy,, g ) +6B(hyy, hyy )+ 3B (hy,, hyy ) +3B(a,hy, ) +2B (T, hyy )
+3C (qvhoz* h20)+6C (q, by, h11)+3C (q,q,h12)+60(q,q, hzo)

_ _ _ (2.8)
+6C(q,hll,h20)+C(q,q,h30)+D(q,q,q,h02)+6D(q,q,q,h11)
+3D(qlq!q_v h20)+ E(qlqlq!qlq_)_GGﬂth_3621h21'
%— Lyapunov ZE |, #5E 91, =%ReG21 , M55~ Lyapunov ¥, #0521, =$ReG32 o T

X — Lyapunov RE L TR, AIS0F T RG(L.1)AE 1 1 O 4bH) Hopf 43 77 5 2E.:

SR 2.1: Rk b, <0 J by # 0 ML, MZ%b FidlEHSH b, = -bb, =b, B, RE(LLETFH SO
Wb HE Hopf 4328, HA W R 50 AT :

1) 4% 3c, +b,b,c, >0, 7EF 21 O 4b kAN Hopf 423 & il At 2%, 3 H 4 b <b, IHAFTE—

5E i A5
2) Wi 3c, +b,byc, <0, 7EV s O AR A Hopf 43 2 03I 5443 2%, JF H 24 by, > by IS FEAE— A
R g JA A -

WEH: 4 X=(xy,2)eR®, n=(b,b,,b;c,c,)eR K
f (X,n):(y,z,b1x+b2y+b3z+clx3+czxyz),
MARSFADWEE KT RFER.1)MTER.
R (LL)EH 1O A IRFIETTRE N
P(A)=|A1-A=2°-ba%-b,A-b =0, (2.9)
BT FE(Q.9) AT — XA RARFER 4, , = tapi, 0y >0, MIT7HE(2.9) BRI AT 4L A
—b, tib,w, +b,ef tie =0,
WAL R
@ + by, =0,b,07 —b, =0,
KA
b, = —b,b,, @, =/-b, > 0.
MR A, RG0(L.1)HIFA AL O fEUT N S HUEE T, Bl BA — X 4l i REAEAR I o — AN AR 22 SR (1 AE
*E’
Ty ={(Bb;,b4,6,,C,) € 9°[b, <0,b, #0,b, = by}

ESHORAT, T, [ f T 5 O 4L Jacobian KEF4 4

0 1 0
A= 0 0 1] (2.10)
—b,b, b, b,
L IREA N Ay, = oo B A = by o
TR, AR E
q=(Liamy,b,)", p=(iayb, i, —b,,1)", (2.12)

BATA] U AR 254 (2.3) AT
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i (2.2) AT 15
B(x,y)=(0,0,0)",
(x.9)=(000) -
C (X, Y, Z) = (010-6C1X1Y121 +C, (lezzs T X Y32y + Xo Y123+ X Y32 + X312, + XsYzz1)) .
HF(2.10), (2.11)%(2.12), w[il5H#E
h, = hzo = hoz = (O'O’O)T'
DA (2.6), AT — Lyapunov &5 A
1 3¢, +b,b,c
| =—ReG,, =4 "2 2.13
A 2b, —2b? (213)

b, <O, | [#50EB] 2b, —2b2 BAR N7 KL, RIEE— Lyapunov REL L (K555 584 140 T 3¢, +b,byc,
RIE . AR 30 +bybic, <O, FAFL| >0, MITRASO LM Hopf 532 NI Ty & A, fnk
3¢, +byc, >0, TR L| <0, MIMIAAAEO AL Hopf 73 % At 7753 72 -

BT L], #0 FURAEO MK Hopf 53 2 I ARB A AR #F, O 1 361IE % Hopf 73 & IRk 1, 5 7R
QO FEFFEM A, = p(b) Lo (b, )i B u(b), EilE

(u(by)+ieo(b,))’ ~b, (pe(b) +ie (b)) ~b, (u(b)+ie(b,))~b, =0,

Rp
by =y ()~ bysa (b)) + (b)) + by (b, ) =3 (by ) 0(b)* =0,
b (b)) + 2b,u (b ) (b)) - 3u (b, ) @(by) + (b)’ =0.
NG FSHKAE b =by T, W13 u(b,)=0 K o(by) \/_ NIIE:]
ou(b)|  _ b+ 2bu(b)-3u(h) +30(b)’| 1 <0
b |y, £(by) oo, 2(0-D3)
Hrp

£(by) =3 +b, (4by (b))~ 6ua(b, )’ +60(n,)’)
+(u(B) + 0(5)") (405 ~120,00(5) + 9 (B)" + (1))

Kk, RAAEO 4k Hopf 7 & RO SR AR RS, JF HAEXT RIE) —4E0iiiie b, 2, > by I O A%
SETHT R by <Dy I O 9 AREE o AT, 3R SE(L1) BRI L 148 1 O AR — 4 hhifit I
I, BA WK AT 08

1) @ik 3c, +b,b,c, >0, FETH#1 i O 4R EMN) Hopf 70 Z Wil 770 &5, HF H. by <byy IFAAAE— 2

5E JH A 5
2) R 3c, +bbyc, <0, FEFH1 5 O AR A/ Hopf 230 0 9 Wil 520 2, IF H4 by > by IFAFAE— DA
R JA AR o

3. Bautin 7 & RHEHE
MARQLITRL, 4 HICHSHA I o, = bbe, I, A% Lyapunov R | =0. 74
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r, FATREEE THS S — Lyapunov REE L, SRBFTE R GE(L AT 51 O AR YE " Bautin 73 %7, NILEY
AL T

fe= {(bl'bzlb3'cl'02) EERS|b2 <0,b, #0,b, =-byb,,c, = _%beacz}'

SEH 3.1 UARGANMSEIE T SHIED, B, ZRGIETFH 2 0 &5 — Lyapunov RE0N
|2| _L-?CZZ_
2 3(b,-b})
T bl <0, b,—bl <0 fb,#0, KILRFQL)USHGH LT, I, BA—MEE Hopf 73 %P4 =
O. b, >0, MAL >0, M Hopf 437 i i O AAFEN, Tfitb, <0, WA, <0, Mifii Hopf
53 30 V11 i O AARSE
UEBH: X RS(L1), HSHOH LT, I, A s O AL 1) Jacobian iR & [n) & q, p 73 4 i 3
2.1 FIH(2.10) K (1) 7R, A RE R, =h, =h, =(0,0,0)", G, =01 =0.
W — R EREMEB IR, e

W -[e b, (%ies, —3b,)c, 9byc, )
| 4" 12b,—diwp, ' 4 |’

b, (3eoyb, + 7ibby + 5yl +ib5)c, b, (b, ~bf)c,
2o 2(w, +iby)(ib, + ;) 2ie; +4bb, —2icyh]

b2 (b, (@, +5ib, ) + (7, +3ib, )b2)c, |
2( @y +ib, ) (ib, + g, )° ’
h03 :ﬁso ’ th:HlZ&hZZ =h31=h13 2(010’0)T °
R A K (2.7) % (2.8), AIiTHAR

3ib; (3eph, + Tibyb, +5wyhs +ib5)c;  3b, (@, +ib,) (b, —b )c]
e 2(b, ey, )’ 20,0, + 6ib,b, + Baoyb? + 2ib° "

T

b3 (b, —b3 )2 (48ico] + 25b3h, +153iebs + 26035 + 62icb —30,b5 +Siwybs ) c3
2(b, iy, )’ (b, +ieogb;)” (303 — b +2b,b, (4i, + 30, ))

Gsz = < p, H32>
b3 (b, —b3 )4 (39ib3 + b3 (139, +162ib, ) b, + b, (58, —9iby ) b3 —5aybs )]
4(b, —icyb, )' (b, +iayhy)* (b, (@, +3iby) + (3, +iby )b ) (303 — by +2b,b, (4ie, +3b, )

M FT T35 — Lyapunov &3l

| __bbe
2 3(,-bf)
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Aok TR ST B TSR LUK I, SO b, = —byb, Ko ¢, = ——b2b302 ik B SRR T, 24
KM, X EBRE Bautin 73 7% (B E 1 2 -
USHE T SHET, B, RGU(LTETH 5 O T IB) 24T AT SCHRR[L] (18] 8.7,
N T RAE FREIS SR, @ BUE T H T, RG(LD)TE P R O b4 i Bautin 43 7 e A R T
FAFGE A E AR BL 2 B R . WA 2% I AE R 4(1.1) Bautin 7370 P sl 1 O I, BB AR
43 WL Matlab 2 ) “odel13” 4.
Jiﬁpz%‘:é}ﬁ(ll)ﬂﬁ%iﬁz b,=-1, b,=-1, c,=1% b =-bb,+0.01 K [F & 2%, ikl zH
= ——b by, +¢ (|e] < 1) ABUSH. Ye>0nf, HEM 2.1 ML) A, REE(LUIEFH 0 &bk

TE I 5‘% Hopf 737, I HAE X by > by, I O NEE P, HEIBA 2 & A I 2o <0, e
B2.1 S Q)P RGU(L)TETHT A O AR AW Hopf 4325, JIF BAE 2 by > by, B O ke P
R MEEAFAE A Hopf 20 87 AL I AR L SUIE, BRI Z 4T, EH??‘%%MXE Bautin 73 7 f{if, £ 54
MEAEER — AN i Bautin 437 7= A= (¥ A i AR

M e=001>0M, KRG (LM TH O N & . BT x O ML 9 %146 5 1
(0.2955,0.0045, -0.3045) , Frxf LALLM T R EU(L DK R O, Wk 1R,

0.4 -
0.3 4
0.2 4
0.1 4
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-0.3 4
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04 3

02 01 0
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Figure 1. The phase diagram of system (1.1): b,=-1, b,=-1, ¢,=1, b =-0.99
and ¢, =-0.3233
B 1 R%L1)MEE: b,=-1, b=-1, c,=1, b =-0.99 % c, =-0.3233

He=-006<0Mm, RGH(LLKTH M O KIRVFEE T, UEIFAE Bautin 17 i O MEILAFAE— 5
ANRRE J IR Q) Je— 2552 IR Q, » WP 2(a) R o S5 )46 %1 P, = (0.5656,0.0364,-0.6384) Y,
X AR o (P) ()3 1 2R 48 (L) IO SRR F I Q, T i) T A58 P-4 430 O 5 T 24 e BRI 46 2% 1F
P, =(0.5689,0.0371,-0.6431) if, % BiIHLE o (P,) (AL h)I% B R G(L.1) AR MR O T T-F &
Ji AR Q, » HUMEENG KT, L p(R) X o(R) RAMAN o RIREQ , R
a(p(R))=a(p(R))=Q, » W& 2(b) B 7= o 24 3% B AT 4 2 fF Q =(0.7147,0.0853,-0.8853) /%
Q, =(0.8333,0.1667,-1.1667) Itf, XINIHLLL ¢ (Q)) K& ¢, (Q,) 74 MIMAIF T & T R G (L1) AR E
MR Q, , BMUEBEGTETR, ML aQ) LoQ) RAMAN o HIREQ, , W
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o(0(Q))=0(p(Q,))=Q,, W 2.
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Figure 2. The phase diagram of system (1.1): b,=-1, b,=-1, ¢,=1, b =-0.99 and c, =-0.3933
E 2 RZOQLDH9EE: b,=-1, b,=-1, c,=1, b =-0.99 K c, =-0.3933

4. B4

S5 Jerk RGE, IR T RAN B R [ AR A, TSR KEMNAH, T2
TEF 1 S R e N F o ARSI AS =R =4k Jerk R%8, AT HNTZRGNIRYE
. Bautin 9} @47 M. 4G, FET Hopf 207 MR AL Hopf 23 & A SSBES AR, 45 T Hopf 2 4 b R
JE AR 4~ Bautin 73 % K A& S S 8ORAT, IR AR T AR RIS — Lyapunov FREUEE
Lyapunov #%¢; #RJ5, MEE{ETE, XF Bautin 20 & P S HEHT T&E LS HINE), FRETHEEHAR
[F5) 15478, R —, RSP kb kARG S Hopf 43255 3 —MINA R4 (1. 1) 4811
MR R AEWIG A Hopf 43 2, FF HAEBIEAEAE— Hopf 2 P~ E AR e B I, iRk 4k, T2 %
IEIUAE Bautin 73 75 B, ESEAMIIEAEAERE — N Bautin 73207 A4 1A E A 11

E&WH
K 3O/ FH 754 42(12261005), |~ R4 H AR 543 (2021A1515010043) .
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