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Abstract

Based on the tropical algebra, this paper presents the definitions and fundamental properties of the
left (right) semi-tensor product and tensor product under the framework of tropical algebra. Subse-
quently, it is proved that the tensor product of two permutation matrices is still a permutation ma-
trix, and this result is generalized to the case of generalized permutation matrices. Furthermore, by
virtue of the above conclusions, it is demonstrated that there exist generalized permutation matri-
ces commuting with non-singular idempotent matrices under the semi-tensor product. In addition,
after block decomposition of the generalized permutation matrices that commute with non-singu-
lar idempotent matrices under the right semi-tensor product, itis obtained that there exist matrices
commuting with the block matrices satisfying the given conditions.
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1. 5]

Tropical AR ESEEARE LA b, BRI —AN T T T ER —oo , FFEL&INERR KB —Jtiz
S A B FIE. Tropical BT 24 T 20 T4 60 4EL, Tropical /X182 7E Tropical -3 I
RIBERMAE IS, 2ARBOERNEZER AN R —, W ZeHTHSACHITRE . FH] B e,
BHEA S R GV L AR AU AR AT N [1]-[10]0 IXEERH = 2 [ VF 2 [ LR /& F - Tropical £k
M RRHR R, R 2 EE ST Tropical Ak, EP Tropical £A . Kk, Tropical %5 [% HIHF
FLA S 1E N AMREE 3 1) R

0, Yang [11]8F58 T4 nxn 4 Tropical AiFE7ESFeIE FHIRRIEEEM, (T) , HiiR T 5% 1 /3 Hems
SEFERE) Tropical FEPERE, Horh X MPOASHRE, HRICAZRHERE. e 7 EE 5w 55
BEHRAEAN TR PR A S B AR . BT IX— 455, et T M, (T) A & 0 FR R Ta MK 7 A0
— Lo iR . T ARFE FME[12]8 9T T Tropical FREFELF-FE HI(*)-Green % RANIENH:, 25 H T Tropical 4
FESRVE LR L2 . 2 KRARMEMZIE, FSMA118 T = Tropical i FEIRIE LR ENME, FFuEm
THHEAMN Y n =18 nxn 41— Tropical FiFafeiL LR 2ZIEN R . Yang [13]45H | Tropical f:3f L
FMEEGIRMMCRZ . £ M2 FZIHE . EY] T R —A nxm 4E/] Tropical 55FE X 1 /& AXA=A4, M4
— > mxn 4E Tropical 5 FE A 2 IENT. BLAL, ABWFSE T BT nxn 4E Tropical H5 FE7EIRVE T 14 BB
MIIEN 2 28, FF44H T AE3 R IEN 2 2219 — %143 . Johnson 1 Kambites [14] M Tropical J LA ) AR H &
WEFL T 2x2 4 Tropical i FETRIE L REMARESE W, FIRHRBULFAIIENR, A1 H T 2x2 4E Tropical 4
RSy B BE RS ARG R, XS TORIOR FREEAT Tk, S ICUER] 7 2x 2 4§ Tropical FiFELETRIE
TRIENEHE.

FIRIT Tropical FiRE RIS I TAL SR FERIE BRI, 1T A% e B e i 0t 45 e 4E 250 78 74 (1) IR
file ARBEX— R, R[5 T —Mo s REsR: - SR LK ER . SEGEMEIRIEARE, FikEH
AN SZAEE VLI SR A A, B SR i RIETEAIE . B Al FERE sk SR O B T4 K R 2%
B, BRI 16]-[18]. FE[19RFikER S GIFIEZEE G &, EHRMERNIER TR T
TZRIAE DG IR, JE [20128 T - ok EARPE HE — i o7 SR R SER) R e ) 5 v, e 2 K SRR A AR O
FRFERE, WAL Gohh R B NE 5 15 BT B R RE R IZ 5 B T Bk 73 i, A SCHEF T Tropical
ARECTREKRER, BEXT 5 Tropical FEFEIVEN —FHE ™. 51%%t Tropical HiFEIIEAR, Tropical
RECT ok EARAY T 4E BRG], AL E A Tropical FiFF T THRIZIZE, 1ERKFEE iR
A TAEGAER RIIRYE,  [FII ORI 1 e ok S AR FE A 5 5 AR S

2. FiE&HEIH
A s —dmts, HEF® (HMe GEhFii —tiss, e

il
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S

XI5

. (5.0) RATRHER:

o (S,®) B0

« XMERHa,beS, H
a®(b®c)=a®b®a®c,
(b@c)@azb@a@c@a.

MR (S,®,®) HEH.

HAMERR a,beS, fHa®b=b®a, MIFIFS NUZHA. FeeS (ce8), HXERMITTER
aes ﬁa@eze@aza(a@%s‘:a) , DUFR e(é‘)?’ﬂﬂé%SJ:E/‘]%ﬁi(ﬂﬂﬁi)’lﬁéﬁo EIN S FR R —
FIENEE TN — M IEAESETT, WK S NREELIA21][22]. AXMERMaeS, Ha®a=a®a, MNHF
IS NFFEREELIN, I I S Jsg ey, MIFRAIR S ] 52 {4 3

& RASHIE, T=RU{~o}, (T L& XFA—TLEH o Mo ik

a@b:max{a,b},

a®b=a+b.
MK (T, ®, ®) y tropical A HHEEFRHI5E XL, (T,®,®) f— A4, —oo F10 4151 T 0 IEAE ST
HMIREAEE T,

WM, (T) R T EFTE mxn SERFERSS . B0, Zm=n, fCAM,(T), 1M, (T) Lk
N M@z Xﬂff%?ﬁ‘]A:(ay.), B:(b,.j)eM"(T)*l]a,beS, H

A®B=(a,®b)), A®B:(éaik®bkjj,
a®B=(a®b,), A®b=(a, ®b).

HAREIRME L, (M, (T), ®, @) B— 3K, P TLRAN —oo i nxn 5ElE 2 £ M, (T) 0l
P4 TE, B FIITEEN 0, SATEEN —o HIKERE 1, 2 M, (T) HITerk A2 7.

HJEEERUATIE, WHERE) A=(a,), B=(b,)eM,(T)MabeS, TN ABRE A®B, ad RE
a®A, abR¥a®b; WNTHERKRT 1S, BIANLA =44 4; WHEEKIne N, FATH [n]
RoR{1,2,,n) s B0[n]={1,2,+,n} s SRR L, j€[n], BAVH a, FoRFWE A 5 (TR j HIFAA AL E b
McR: MEER a,beR, Hh R FRIHE, FATH ab Foma-b, Hh FoREHE AT,

EX AL LT E N, d,, . d, € R, RTEEN —oo IR diag (d,,d,,--,d, ) MO FIRERE . B4R,
1, =diag(0,0,-+-,0) . *H5ikE AeM,(T), #A7(EBeM,(T)HL A®OB=B®A=1,, Wi A%, B
i A ME—RHERE, A7 RoRB, BV B=A"". WS HE 1, O AR AOAT S A1 45 2 (0 R AR O B ()
SCEH)HERE . BHSERERAR R CB AR, BHERE A MY AT REMEE AT, WA =4 X
B WA R ME— AT 1 tropical HEFE . Sym (Q) RontE & Q B B4 ST SN B P = (p”.) ,
FAEME—) o e Sym([n]) H Dig(yy =00 HRILHN —o0, Hepieln] . @¥MPERE, WP=P . B,
P'=pr_ [22]. QeM,(T) )T BB AU TE o e Sym([n]) B O =P, Qdiag(d.d,,.d,), ¥

o o

H oK, HATATUN Q" =diag(-d,,~d,,+,~d,)® P,' KFr. BATH GL, (T) ZRFA nbit) SUE#H
RS .
M T" R T 1 n GEf A5 0], A T B R— A3, B30 T R B e R M ) & i RAFAE my » my
s meT, FRT FWMTHa, a5 - o, WHiRa=ma ®ma,® - ®ma, . WIKHEa & T" H

HI—ANEMEHE. T T HRFES, A
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X T

k
span(S):{@lmiai |keN,a, €S, m, eT,i:1,2,---,k},

e N FoR RN, W span(a,|ie])=S , WFk{a,|ie I} RAPERRH9]

A WATREGIRROR (A)(c(A)) Fr mxn SRRV r(A)=m, c(4)=n ., WFKERE 4 A 57
HilE. SLARAERE 1WA r(A) = c(A)=n, WITRIEIESETERAEZF RATE11].

45 tropical A FEAE TR EAMIE R BN 1) — e R AR

EX N (1518 4=(a,)eM,, (T), B=(b)eM,, (T). &X AR B HsKEH(X)A:

a,B - a,B
ANXB = :
amlB amnB
Wk ERA I E L, BT AR B N IRYSEREREIT,
anb, - allblq eayby alnblq
allbpl allbpq allbpq alnbpq
ARB=| i i i lem,  (T).
amlbll o amlblq T amnbll o amnblq
amlbpl o amlbpq t amnbpl o amnbpq
£,
ARB=(A4,RB,, -, 4,8B,,,-, 4, 8B, 4, KB,
Al
A, KB,
A.RB
AXB = :
A)71*|ZB1
4, KB,

X 2: (1518 A=(a,)eM,(T), B=(b)eM,(T). W AR B {AFHKER (x) 15 LT
AxB(A&QJ@@&Lw)

Mot R0 A p WIENAREE 2HEE=lem(n, p) .
FEX 3 [151% A=(a,)eM,(T), B=(b)eM,(T). W AF B {F/FTKER () H5E LT
AxB=(1,R4)®(1,,KB),

et FFH 0 B p WAL AR t=lem(n, p) .

Kelit, Mn=pit, AxB=A®B(AxB=AQ®B), BIWNEFER) (A7) 5K B AN 3@ Tropical £
REgi: (®) HfE)

NI/ 4H tropical FEFE N 5K S A — LE R A )T o
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5l# 1 [151%AeM, (T), BeM, (T), CeM, (T), DeM, (T). WH
(AXB)®(CKD)=(4®C)X(B®D),

R, A
(AKB)=(4®1,)R(B®]I,).

3. FEER

5182 ¥ A=(a;)eM,(T), B=(b)eM,(T), A=(a;)eM,(T), B=(b,)eM,(T). # AF B
BB, W AR B KRR B .

UEW]: % A=(a;)e M, (T)F1B=(b,)e M, (T) HESBHE, W5 HAEELS T n Al p MBS o Fx,
SRR, j €[] M k,re[p], H

a; =0 j=0(i), b,=0=r=x(k).
XA B HIKEM ARB, £ C=ARB, WCeM, (T), BLH
C=(cst)={(a,.j®bk,)|s=p(i—1)+k;t=p(j—1)+r;i,je[n];k,re[p];s,te[np]}o

FASHERM a, beT, a®b=024HMN Y a=b=0, f
¢, =0=a , ,®b =0,
<a,,;=0b,, =0,
<:>j20'(i),r:7z(k),
ot=plo(i)-1]+x(k),s=p(i-1)+k.
[]U[ ]p(i—1)+k=np, W C FEFERATH A 0 J0R . FIRRAEZ, 15 CHEFERHIH 0 JTTH.
ie[n].ke[p
HINIE 4 A1 B (5K AR o B AR .
Heie 1. 35 A R B BRI, W (ARB) =(AKB) =A"KB =4"KB".
EH 1 W d=(a,)eM,(T), B=(b)eM,(T), HAMBR"LEHME. WE
1) (ARB) ' =4"'KB",
2) (AxB)'=B'x4",
3) (AxB) ' =B'x4".
UER]: FEUERIX USSR AT, B RZOENI A SCE AR MR SR BRI SCE SRR . B4 A0

BRI SUEPIENE, 4 A=P, ®diag(a,a,,,a,), B=P,®diag(b,b,,.b,), 3, oeSym([n]),
reSym([p]): @, a» -+ a,» by by, .., beR. ME
AR B =[ P, ®diag(a,,a,, -, a,) |R[ P, ®diag(b,.b,.+-.b,) ]
=(P, ¥ P,)®| diag(a,,a,,,a,)Rdiag (b.b,,---,b,)],
HI5IH 1, A P, XP, 2 EHFE, S ARB R BB,
WE(L), H#ER 1 & IR
(AR B)"' =[diag(-a,,~ay, ,—a,)Rdiag(~b,,~b,,++,~b,) |®(P, KP,)"
=[diag(—al,—az,---,—an)@diag(—bl,—bz,--‘,—bnﬂ®(Pg']XP”'])
=[diag(—al,—az,---,—an)®P;'J&[diag(—bl,—bz,---,—bn)®P”’1]
—A'®B,

s sttty
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X T

HUE, (ARB)' =A4"'KB".
iEQ), B()E

(4xB)" =[(4:1,,)®(8R1,,)] (t=lem(n.p))
:( t/p) Alzlt/n)
=(B'®1,,)®(4"'K1,)
=B"'xA4".

FIHE, FHEG3), WA (4xB) =B'x4™",
TR 2: 77 Ee M, (T) RAR% SR b, fE /e LB HSERE M, MyeM (T) i ExM, =M, xE
B EXM,=M,xE, WM =M,.
UEWT: B E & nxn YEROAERT SORSARE, 070 CBSAEM,, My eM (T), Wi
ExM,=M,xE, N,
ExM,=M,xE=(ERI,)®(M &I, )=(M,R1, )®(ER],),

Hept=lem(n,p). XHHA
(EIXI””) (E&It/n)@)(Eglt/n)=(E®E)|g([t/n t/n)zEzlg(It/n)zzE'E]t/n’

H
rank(ER1,,)= rank(E)rank(1,,)=1,

WEXL, RdFdr T mE e, MadEs 1 Lo E[17F e 45 F,

ExM,=M,xE=ERI,, =(M,R1I, )®(EXI,)®(M, &Il,p) :

tip

EXI

t/n tip

)8 (M,81,,)=(M,B1,)©(ERL,,).

tin

,81,,)®(ERT,,)®(M, &I,/p) ®(M,R1,,)®(ERIL,)®(M, wﬂp) ,

2 t/p) Ex}t/n) (M &[t/p) >

=

(M

(M

(ER1,,)®(M, &It/p) ®(M,R1,,)®(ERIL,)=ERI,,,
(w,91,,)" ©(M,21,,)=1,

(

UUUUU

M'®R1,,)®(M,R1,,)=1,
= (M ®M,)R1,, =1
>M!'®OM, =1,
=>M =M,
B, X ExM, =M, xE, M, =M, BHEH EeM, (T) R4 5 mEMHE, WAEE LB #ih
M M, eM,(T), i# ExM,=M,xESRExM =M, <E, WM =M,.
e 2: HAEAT R REME E WL EcoM = MooE o W (ExM)' = E*x M.
bk EAE A R R K R A P IS, PR e B R R RN G, R R
BFABAL. & F A nxn BT RS HRE, BATH G, £R1E tropical FFERE THTA S5 F Al
T BRI S, WG, ={M|M eGL,(T),MF =FM}|
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X T

EHL3: #FeM,(T) RSeAEE R mSmbe, f7a) CEWMEMEM e M, (T), WEFxM=MxF,
lem(n,p)=p, k=p/n, A

11 n " Mlk
M= le A/{zz ]‘/{Zk ,
Mkl Mkz Mkk

WAAFHE o e Sym([k]) » XTI €[k] 4
M, eG,,j=o(i);
M; =—oo,j¢0'(l').

WEW: W FeM, (T) R9dbd R mssmss, A LEBMEM eM (T), Wk FxM=MxF, ¥
lem(n,p)=p, k=p/n, X

M, M, Mlk
M= le A/{zz Mzk ,
Mkl Mkz Mkk

o =(M,)eM, (T), MyeM,(T), Wt
FxM=MxF=(1,8F)®(,, &M)=(1,,8M)®(1,, KF),

pln r/p r/p
= (L RF)®M =M (I, KF),
= FM,=M,F,

Hehi,jelk].

i1, % M, 2 GL,(T) . WM, =0 « A M, JT CEBSERE M 19 T5RE, R M, ¢ GL, (T),
T2 M, RISAGF AT TR RN —o0 . YT M, BRI FITEE LN —o0 5970 FM,, (1351
BN oo BRI F PITER RN MO FM, = M,F . M, T R4 N oo .

S —J7i, #M;eGL,(T), #R¥ FM, =M,F, WM, =G, . EHME.

4. B4

AIFET tropical AREHIERBHELL, FSGib Ml 7 P B4 R A K ARS8 B IO P — R A 29 5
R b, i BHER WA CEBGERE K E AR R E T CEHIERE . T LRgE e, ER] TR
Pk EMBHETY, AESITREEERE RSN BTG A, A ERER T 5 7w
SEREME T AZ R SCE AR, AT BB S, A5 B0 2 1% 1 PR R AR AE S 2 T S
R
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