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Abstract

Let R bearing. Ifan element »r € R can be decomposed into the sum of an idempotent element
and a nilpotent element in R, then r is called a nil-clean element in R. The nil-clean graph of
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R isdenotedas G, (R) ,whose point setis R, and two different points x and y are adjacent
if and only if x+ y is a nil-clean element of R.Let G be a finite undirected simple graph with
vertex set V(G).Let C be a non-empty subset of V(G). When ¢, runs through C,if S (c,)
form a partition of V'(G),where S, (c,) isthe closed neighbourhood of ¢, withradius 1,then C

is called a perfect code in G'. In this paper, we determine the sizes of the perfect codes in the in-
duced subgraphs of the nil-clean graphs of some rings by analyzing the structure of these graphs,
where the vertex sets of the induced subgraphs are the unit sets of the rings.
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TR ML BIRIR T i e, EE AR, 7 A IEE R, SRS, e
e CAERE IR 1. TE 1973 4F, Biggs B UK T8 &I N SRS IR HE ) BI R IVERE, Hes
T BE A 3 P o 5 A T A AE RO 1] X WTTAE T RS IIR A S el XU IR 55 & Rk ]
(¥ 58 S AD IR T o ST AR, X AREAE ) L 1 11 58 25 S (K BF 0 R AR SRBR A ] o 41, Mudaber 558 NBHF 9T T
—EeIR EARER AT, 2021 4F, MAIH0E 1A Z, FIFRESE IO AR Z, B A R S IR
e &tm2]; 2022 4, ARATHIE T8 2" (n > 1) B Boolean R SAL I i A2 il 7RI 0 76 45, %) 17 5
AL PAEAE 1 BRI 2 B 58 25 A5 B A8 He 3R LA R — L6 B R 18] K FEAMEIANAZE 58 S D I ZE 3R, JEHIE 58 T AFR I
AT AN AR I — ST AT G P BRI SE AR [3]-[5]s 2024 4F, ARATTEE T —LeRS iR AR Y
AFEIB T2 RD[6]. Ma 522 R T X FRBFRIACHT R EACHE  5E & F IR AR 7], Huo S22 4th T —
A PR AR AE et B A e I SE & 8]

WG R—ANEREMERE, HAENV(G), KV (G)M—NEETHECH A, R C i
e e WOl C T TR, o PR 1 RIS, (¢,) sV (G) — K145, IBamifr C ARG
[ —ASE&TB[1] SAEVL, WRXFTH c.c e C, R S(c,)NS, (¢,)=DHUS, (¢,)=V(G), Wi C i
&G M ANEEMO]. MR CHHEmATER, WAFCHmMEEM, WH|Cl=m. &R R DH,
XTHA R P —DICEK r s WRAFAETCR aeld(R)Mbe Nil(R) , 1643 r=a+b, WARITCE r NI R P
1> nil-clean 7¢, & Id (R) A R KWSETCHE,  Nil (R) A3 R MwZ 8, E3 R hPTA nil-clean
TCHI IR A 1C 9 NC(R) » ¥ R 1 nil-clean B2 LA R A TCEN 15, PN A x Al y 24042
HM# x+ye NC(R) -

ML P E A ABIE K S 0 T BT, ik 3T B R TR MIT AT 7T nil-clean &S
W AL AL A S, B AR RE IR IR . BT AR SRS TR nil-
clean FfIFHFE, —J7n] LAFE{L nil-clean BIRIE AL, 53—J7 1A LLRBEH nil-clean A% {425
A, HEAh, S8 TT DL H S R A DD 8 D5 PR ) SR B i o A SCARAE AN TR ) e (ECRE AR n IR IR Z,
o3, B IXEEER ) nil-clean B 5 T B R 8 A KK/
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2. M&EHEIA

IR 2.1 (1) LT, (R) A R K nil-clean BIH 3 T, H AR RKRMNEU(R):

1) [ x| RARANT x Hm/ANEEL

2) BV (G) B GIIREE, x 2V (G) PH—r, MV (G)\ {x} RV (G) h 2t 5 x TR EINES .

EN22[10]BR 2N NF RPN ERa, MBHFE-NHELeec R ANHEETLbeR,
Ff5a=e+b, WABMHILE a & R THI— nil-clean JG. WHR R TGN ICE AR nil-clean G, 4
FRIR R N nil-clean .

FEX 2.3 [11]8H R &—Mh. R nil-clean FiC N G, (R)» HREN R, BAAF R x Fl y 2 4B
4 HACY x + y /&2 R 11— nil-clean JG.

SEX 24 [12]8 G H ZWANE, WRGAHEV (H) eV (G)HIUKE(H)c E(G), MARH G
—AFREL B, #HE(H)={(xy) x,yeV(H),(x.y) e E(G)}, W HZGH—FHTFE.

SIE 2.5 [11& p&—MFEE, MIFZ [ nil-clean B2 —MH p M REEE P .

ER: 2 p AN, B 1d(2,) = (0,1} B Nil(z,) = {0}, BT NC(Z,)={0,1} . Z, i1 nil-clean
G, (z,)mE 1

p—2 bk

Ole
— e
oo

— +3 —1 +1
p—1 = %5 3
Figure 1. The nil-clean graph of Z
B 1. ZPH’\]nil—clean
; NI N +1 +1 -
# 9% b, N 0+0=0eNC(Z,) , 0+l=1eNC(Z,) , pT+pTzleNC(Zp) :
1 -1 ~ > St N \ -
PP s0eNC(2,), AR, MBS EIRL, B G, (2,)h, 40 RY
- -1 1 2 - = p+l
14z, ANy Az, %uoﬁp+WW%hd ﬁﬁ&a~ﬁvad@4@»\%fg},

?9;+OTv=0eNc( L) Ev+l-v=1eNC(Z)), Fibly 5 0—v M 1—vABEE, v IR 2.
3. EELR5EEA
SEH 3.1 BT, (Z,) R~ Z, 1 nil-clean F{ ST, b p 2 —AREC HCNZEIRE&D,

-1
MCFP—L
3

W A1 25 K, M p R AEEN, G (2,) R p IR T Z, SR
SHEAGL, Wik, T (2,) R p- I EMEBER. W, (2,) B e S5 A5 2.

1 2 3 4 5 p—3 p—2 p-—1
Figure 2. The relabeled induced subgraph of the nil-clean graph of Z,
E 2. EFHRSERIZ, B nil-clean BRI S HFE

Mg 2 w5, S (1)={12}, S, (p-1)={p-Lp-2}, S (x)={xx-Lx+1}, Hhx=23,..,p-2.
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B3 | p-10F, WE—ARTHE, =m0 —4l, RSP EpsBcy C xR, |

-1
C={2,58,,p-2} . Fk, |c|:Ple[P71°

% 3f po1H, m%suntmp=3,BMC=gpQC=p},%w-c1_[3 ] W3 |p-2,
+1—{p—_1—|0
3

Bl 3.2 & T, (R) N* R [ nil-clean @E@vtﬂ?@l, C REMESL.

WEEE 2 AR, C={1,4,7,-,p—1}, dit|Cl=2

T I 3.

1 6 2 5 3 4
Figure 3. The induced subgraph of the nil-clean graph of Z,
3. Z,Hnil-clean BRI S FE

3,60 T, (2,) A58,

BR=2Z, .04V (T, (Z,))=U(Z,)={1,2,3,4567,89,10] H NC(Z,)={0,1} . FLL Z,, f1nil-clean
KR 7 B n ] 4:

B3 I(7-1), FreldEs 3.1, c:[E}z, W 3 Tl K, cz{

1 10 2 9 3 8 1 7 5 6
Figure 4. The induced subgraph of the nil-clean graph of 7Z,,
& 4. Z, B nil-clean EIMSHFE

ASEH L.

BIAERMISI N LR IRIRSE S, 5 (845 FoRSE B A IE .

BN 33[13KGRAEHRA, %ﬁ(ﬁ%V(G)J:E‘]%ﬁT%%~: Wff%?ﬁﬁu,veV(G), u~v3y
BACHERTIFARER S . G AL G, B A1V (G,,) ={[v] b eV (@)}, (L [v] &y FifE%s
1), AEBPAAI L [u] B [V] 7 G, RSB B u v 72 G R RARHEA

34 VT, (2, ) RIFZ , 10 nil-clean BIHIS T, oo p R NRML K RIFEA, HCH
P 1 5 4

) #p=23, W|C]=1.

2) # p=23, WEFAEALLE,

W N2, AR, A (p) = Nil(2, ), Had(Z,)={0,1}, Bk,
e(z,)~()Ui+ (s)-

D Mp=2, NC(Z,)=(2)Ul+(2)=2, . WHZ , hEATERAR nil-clean 76, MTTZ, 4
nil-clean ¥, F‘ﬁuGNC(Z ) ek, ﬁﬂ%%'ﬁﬂ%@rw( zk)iijms*/\%é@ Wi, 72, HERE
—HARET (2, ) A EE D, B, |Cl=l.

% p =38, NC(Z,)=(3)Ul+(3). ¥(0,(2,))=U(2,)=1+(3)U2+(3). HIT (2, ) masfbpEn
KIRE
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Oo——e
1+(3) 2+ (3)
Figure 5. The reduced graph of the induced subgraph of the nil-clean graph of Z
Bl 5. Z, 89 nil-clean Bl SHFEIRZLE

Kl XF AF = W xl,xzel+(3) X, + X, _2+( )eNC( ) , XA B A y,,y262+(3) ,
¥, +y2—l+(3)eNC( ) FrAKE 5 s ARORZEE m%qﬂﬁﬁﬁﬁﬂémﬁﬁl’%l*reﬁfﬁ N, S
5%%/Tuﬁ~1ﬁ%qjﬁﬁ7ﬁﬁi%mftﬁilEPrEWiWi?l‘H EM . XERH, X12+(3)E|34£E~/\1”ﬁ%75x, Mox fE
M(”¢%#éﬁlmmﬂﬁ&uk{(ﬂgﬁﬂ%ﬂﬁ@(#»,l%,WFh
Hp#23, U!UV(FNC(ZM))=U(Zpk)=i+<;)U§+(;)U---Uﬁ+(;)ENC(Zpk)=(
FTUT, (2, ) et o:

T+(® »p-1+@® 2+ Hop Liyp B+

p)Ul+(p),

Figure 6. The reduced graph of the induced subgraph of the nil-clean graph of Zpk
B 6. Z , B nil-clean EIK & FEIMLILE

55 0, AN MITR S T R T SR IR, St IR K
HRFSTHERE TR, FEAAE5E 4T C V(T (2,)), Wi+(p)Up=1+(p) HEDH — R
%c,EWﬂE%~£xa+;y.MUS(LEMﬁ()ivﬁ (2,)), Seob ¢ Wi C bt e

B AAFAE— H x, el+(p Up- 1+(p), fiffx eC. #x el+( ), )r\”JX‘TEE\xzeIJr( )\{xl},
xﬁUS(%ENﬁ()iV@ (2,)) S5etiE PR, Fiblx el+(p): #xep-i+(p), Mk
iR R x, € 2+(p) , 3 x, eC, BMRMER —six e p—1+(p)\{x}, xeUS (c). ML
T?Exze2+( ), WS, (x)NS, (x,) ={x,x,} =D HRLMETE, Fllx ¢p- 1+( )

BB EDAEERE x,y el+(p)Up—T+(p). fF x.y e C. WS (NS, ()% D » X GRARDIE X
TG, B, BT, (2, ) AT 4,

%l 3.5 1Lﬁl",w( )joR ) nil-clean 3 HF K, H CZERTEHIT,

BWR=Z,. WV (0, (Z,))=U(Z,)=1+(2)={13,57,,29,31} HNC(Z,,)=Z, . FiLLZ, 1 nil-
clean 1) G H1 T ELE 52 22, WL 7:

b—tl
=
(-
S

o]
=~
=l

31 3

1

Figure 7. The induced subgraph of the nil-clean graph of Z.,
# 7. Z,, B nil-clean E# S HFE
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HIEHE 3.4, | Cl=1, MEEIE 7 7[5, SER— R x eV (T (Z,)) S (x)=V (T (Z,,)) B4 C={x}-
BR=2, WUV (T, (Z,))=U(Z,)=1+(3)U2+(3) L NC(Z,) = (3)UT+(3). |4 8 A Z,, 1] nil-clean
Bl 5 B

‘|
o

|
(=]

=
ot

1 2

Figure 8. The induced subgraph of the nil-clean graph of 7Z,,
& 8. Z,, # nil-clean BRI S HFE

ﬁﬁucz{x}o
BER=Z, MV (T, (Z,))=U(Z,) = 1+(5)U2+(5)U3+(5)U4+(5) H NC(Z,,) =(5)UT+(5) » 2,
() nil-clean )5 H 1 B0 9:

2_,
AN
RSEZ \(;@:«! \
RXEAKFA TS

N

WA A = AV A VO AN )
ARSI T 3‘3( SASSRy
A\

LRI LA LR

\
e D

2R

Figure 9. The induced subgraph of the nil-clean graph of Z,
& 9. Z,, § nil-clean ER S HFE

HUER 3.4, ZEAFEE &I, IS R0 1 R 0 AT
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WHER — A x, €4+ (5) = {Z§ﬁﬁz4}
S, (x,)= {x4}U1+(5)U2+() {x 1,2,6,7,11,12,16,17,21 22}

BATRIAAAE C <V (T, (Z,))» 143 C AT (Z,,) FHE &,
SEH 3.6 BT, (Z,,) ¥ Z,, ) nil-clean 5 H T B, Kb p &—AaRH HCAZERES
s, | q:[%‘ﬂ .

WER: 2 p e ANERA, Nil(Z,,)={0}, 1d(Z,,)={0.Lp,p+1} . FILANC(Z,,)={0.Lp,p+1} -
V(I"NC(ZZP))=U(ZZP)={i,§,§,?,---,p—2,p+2 2p-3,2p- 1}, HA V(T (2, ))q:ggméﬁr_ﬁ, |
V(T (2o, )) TR S LR BAL T E (T, (Z,, )= {(x.2) I, er(FNC(ZZP)),x+ y=0api}.
Z,, K nil-clean &) Hi T KU1 10:

¢ —— o— o

1 2%-1 p+2 p-2 3 Ui Uz Us

Sorbuy € {252, 30y oy e (25 30) vy e {251 Y vy, g, v HREHC

Figure 10. The induced subgraph of the nil-clean graph of Z
& 10. z,, B nil-clean BRI S FE

2p

FN1+p=p+l, 1+2p—1=0, v,+v,=p+1, v, +v, =0, TH%EQV(F ( ))Eﬁi 12 [& 1]
S Rk T RS 2p—1 488 v, R v, 4B TIERE —AveV (T, (2, ))\{w}, v+0-v=0,
vip+l-v=p+l, FSy RSBl p+1-vA488%. dE 108, T, (Z,)) R p-1 s,
RIS 3.0 BOER], WTRRSIET, (2, ) Foe &Rk, S5

Bl 3.7 W T, (R)Z¥ R K nil-clean FII3H 7B, HCRE2EWTEHHL. HR=Z,IF,

nil-clean FF S HFEWE 11:

1 3 19 1, 3 3 21 13 5 29 23 11 7 27 25 9
Figure 11. The induced subgraph of the nil-clean graph of 7Z,,
E 11. Z,, B9 nil-clean B S HFE

EH 3.8 WT,, (ZW)%% Z, H nil-clean EFSHTE, Hrbp Mg HERA#E RS WK
| (qu) AN SE 25

W : WA pMgRWAERNTRE, LZ, =7 xZ, , Wi FNC(qu)EFNC(ZpXZq) o
V(FNC (prZq)):U(prZq)z{(u,v) lu=0Hv=0,u eZp,veZq} ,
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(L) G-10) @I LD (D)
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r-L%) s L.
(1, %) R
-GN T - 208 2y (L o o Al
(1,%5-) r-1,%) (2,%) (5427 (H40) (B=,45)

Figure 12. The induced subgraph of the nil-clean graph of Z xZ,
B 12. Z,xZ, Y nil-clean EIFHFE

BATESRITR T, (Z,%Z, ) (g >3) &G, RAAET, (Z,x2Z,) EFibs 5581 13

11 12 13 T14 L1,g-2 Tlg-1
T21 T22 T3 Taq T249-2 T24-1

Figure 13. The relabeled induced subgraph of the nil-clean graph of Z,xZ,
E 13. EFRSERZ, x Z, H nil-clean B S FE

o FNC(ZSXZ(,) WA HF W C, M x,eC #Box,eC, &N x,eUS (), &N
USl(c,.);tV(FNC(Z3><Zq)), Horp e, WUl C H T T

MR x,eC ., 5 A S (x,)={x.5,.x,5,,5,} » WA x,x,.x,5,x,C, & WFES
Ve X, 2 X0, ) (B S, () NS, (v) = @ B x, 2 US| (c,), WUS, (¢)#V (T, (Z,xZ,)), 5
FERHGE P JE, Fillx, ¢C .

MEx, eC, BHS (x,)={x.%,}» WA x,x,,x,,x,&C, BUWFLEve{x,,x,,x,,x,}, £
S (x NS, (v)#=D > TATIRIEx,,x, eUS, (¢,), RbEx,,x, eC, HiEx, €S (x,)nS (x,), FE&MH
EXFIE, Fibllx, ¢C. 4L, FNC(stZq)EPKZ?E?E%ﬁ%o

TR, (Z,%Z,)(p>3.9>5) W&, HET, (Z,x2,) EHbESE 58552
14:
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Y16 Y15 Y14 Y13 Y12 Y11
p

Y21

Y31

Yn

Y46 Yas Ya4 Ya3 Ya2
Figure 14. A part obtained by extracting the relabeled induced subgraph of the nil-clean graph of Z  xZ,
B 14, BREFAFSEMZ <2, # nil-clean FRS T EFH— 25

BT, (Z,xZ,)(p>3.q>5) PAAEERTS C L Wy, p,, v, TRE BT C, By, 2US (c)
BIUS, (¢)# 7V (Tye (2, x2,))» ekt e, BUE C A LR

) & y,eC s My, vy Vv ye €C » B WA 1E vel{y,, vV Vo va) » 5
S,(v)NS, (»,)=D - NEAMAG y,eUS(e) » B R B y,eC, Wy, eCc, &N
S, (v )NS (vu)={yu} 2D « XHANEAELR y, eUS (), FTLLHREBE y,eC, My, eC, &N
S, )NS (yy)={yu} =D ITATKI v, v, 0 € C 5 ZUH y, €US (¢,)» SREMESCTE, I
Ply,eC -

) #y,€Cyr Wy v, vy, 2Cr BUHEE Y, € {1, V0 Vs Ve ) RS (v)NS (v,) 2D - BN
L y, €US (¢,), TR REy, eClly, eC.

MRy, eC, WA y,,y,eC, BUEEY, ey} RS (v,)NS (1) =D 5 EHFFRATRI
Viis Viss Vo> Vs Vs €C 5 M4y, 2US, (¢)» 57e&MELFE, Fibly, ¢C.

MRy, eCh My 0y, eCr BUWEEY, e{y,vnys)r BG5S (v)NS (1,) =D, FOVELRIE
v €US (¢) MABEy,eC, Wy, eC, TS (3,)NS (v)={rs} D> W y,py,.. 0, 2C, WA
v €US (¢,), S&MHECTE, illy, eC. ML LG y, ¢C.

B) FHy,eChr My vy, eCr BUIFLE Y, €{y, 1,000} RS (v)NS (1,) 2D - BN
BARIUE y, eUS (¢,), Rigy,eCHliy,eC.

MR y,eC,My,,y,eC, BMIFEY, e{y,, v} 7S (v,)NS (y,) =D » TR y,,p,,v, €C,
ey, eUS (¢;), RE7REFLEXFE, Frlly, eC.

WHRy,eCh Wy, vy, 2C, BUELE Y, € {1, 10010} 7S (v)NS (3,) =D, FHZELR
vo.eUS (¢), WHEEy, eC, My, eC, EWS (v )NS (1) =D Wy, 1,0, eC, X
v 2US (¢,), SR&tESCrE, illy,eC. MELL LSy, eC .

GEs yya e eCo Wy, eUS (c). MTTUS, (c) =V (T, (2,x2,)). Kk, ET, (Z,x2,)H
AAFAETE &N

4. INEFIREE

ASCHEET nil-clean IR, HiE 1 DLRAL RN R AR A —LE3R ) nil-clean AT H 7 B 45 1 5E
FASHIR AN BAVFBILUREER: Hn=p M2p b pR—AFREON, KT, (Z,)2 %Ki, LT
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%a@ﬁdd{pﬂ; =2 R (ol k NEREOM, T (Z,) oSN 15 %= pf Gl

p>3NFREOM pg L1 p,g RMANERTREON, T (Z,) PAFERESEN. 2458, XT84,
TATEBAEHET, (Z,) D e &R 1, X R R EIRATE — PR .

E&WE
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