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Abstract

Hat guessing games are a class of combinatorial information games based on graph structures.
Given an undirected graph G = (V, E), each vertex represents a sage participating in the game. Each
sage is assigned a hat chosen from a given set of colors, where the number of available colors is
determined by a function h(v). Under the rules of the game, a sage can only observe the hat colors
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of all their neighboring peers but cannot see their own. Subsequently, the sages must make a guess
about their own hat color based on a predetermined global strategy.If there exists a strategy such
that under any possible global hat color assignment, at least one sage guesses correctly, the hat
guessing game on the graph is called a winning game. The hat guessing number HG(G) of a graph G
is defined as the maximum global possible number of colors q (i.e., h(v) = q for all vertices v) that
allows the game to remain winning, given that each sage is allowed only one guess. Determining the
hat guessing numbers for various specific graphs is one of the core problems in this field. In this
paper, we focus on the hat guessing games on Theta graphs. By introducing the properties of sub-
games and the constructor mechanisms for losing games, we analyze in detail the covering redun-
dancy and constraint contradictions of guessing strategies in high-dimensional state spaces. Our
research proves that when the number of hat colors assigned to all vertices is constantly 4, the hat
guessing game on a Theta graph is necessarily a losing game. Combining related conclusions from
known basic graph classes, this paper finally determines that the hat guessing number for any Theta
graph G is HG(G) = 3.
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S E R SR, REEAR SRt L P IR 20 A — B FH RN IR0, TIFRZ IR SR K -
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ARARNERI FEHEZNEI[5]. SR, XTS5 BB ARAIEIZE, R T BRAR SR AR .

ARSI FE A 2 PU 25 K (Theta graph). fEEIE Y, PEEFEIE SOy P TAHE R A a5, @ =
S BB ELANAHAZ A BR AT T R X 28 250 o AR — R RSV I B S IORIA 4, TS R 2R AE A T
{67 R P ] 5 v SRR ) W % 2 T, LRI 2 B A 15 R s ML O S 2% . ST P B I W 0 D 4
FHROH YRR A. Latyshev S LA BALHT AT 78 #E- 545 70 85 R RO HE 705 0080 S 204 3 (6]
1M J. Chizewer fEHEGHWT 7T H R, PHESEIRUIE A5 B LA =28 4 5],

SRIM, POES EIRS MR TSI 2 3 182 4, B4 — Rz k. AT —H g A,
ASCHRNEFE T V55 B BOWE T oA 23 0] o JATTH P IR 00 33 J 18 DA B 2 Ui i ) ) s 4 5 i B
WEIY T A TS T B 4 I, RIS B R RE TR R AR — AN R R . S5 AN
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HEREAEXAEE G LR RIRIE TSR G = (G, h) » X TE G PRRAEE v, eV (G), Mx &
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f(xl’xp...’xn):(fl’fz’...’fn) o

WA G T, B B REARYE MR U 0 BC ¢ A5 0 B CHE TR A 396 f, # x,),
HEATEA BT ¢ SRR ARG f 1 — MR OE T IC . BOER— MR- R A2 R, R
WE XA AT R SR, AP AE /0 — MR I IE 1 B 3 i

e R M R A DL B KGR G AR TE, A h'=h|V(G,) » G'=(G.hn) N
G =(G,h) DT WRADT UG RIRIEN, WABLR G —EWRRIEN; k2, 75"k
W, MG RN wAh, HEFR-KE G LMK (G,R) (G, 1), FXERNEE ver(G), WH
h(v)=n'(v), WAZ(G,n) ZFMETARIS, (G,h") HEFRIETT K.
2.2. MESE

5[ 2.1 ([6], Corollary 2.1.1) % G 22— NJLFEL2E, EREAN,v,, v, RTEEE K, 250
Vv, BN WRAE G LRI TIR IR G = (G, ) ZRIER), B4

1 1 1 1

—t—F et —— >1.
h h h, h_h

n n—1""n

5[ 2.2 ([7], Theorem 1.3) HG(K,,)=3.

5122 2.3 ([5], Theorem 1.1) % C, &— MK n IR BEFHEMIR G = (C,, h) R4 HAL K 1%
AR ZE D R LR &

) n=3HY !

",»EV(G)Z 215
2) n=483n KX T v, eV (G) T h <3;
3) 1E G PAFAE—NIETEE N2, 3, 3)E(3, 2, KBTI LTS, FHFEXNTHE Yy, eV (G), h<4;
4) G IR B BR AR AR -
51# 2.4 (8], Lemma 19)PY35 & G _EHIIE THEMEK G = (G, 3, 1) 7 IRMERT -
86 =(G.h'.g") G, = (G, 1, ") RFAMRTHMN, Kb G =(n.E). G, =(.E)H
ViV, ={v)» ENE=0. %E—NMEE G=(r E) FIHTHEFHEN G =(G,hg), Hh
V=V,UV,HE=E UE, . &

(h1 (v)h2 (v),g1 (v)g2 (v)), ifv=y,,
(h(4).£(4)) = {(# (1).£'(v): ity el ).

(hz(v),gQ(v)), ifvel,\{v}.
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SSRGS SR
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h(v), HARAE B
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Proof. & f T G WAL SEG . T G R G" ARGk, HILAFAE G 10— MR A G 1 —
ANEIRAC. WL GG RIS, BATN G RGN R M C BLSE IR o

XTI v, AR vy, v, > AFAE 16 FHRTREMIBUE DL 5 (vvy ) T v, KB 4 FRTREMIBIE . T
TABEODI y(v.vy) > v, T8 4 FATREBE IR I A — FRE ARSI, JoR =Rl S RIE . kA
fEv, DB, [EREDG 128 ¢ (v, v) RS FE v, IR

B v, BT REN x, » BERTAFAEZE A 12 B0l v, SEEE I ML 7 (vyvy) » RFG X IR LELE D 12 Fi
L. FEKS X=X, vX,uX,uX,, HP X, ={;{(vl,v3)|;((v1,v3)e)(,x3 :i},i=1,2,3,4 ;T
0<|x,|<4 o AR BI|X,|< X< X <X« EREE|X|=|X |+ X, |+ X+ X, |2 12 BLAFLER

T«
1) |X3|23:
2) |xj|=2-

HFHE 1, A X 2|52 X230 S FFERT (12,3 1, v 204 3 s ol (s il
B 7 () A R BRI BT, A D, S 4 (vv,) 6 4 FTHEME. EAEBE

xﬁﬂgnﬁ%§¢ﬁ4{§k3ﬁmﬁ@%$ﬁﬁ¢go%@W%%,ﬁM@ﬁ%%%WSﬁﬁé¢
Bt v, 0. SRR S IR O TTE) G IR AL,

MFHE 2, A1x|=|x,|=4 H|X;|=|x,|=2 - HEv, {FEN: T, MEECRE, 28 7 (v,,v,)
»ﬁ4ﬁﬂ%ﬁoﬁ&ﬁége@aﬁ%§¢ﬁ4{%F2ﬁMﬁ@%@ﬁﬁ¢@o%gﬁ%%,%M@
S, AR 2 R A v, ORI, B AR TS 5 SR G TTTARE] G ISR

DR RMIERI T 2.5 TEHET v (1 21,2,3,4) SRR EL 102 TR0, et C 0 I P
P A (B,) AT OB FRETIE £, (v ) (s (o)) » B =12 . BB HTE R S A

FEARIR I o
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4133 ]2]x,
1 RBR f2(vy,v3) By: RHEE f3(vy,vs)

Bl 2.1 FIEE T A By RORKIRB . Bl AVRYL, T v, BRI, 7775 4 FhEETS v, S5 I 1E
HIZPEE 7 (vi,vy ) » HR 12 RN 2 S By, SR . FATAT LU DY R B A — P E 45 v, o BEARIRAT
VA | 54 v, o T | BR300 (X X L L ) = (4,3,3,2) St 5158 2.5 SEM kg
B0 1o X T vy A {1,3,4) T H R REUE, v 200 3 Mok SN 7 (v, ) Bk BT Bigi 7
S S 1 I vy BRI, TR v, BB E G 3 B, RO AEAE £, AR, FRY
B, JkTél vy DU IEEE 1 B4 IR 280 2 26 AF, BRALSE RN 10 BRI v, AEHR (2,3, 4} RO 2 T ORAIE v, 55
DR . DRI FRAN 19 25 R (v, vs0v3v ) =(x,LLx, ) » Hrrx,x, €{2,3,4} - ERA RS 4 &
vy o WIS B EE R 7 x(viovyovsov) =(x,1L4,x,) » Hrbrx e €{2,3,4} Hx, e {1,2,4} -

Bl 2.2 HPBIET A By ORI oAb v, BRETEE N 3. FFA ()X, X X X)) = (4.4,2,2) %
BRIORT B 51 B 2.5 UM RSO 20 SRR 2.1 M AT AR IS 1 (v, vy, vs0v, ) = (3,3, %, ) »
Hrx e{1,2,3,4) Hx, e{2,4} - HEEF By v, it G 2, NEEIH IR I
2 (vvy,vsvy ) =(x.3,2,x,) Hrx e e{1,2,3,4} Hx, e {1,3} -

W 2.0 % G NEEVANTT v, vy, vy, v, BB Hbrd(v)=d(v,)=2, N(v,)={v.»} &
N(v;)={vyv,} - BIEETHEMIE G =(G,n), b h=hy=h=h=4.2¢=(c 1), KT G ZGH
S fvyov) BHOBSFHE, H

3, Ev—vl,
n(v)=12, Fv=v,;
h(v), FeAE.

AR G ORI, MR G 75 9 R K o

Proof. BT G' RN, GIEE 2.5 H (RPN 105 D0 Xk a5 9 R WGl k. ARFE S BE 2.5, Rk G %k
i@

3. FIEE EHIIEFIRMRERL

513 3.1 W G RIS v, M vy it =2 A A ISR (K FE SR A 1, 2 F n > 3 )B4 ik
HIPusE I . TR AR G = (G, 4) & RIHT -
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Proof. W& vy Ml vy =281 B = (v,,v) » B =(veovsv5) » PARB = (v upsuy,eosu, v} o 1E
R, B T IR TROR N 4. SRS S TORSECN 4" .

VLR (G, *) RALHER] . XKL DRI £ 0 TIrE W RERPIRES 2 B, =406 4
T BEAE X o

AT 5 A3 1 v, B, O A0 B x, B !, (ST dxd=16 MRS, (MBI 20T, &
173 HT v DAL A BB AR T AR -+, B FOIRZS S [

T8 v, RS v, B, o TR £ (o, x0) 56 HT L2 038 e TR, 6, 06 4 FOTRERSRES
H, MR T MEEGEA w)RELE v JE X

HATIAERE B IIIRBICE x, = w T I 3 FZFERBUER) . XD TEEE, v BERT
o AT ORFPL MRS, FIRIITUR vy, vo LA uy, o u,  AT5E F A8 551X [ IR i A B RS

RETFBIRI x, %y HREE T (e, VRO K 47 B4R AT

95 vy B 50, Py o TR 7, (xt ) SCHEBIT (562 R oo, | M), % Ay
v, TERHCED /= 0, BREH s I a— |- T v, MO R O o, 0P T 3 7
ax 4" AIARZS (R FEAd 2 P ek P 1) o

R, T SR B v, x, Rl o RO T u, . % B NG SR u | i, 1
b|Ble v EERSRIES T bx 4" MR

R v, M vy B PIRES, BT —PMERNARESRES, LS, ZEEWLy edHu, ¢B. X
MEA TN E S RS BB R I 2

S| = (4—a)(4—b)x4""

BUA vy, v, M £E S, thAEisE e, X MEG I E KRB A ZT5E 4 N R TT AT uy -, R 5 o
FERG w,eou,  BRR T — 258842 P, o FENR TAE R R B4R B TR e, BRI R B DA T e K 7
ANEAEADE u M, GXHRL T R — 4 FE4E LT H) o

N ikuy,u, B ERE S EEES S, AR MEMEX, €iIE S, ABHHEILRAEEEL
A, IR TBET S, AR

TSR R S, Th A O T AR i B (R R E B A )

D) u MW, , EEESTRZHEER (4-b)x4 DPIRE.

2) u, MHiu,,, BEBG(4-a)x4 DRSS

3) BRI w, (1<i<n-DWMiu,_u,, » BEES(4-a)(4-b)x4 DIRECEH n -3 NIXHE
e AT A) o

FRATHG X e R B K o AN, 6 20 A AN R K

4(4=b)-4"* +4(4—a)-4"* +(n-3)(4-a)(4-b)-4"* > 4(4-a)(4—b)-4"*
PRIL RN 295 47, BRI OLI R T
4(4-b)+4(4—a)+(n—3)(4-a)(4—b)=4(4-a)(4-b)
(E: %n=3W, PG (a-3) %, EEEMN (4-a)(4-b)<(4—a)+(4-b))
Sk=4-aHI=4-b, ERAREXILFEN:
4k+4l+(n—3)k124kl

(7—n)kl <4(k+1)
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WAk, 1€{0,1,2,3,4}, WTAEER n23, EIRJUAIATEGRAT EORE 82 I0R S H o M b TR
FEC > T, SXEDEE, BiEk=0m/=0, XEWKEa=48b=4).

REIX 4 BT RER x KR (a +b) FRERMER, HNELSEGESEEN S (a+b), TIZEH 7
vy Pl vy 7E 4 JRPIRES 23 1) o B 4R AL ) S 2 B B BR(BITEFT A 16 vy o ] 15 00 ) 4228 ) 2
2a<64f1Yb<64),

AL, KRR P, EIRARSRAL PR R P DR BRI R (L), T
HABRBk A e /NECTAREOR. B, e e e A e & S, .

EA A R AR TEUE W T SRR A RO BRI, DG B L (AR (G, *) SR SR -

SEE 3.1 T AEEE G, KR TR HG(G)=3 -

Proof. % G &— MK, A TR HG(G) <3, BATE h=x4 FHEIIR TR G = (G, h) K
Wiy BEv, Mlvg i G HRPNEEECN 3 TR, R, P AN PR v, Ml vy [ = 2K BR 42

MR =2 B AR A — 2K | BN 2, IBA K G R —A i K, BRI LT 5828 )
PEEIEL 2.1, WET AR G AR .

IR =SB K NN 1, 2, n23, WRAESIFE 3.0, 1B TR G 2RI .

MR =B KEHN 2, WA G=K,,, ERK,, B—ATHE. ERIK,,=C, & GH—NT
P, MRS 2.2 FIEHE 2.3, LA HG(K,,)< HG(G)< HG(K,) . BATH HG(G)=3. B, 1H-F5M
Wik G 1R o

X T HARTE DL, R B — SRR K AN T 3o AR — et R B IIRKIEZE DN 3. %
JEWEK ¢ = (G 'y, Hh G R URERN G T, JFH
3, Wkv=v,
2, WRv=v,
4, FAbEBL
FEER G2 WRIESIE 23, WG RATTPREN . RYEHER 2.1, WG BRAFTIRIER .
ik, TATH HG(G)<3. KL 5513 2.4 M4S&, B HG(G)=3.
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