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Abstract

Set-valued optimization is an important branch of modern optimization theory, with broad appli-
cations in fields such as engineering design and financial decision-making. In view of the limitations
of single-valued models in describing complex problems, this paper adopts the set optimization ap-
proach as its core methodology. Within the framework of real separated topological linear spaces,

and based on the set order relation «! .,

(SOP). By introducing continuous affine linear mappings, we construct the Lagrangian set-valued

we define solutions for the set optimization problem

YESIH: mHE SRR IELD]. BiSEE, 2026, 16(4): 292-298.
DOI: 10.12677/pm.2026.164114


https://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2026.164114
https://doi.org/10.12677/pm.2026.164114
https://www.hanspub.org/

R

map and the dual set-valued map, establish the corresponding dual optimization problem (DSOP),
and clarify the concepts of feasible pairs and solutions. Leveraging the topological properties of
cones and the transitivity of the set order relation, we derive the weak duality theorem and its cor-
ollary, revealing the intrinsic relationship between minimal solutions of the primal problem and
maximal solutions of the dual problem. The results obtained in this paper refine the duality theory
within the framework of set order relations and provide a theoretical foundation for solving opti-
mization problems with set-valued constraints.

Keywords

Set Optimization, Set Order Relation, Duality, Lagrange Multiplier

Copyright © 2026 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. &g

BEAE R B IR B R R, FEATZ A INRE, FEARZ SEBR i) @l s, SR R D0 A B X
DUKE HEZ) 1 e @ N AE R et . ZEIGE 0T, SE BB NI AR, I B A U ) B BT 55 7 1)
ERAELALAL ) 3 PR A 5 32 BARHE 1A AR T VR S AR A T VR KRB AR R I o Inl LA 77 V5 P i) L AL Ry
2L ) A I AR B . SRTAT, T IEAE TR I R AT U . R iRIX — R R, Kuroiwa [1]
R1FEFINES T RAMMS, $ei DES Ao EHREN . Young /£ 1931 EMHFFL[3]H C W)
ARV TG TR R Kuroiwa T 1996 fE7E SCHR[ 117 1E20H AR 7 % RHESE N 1) I AR (B LS M2
HT 1997 FAECHR2] it — B oI ANFEBEIT TR 7 R R ESC N AR U S SR, R A2 T
ZREETRRZRA. EERMIERNRREES, MMERIRIGL SIEZ AL, (FIxHEEwR, E—
AR NG 8] RS 50 IS PR I R A T 8 5 DRI, AT A SR A A KA T 838 ) ok A5 SR A5 Al /A T i ) s A
T ERAE 2 A Y SRR A 1) R A B H NS ER 1R, 7R BRI S5 AR 9 R U OB o Jdad 5 N [l
A TR ) R o8 ) R A 22 TB] ) G HEE . Hernandez 5 Rodriguez-Marin [4]3% T Kuroiwa FZEREHT 7 5]
[6], AR T AEAEARAL ) B RHE PR S50 5 Hos B H e 700, 4345 thhr ks B H Wi i R 7E I e 22 5%
i, —B5EE T EERI IR R

R, RTHEEGTP KRN SHET BN S . Zhou FE N [TIELRMEZS BT T 26T ¢- 4R
A 7% 21 Lagrange &2 5 FR &AL A 8, Han [8]0]3& T Kuroiwa 7£ SCHR[2] A R BI SR VU R T 55 &R
Peth T —FHEGERTRR <L X THEE SRS, Jehie 7 B E R 5 EE . R, £
P RFERT, S A REMAL B8 58 A R R AT

ARSCULHCON TINS5, 7F Han[8]FTHR PR R <2 AEZE T, B 703 L SR Pk 1o 5 5o 2 3
T, MRS FIRER D RSB OCE X551 B, FRat p-/NMES p -IOKIER SN ZE . IR, I
ERAE RS B H WS A I AR 1) R, 7R 3G 2 1T AR T UE B S5 e B, 3 A5 B SR i) A A A R
A8 ) AT AT A 2 TR ) G R A 1R . AT EE R A F T, 26 2 WAEIEER, BRFlTRRE. FRAE
S RIS R T 2R 3 WS ERR,  UE B 8 e A AR

2. MEHNA
KW X LR, Y Z BHA S BRI, YO ZT RO Y R Z AR SR S
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M. LR, ={reR:r>0} . PFrAZMEKMNETHICH 0. LY KA TENESAP(Y), B
P(Y)={dcY|A=D}-
#CeP(Y) A, HHEMNH
Cn(-C)={0}.

i CeP (V)T L, BHMNH
C#{0} HC=Y.

%CEP(Y)%%’E, HHACUNTAEE AeR,, TR ceC, WL
AceC.

SEX1[8] ®A,BeP(Y), A<.B f—'{ﬂﬂf—i(ﬂ(a+€)}r\3;¢®°

acA

EX 28] BL4,BeP(Y), A<, BHHLY (ﬂ(a+intC)+inthmB¢® .

SEX 3[8] KT 4,BeP(Y), ®AITE

A<t - B A< B,
e

A< B@(ﬂ(a+C)+intCJmB¢®.

1 LUR IR SCER8] P AR T R R <o SASUE XM KR <V BAEE, B A<,
B REEMEH A< . B, A<!,.BWARESHH 4«2 B, Hh

A<! B A m(ﬂ (b—intC)—intC] .
beB

Bl 1 By =R,intC ={(x,x,) € R* [x, > 0,x, > 0}, 4:={(1,-1),(3,0)}, B:={(2,0)} . 2%,

Am(ﬂ (b—intC)—inth ={(1-1)}

beB

Rk, A< . B. 89X, [ﬂ(a+intC)+intC]mB:®o MR, A<l B

acA

B2 By =R,intC:={(x,x,) e R*|x, > 0,x, >0}, 4:={(0,0)}, B:={(2,2),(-1,3)} - 5%
[ﬂ(a+intC)+inthmB={(2,2)}.

K, A4<«<?

intC

B. XM, Am(ﬂ(b—intC)—inth=®, Bl A< Bo

beB
3 A<l BHEH A<, B, 1B, A<, BAGE A<l . B. MKHT Han CAECHR[6]F HIF) 2.
245,
ACMITTEG, B C <Y M1 D < Z AWM LA M HE, HIF 2 intC = @ FlintD = @ - C KXY
e LR CT = {goe Y :(r,0)20,Vce C} .
WEREMSN F: X =Y 5G: X = Z /3 WIS 8] X B 3527 B PR R 8 Y #1 Z A% &
In SR DAL ]
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min F (x) subject to x € Q, (SOP)

HiQ={xeX:G(x)n(-D)=2}.

EX 4 TR x, e Q&M E(SOP) p -t/ME, LA x, emin(F,<<i‘;tC) , BAMER xeQ, HF(x)<,
Fsg) RO, 246 F (x)) e F () R

EX S Fx, e Q2 B(SOP) p - KM, LN x, e max(F,<<{:nC) , ERERE xeQ, BF(x)<h
F(x) AL, 6 F(x) <t F(x,)) BAL.

1 x, e min(F <<f:nc) A HACEANFAE x e Q\ {x,} 1615 F (x) <Ly F(x,)

BB : BUEM 7R . BBATEAE x e Q\{x,} 73 F(x) < F(x))» B, EExeQ\{x},
F(x)<be F(x))o B, x e min(F,<<{:nC) o

MRS B L BN BB x, e Q\ {x, | EF5

F(xl) <! F(xo), (D
&
[ N (y+intC)+intCJmF(xO) %) (2)
yeF(x)
QT FE1E € F (x,) 1673
Vo1 € y+ntC+intC < y +intC, ‘v’yeF(xl). 3)

KA x, emin(F,<<{,’nC) » FTELF (x,) <l F(x,), BD

[ N (» +intC)+intCJmF(x1) % Q. “4)
¥0€F(xo)
AT, HHE y, e F(x,)
v, € ¥, +intC +intC c y, +intC, Vy, € F(xo). (5)
HI(3)FI(5), I
Yo €y +intC < y, +intC +intC < y, +intC, Vy, € F(x,). (6)

ik yy = vy HiE(6), AIfF0eintC, XZEFEM.
3. FHEEIL

i L(Z,Y) NN Z B2 Y 1) LA S MU M B 5
)={reL >cc}
HprT(D)=JT(d)-

WA(ZY)={T e A(ZY):T(2)=T () +m}, Hh TeL (2,Y), me-C . HA(Z.Y) &AM Z
BIAA) Y (A AL S L U R SR A . kT e A(2,Y), me—C, ELHEMPSH T-G: X =Y
A

(TOG)(x)z U T(z)+m, xe X.

LX< A(Z,Y) = Y Sk i F A Lz
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L(x,T)=F(x)+(T-G)(x),
Hrh(x,T)e XxA(Z,Y)-
RIS 0 A(Z,Y) =Y XA
®(T)=min{L(x,T):xeX}.
55 BRI AL i) (S OP)AH N 053 4% fil 78 ml 3k Dy B ALk 1) AL -
max {®(T)|T e A(Z,Y)}. (DSOP)
X 6 T, € A(Z,Y) NXHE T B(DSOP) ] p -t KM, 2 HAUCHAFE x, € X 5 L(x,,T,) e D(T;)
EL(xO,TO)emaX{CD(TNTGA(Z,Y)} o
SEX T R (x%,,T,) € X x A(Z,Y) Joxs {1 B(DSOP) IRl 7%, HHAE T, e A (Z,Y) H.
F(x,)+(T,°G)(x,) e D(T;) -
BN 8[4] £TeA(2,Y), WT(-D)c-C.
SEE 1 (FE) Bx, eQ, (ToG)(x,)c=-C H(x,T) =21 B(DSOP)H—ANFATR, #
F () <he F(¥)+(TG)(x).
WA F(x)+(ToG)(x) b F(x,) -
MR B F(x)+(ToG)(x) kb F(x,) o ATEARE]
[ ﬂ (z'+intC)+inthmF(xO):®, N
Z'eF(x')+(T-G)(x")
(NESRENTIER yyeF(x), B
Yo e[ N (z'+intC)+intC]. (8)
Z'eF(x')+(ToG)(x")
B4 (x',T) 2 17 E(DSOP) ) — ANl 47 oxt,  H 512 1 A1,
F(xX')+(ToG)(x") b F(x)+(ToG)(x,),
B
[ (z'+intC)+intC]m<F(xO)+(ToG)(x0)) #. ©)
S FHTG)(x)
HIO) A1, AFHE 2y € F(x,))+(T = G)(x,) {13
Zy, e( ﬂ (z'+intC)+intCJ. (10)
e F()H(TeG)(x))

BTz € F(x,)+(ToG)(x,)» BAFAE yo, € F(x,) M by, €(ToG)(x,) 13 yoy +byy =24, « BN
by €(ToG)(x,)=—C» MHI(10)HT %0

Yo e( N (z’+intC)+in‘[CJ—b01
Ze(F(x')+(TG)(x") (i1

g[ N (z'+intC)+intCJ.
z'e(F(x'

)+{(T=G)(x)
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U:(S)EP Yo = Yo EIf%lé”(g);ﬁ](l 1)%%0
L1 W (x.T)eXxA(Z)Y), x,€eQ, TeA(Z,Y) HExc QWA (T-G)(x)=-C - 4 (x,T;) =2
i (DSOP) ) — > I 475%f H.
F(x,) <l F(x,)+(T 2 G)(x,). (12)
W4 x, € min(F, <l ) BT, £ W E(DSOP) I —4~ p AR
WER: BORAFTE X' e Q15
F(x') <l F(xy).
HE 2 B (12) FAL 3 1w A,
F(x')<be F(x)+(TG)(x,).
K42 ] (DSOP) I — N a 474}, HE B 1 AT AN
F(x)+(TG)(x) <l F(x').
FHRCH A (12) 7743,
F(x)) <l F(x').
B, RBAFAE AT (x,, T, ) 45
F(x)+(TG)(x) <l F(x,)+(T,G)(x,).
HH(12) ] %1,
F(x,)<bie F(x,)+(T0G)(x,).
FIXFHEE 1, 7F
F(x,)+(T 0 G) (%) <hie F (%), (13)
H(12)f1(13), A3
F(x,)+(T,0G)(x,) < F(x)+(T2G)(x).

Rk, T 72 [ B(DSOP) ) — p -#l KA -

HEE&mE
ZTAEHER ARSI H RO HS S 12171061). HERTHIRACIHHTH: CYS25776.
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