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Abstract

The three-dimensional Boussinesq equations occupy a central position in geophysical science. In
this paper, we investigate the vanishing viscosity limit problem for the three-dimensional incom-
pressible Boussinesq equations with vertical viscous dissipation and Navier boundary conditions

in the half-space R By constructing high-order approximate solutions and combining linear
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stability analysis in conformal Sobolev spaces with nonlinear estimates, we prove that as the vis-
cosity coefficient & - 0 the solutions of the system converge to the solutions of the ideal three-

dimensional Boussinesq system inboth the I’ and L° norms, with a convergence rate of O (g) .
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BREW A 20, ZFAAFR (x,p,2)=(h,z) e R xR, EAUEA T EAGPEA ] E45 =4k Boussinesq J7
TR
ou’ +u’ -Vu' +Vp° —£°0'u’ =0°,,
0.0° +ut VO =0,
(1.1)
V-u' =0,
u’ - =u; (h,z),6° N =65 (h,z),
Hrp e =(ul ,uz,u3) (u,‘f,ui),pﬂ@‘g SRR EARE, e, = (0,0,1) o= By [ _EF A 1)
&, & RopNIBERE.
A3, ZE(1.1)I Navier B )4 Tt 5%t N4 H:

u; =0, Ou;, =2au; on z=0, (1.2)
Heh 2% a e R HER A MRS 4320 52 18] A T A%
L e—0, FARTERG(L DM U F B R 5.
ou’ +u’ -Vu' +Vp° =6,
0,0°+u’-ve' =0,

V-u'=0, (1.3)
'], =u} (hz).0'| =60 (h.2).
AR TS JCAF
u!=0 on z=0. (1.4)
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0,U? (t,h,0) =0, (2.3)
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(4) R (u,0°, p° ) FRHERGE(L DI — M, I SURZEUHN

u=u’-u,0=0°"-6,p=p°—p,,
Horlvu, SRRV u, =0,u,-n|_ =0,n=(0,0,-1) . N (u,0)i 2724
Ou+u-V(u+u,)+u,-Vu+Vp-&'d’u=0e,+£ R,

0,0+u-V(0+0,)+u,-Vo=¢“R,,

(2.4)
V-u=0,
Ou,=2au,, u;=0 on z=0,
HA R, =(R,, R, R,;), Ry T2 UL T 2 B AR T
?(:lguvﬂRuﬂ” <Ce P, YB=(B.p.B)eN, 2.5)
C,>05 & Tk,
3. LMRREMSH
BATE S &N TR LA AR E T, TR Q=R TR EHQ.HZ&MAN, 152
Ou+u-Vu,+u, -Vu+Vp—e'o’u=0e,+c*R,,
0,0+u-Vo,+u,-Vo=c"R,, G.1)
V-u=0,
ou,=2au,, u;=0 on z=0,
b R, R, S L LA R AR AR T -
sup|[V/R, [ < C,e™, VB=(B.B..5)eN . (3.2)
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Sobolev ¥ [A], HAZL BB IE MR E p(2)~2z (Hz>0)Hep(z)>1 (Fz—>+0), AIME
10 S B3 1R SR AT I AGE S . AH BT FRAE Sobolev ¥ [H], F£JE Sobolev 2% [A] e85 75 L FF DI ] 77 1] 1E
ML RIS, S50 SR ER, 6153 Hardy A% &0 DLEAN A T EAUb .
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|(u.0) 0. (w,0),,. S& (3.4)

m=1 ~o
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+
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BETTAT

[(.0)

B Ho5E, KRG ) PR AR RSB w M0, FFEXIHQ ERZ, KrEpat
IR, 255 7 HARINE RIS

L Set (3.5)

Tarh+0)+< ],
=—Iﬂ(u'Vua ‘u+u-veo, ~9)+J'Qu'¢9e3 +3KJ.Q(R"u+R99),

o.u

2 2 2
+2ae I u,
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FIHZEHE . Cauchy A5, Young AAZ30A1 Gronwall A58, w43

o.u(z.hz)[, dr < & (3.6)

[(2.6) (1. 1.2)[[, + 63 jj
U, ¥ 22| Bl < m 4y BT I RRL3. 1) e B AR AR, T LA £

0,2’u+u-VZ'u,+u,-NZ'u+vZ2'p-£'0’Z’u=2"0e,+C, +£*Z’R,
0,2°0+u-v2°0, +u,-VZ'0=C,+c*Z"R,,
C,=—[2"uV]u,~[2"u,-V]u-[ 2"V |p+&’[2",0 Ju=C+C,+C,+C,,
Cy=—[2".u-v]0,-| 2 .u,-V]|0=C+C,.
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éj\
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+[,C2lu+] C,2"0+5"| (2'R,2"u+2"R,2"0)= 126111,..

LSRRI EE, A
LQ@ZZﬂuhZﬂuh = J'mZﬂﬁzuhZﬂuh +.[89[62,Zﬂ}uh2ﬂuh

= 20¢J'm|Zﬁuh|2 < C|a|

0.u, "ng ””h "Hg; :
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|Is| = gKIQ|ZﬂRuZﬂu+ZﬂR9Zﬂ6| < "(9"2:2 +"u”2{'}, 4 g2k
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7+¢=p.r#0
C, :—[Zﬁ,ua -V]u :—(Zﬂ (u,-Vu)—u, -VZﬂu)
:—[ > cf,§Z7ua Z°Vu+u, ~[Z'B,V:|uJ,
7+¢=p.r#0

Hre) .o 3 Je 26 R IF A i R HL
HMH] Hardy A%, AI45
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SEN
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H
JoCZ"u Sl [, Co2 <l +0.00
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o 3 ~ 2|2
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S SGE ] FIE PRI R o, » &R 5 T, IFi 2 LU 7R
0,w+u-Vo,+u,-Vo-&0'w=w0-Vu,+ao,-Vu+curl@e, + e curlR,. (3.8)

=0, A

BAE LTS n=0,-2au;.n, =0, -2au, , #HE 77|5Q =0,7,|

i S I "Hgg‘ + "”"H;; :
R(3.8) 5 Mt M
on+u-vn, +u,-Vn—eo’n=w-Vu, +o,-Vu, +2aV,;p-V;0+c“curlR,,
I, I DS R RS A, AT DA £
0,0.0+u-Vo.0,+u, -Vo0=C'+&0.R,,
C'=-[0,,u-V]0,-[0.,u,-V]6.
W ERFAFEN ) 7 5 RRRURE R oy B LA Z7 | Bl< m—1, WTLAfFE:
0,2 n+u-VZ'n,+u,-VZ'n-£02"n
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b
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Cry=-[2"u-v]0.0,~[2".u,-V]0.0.

Rk Bk Py aisk Ll 27, 2%0.0 , IAEXIE Q BBV, K RmAEm, 4G 0 Ak 15

1d
2.drde
=—[ (4-VZ'n,2"n+u-NZ2"0.6,2"0.0)+ | 222"V, p2’n+][ 2"V,02"n

(|Zﬂ [ +[z70.6 )

2"

+[.C 2+ Coy2"0.0+ 6" [ (2P curiR,2"n+2"0.R,2"0.0)
6
= ZJJ_’
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b2 fi ¢
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AR 22 [ A 5 320 i i) 8 P I D00 A B i
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