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Abstract

This paper is based on the OL-algebra and weakens its conditions. It proposes the concept of weak
OL-algebra and explores its related properties with orthogonal ideals on bounded weak OL-alge-
bras. The paper first reviews the preliminary knowledge such as partially ordered sets, lattices, L-
algebras, and OL-algebras, clarifying the definitions and relationships of various algebras. Then, it
gives the definitions of weak OL-algebras and bounded weak OL-algebras, proves that OL-algebras
must be weak OL-algebras, and through examples such as power set structures and specific sets
constructions, it shows that not all L-algebras and MV-algebras are weak OL-algebras, and some
weak OL-algebras can be constructed as orthogonal modular lattices. Additionally, the paper defines
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orthogonal ideals on bounded weak OL-algebras, points out the differences in the set nature of
orthogonal ideals compared to those in L-algebras, verifies the construction method of orthogonal
ideals through examples, and proves the relevant conclusions when the set of orthogonal ideals on
bounded weak OL-algebras satisfies certain conditions. This research extends the theory of OL-
algebras, enriches the L-algebra system, and provides a new perspective for the study of quantum
logic and algebraic structures.
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1. 3]

RSB DRI A U RG2S SR ENEM, JCHRAER A E MG B . LA %
VARG SIZIRIREE, FEARE IR R 2 AT T, R R AR R I AR SR UK, 55 OL-AX
By — PR R LKL, LA RS M S Hh T F B R FER i . 2019 4 Rump $2t T OL-
PRI 1], OL-ABHERT LACK S N IEAS R G VB ZEHE ™, 1155 OL-ARHE— P IUTE 1 1L P2 AF,
45 5 22 FA AL G R (E R A T A2 PR IR AR R G m] ARG — AN WE TR SR . XA 95 1L 9 B A L-
ARH IR - MV-RAEELH Z 8 N EICR SR 1RO A - 55 OL-ARBURAR AN & T2 4, (3
H R P AR B AR B AR, AR VBMIZ R 5 & T B2 R R, Al THEEg—
AR SIS AR HE SR

2. WEHENA

BN 2.1 2] P RN ETES, W<RP ER—DTI0RER, MR <L U &M
(1) VxeP,x<x,
2) Vx,yeP,x<y,y<x=>x=y,

][l

3) Vx,y,zeP,x<y,y<z=>x<z.

W <P E—"MiFRR, HH (P.<)&—MRTHE, idfEP.

X 2221WR X P, BATEN T X ={yeP|IxeX,x<y} AL X ={yeP|IxeX,x2y} . F55
i, WM {x}=Tx R {x}=dx. MBRTX=X (JX=X), WKXZPHEETE).

R 2.3 [2]8 (P,<) & —MwfFEE, X & PRIET T4,

(1) #HVabe X, fifice X{fifFa<c,b<c, MK X & P HIE M.

() #Vabe X, fifice X fiffc<a,c<b, N X 2 P ] jELE.

FIT X Fd X 0278 X IR B RT] JE4E

W 24 3% P & — N ETMATE, R xv y Flx Ay XHEEM x, y e X #AELE, W P PR N—A
o —AP IR A T RERRONEAR IR

(1) x,yel B¥Exvyel;

(2) xeP,yel FFH x<y BkE xel .
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—IHEEAERRONIE T BARIIU, A P AR E TS F AR ONIE TR

(1) x,yeF BWExAyeF;

(2) xeP,yeFHHx>2y BHExeF .

W 1d (P) M File (P) 73547~ P EYERAEAIGE 110 41

EN25[4] [SIRX M ESIFHIex . XA nizH -, HFENFTHEEN Y, y,ze X,
Y U

(1) x>x=x—>1=1, UR1I>x=x;

Q) (x> y)>(x->z2)=(yox)>(y—>2);

3B) x>y=1l, yox=l=x=y.

AR (X, —,1) 24 LR R X Aok 0, e A At LA

R 2.6 [4]8 (X, —>,1) &> LA R X e A

x> (yox)=1 2.1
MFR X & —A KL-AUH. —> CLAREUR — A~ LA (X, —,1) 2
(x> (y—>2z))>(yo(x>2))=1. (22)

RE 2.7 [418 (X, —,1) 22— LA IBAIATA:

(1) & (X,>,1) 22— CL-RE, B4 (X,-,1) 24 KL-REL

(2) WHR(X,-,1)HLARQ2.1), W4
x—)((x—)y)—)y)=l.

iR 2.8 [4F R CL-AAH#B 2 KL A%

EH Lz=xTE(y>(x>z)>x>(yo2))=1, EMNEF x> (yox)=1, ¥ THEExyeX, X
AEAR(2-2).

2.9 [6)7E L-RE X o, S TEEMx,y,ze X, MR x<y, WBARMTEHz>x<z5y,

A 2.10 [6]7F LARE X 1, DL R S5R2250 1

() x<y—->x, WFEERx,yeX;

) x<y=y—-z<x—z, NTEEMX,y,zeX ;

B) (x=>y)=2)>((yox)o2)<((x>y)>z)>z, HTEEMXy.zeX .

SESL 211 [4]8 (X, —,1) 2—A LAREL RATFR T < X 2 X 19— ERAE Y BAUS Bl 2 R i &1

(1) lel;

2) x>yel JUUHEH yel;

3 xelﬂu?&ﬁ(x—)y)—)yel;

4) xel WU y > x,y > (x> y)el.

g 212 48 (X, -,1) 2D LR, HFHTeD(X) .

(D) W xHLEAKQ21), &L 228 LA Ems . sthr b, Wi eAX2.1), HHxer, HA
B E X 2.2.82) (x> (v %X))ZIEIEIU\TE'EH yo>xel A, @ ARXER.1) yo (x> y)=lel,
R, 5 X 2.2.8(4) 2 L1

Q) WRXBREFEMS x> (x> y)>y)=1, EX228Q) W LIHANE. Shrl, Wfxer, KA
RFM x> (x> y)>y)=lel, BULELE L 228Q)m Lk (x> y) > yel;

(3) SR X R AAE(C), FBAE X 2.2.83)FIRE S 2.2.8(4) & AT LI IS ). sLbr b, BIAAR(2.2)
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BERE At AR DAEEM x > (x> y) > y) =1, EEO)FIQ), 58 L 2.2.83)FIE L 2.2.8(4)2 7 LIHH
W& o

SEX 213 [T]IER RS — NG (X,<,,0,1) , e BAME N 0, BN 1, X B—MER, <2
FRER, '&X BRI ZIciaf, a5 R e T oA

() MMEEx,ye X, B EF(xv y)FHBKTIR(x Ay ) RIEEN;

2) x=x";

B) xvx'=1Pl N xAx'=0;

G THEREx,yeX, WRx<y, Way=xv(x'Ay).

WFR (X,<,',0,1) & —NIERE AR .

S 2,14 [8] A MV-AU3E (4,8,,0) 2 — M A #4870 @ M0z - LULHH 0, 3 H
T2 N A

(1) xO(y®z)=(xDy)®z;

(2) x®y=yDx;

(B) x®0=x;

(4) ——x=x;

(5) x®—-0=-0;

6) +(x@y)®y=—(—y®x)Dx.

5B S 205 [1FATE L BAT I LAREETAR A OL-ARBUR — A A - ) L3 (X, <,-,1)
SFAERM x, y,z€ X, 2 R A&

() Rk x—>z<y, Hxosy=y,

Q) Whx<y, HFAE—IME—Mz2xWitzox=y

3. FERA

RETTH, PAETIN OLARE I A N4 T 55 OL-REMIMES, &2 OL-REM —Fidfe B .
YR AA T OLAVE e X, FF LS OLACHE T tk, 3 T —seghig, H H@m i
WA P 1) LA 55 OL-RAL, 1L Am /R B R AL 45 Kl /2 55 OL-ARE A . ok, iR
T 55 OL-ARHU S IR 2 A IK R, 48R 1 FEL8ES OLARKR] DA I il IE A8 1A, F=& 1 LARK 3
Wk R, NEFEEMESS TR TR A, Nt — PR R R SE 7 AR,

EX 30 B (X,<-0) 2 LR W TERER X, y,ze X, WA 2 T

() MRk x>z<y, WBax—y=y;

Q) R x<y, WAFLE—PmeXx, Hifimox=y.

IATAIR (X,<,—,1) 2 —A 55 OL-ARE. Wik (X,<,—,1) HiDAITE 0, AR (X,<,-,1) /2
—/NA 5455 OL-ARHL.

Bl3.2 WP(X)FRES X IIRE, WTHERMABeP(X), FITEXA>B=4UB.

BAVRIEXS TAER M) 4,BeP(X):

(1) (4) =4;

(2) A“cB“=Bc4;

3) AcB=A—>B=A“UB=B.

A2 FA 115 H (P(X),g—),c) E—AN55 OL-AR%L, RN &2 —1 OL-R4.

1 3.3 OL-R%—sE 25 OL-RHL.
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R 3.4 WP(X)RRESE X MRE, WTERNABeP(X), BMNEXA>B=4"UB. B4
(P(X),—),u,m,c)x%*/l\ﬂfi*ﬁ*ﬁo

B (1) M FAER AeP(X), (49) =4

() W TAEE AeP(X), %4

AuA =1, AnA°=0

I SR 5

(3) X THERM 4,BeP(X), WK ACB, Wa4u(4“nB)=8.

RHFRATUER T (P(X),g, —,U, m,C) e PN IEAAAS

#13.5 BLEE X ={0,a,b,¢,d,1}, B LHEMRFRAWIE 1 PrR, —Iuief->u4 1R,

Table 1. The definition of the — operation in the set X = {0, a, b, ¢, d, 1} in example 3.5
FT1. B35 FESX=1{0,a,b,cd |} F>BEEHEX

- 1 a b c d 0
1 1 a b c d 0
a 1 1 a c c d
b 1 1 1 c c c
c 1 a b 1 a b
d 1 1 a 1 1 a

Figure 1. Hasse diagram of X = {0, a, b, ¢, d, 1} in example 3.5
1. 51359 X =1{0,a,b, c,d, 1}RINSHETE

R T FAMRAEZBAE (X, <,—,1) 2D LAEG R EXN TR, ye X, x> (y—-x)=1&"1
FAROLI, L (X,<,—,1) /A KLARK. Besh, IR 1, ATRERN TR x,ye X, &
I x<(x>y)>y. BEdRE—A CLA%. HR, RAEE 1 SMKTFRR, WidE 1 RITTLE
tha—0=d<a, Wi a—sa=10 G a—>a=a. HIL(X,>,1) & L-RBUEAZTT OL-REL.

#l3.6 BEES X ={a,b,c,1} , © LIHKIMFRZMZICBHSU TR A HWIE(X,<,—,1) 22—
L-AREL, MR 2 AT LMAF A FAER x,ye X, WL x>z<y=>x>y=y, FHHx<yH, 7
fEme X ffEm—>x=y. B (X,-,1)2 L-ABOF Hif2—1 55 OL-AE (K 2).
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Table 2. The definition of the — operation in the set X = {0, a, b, 1} in example 3.6
F#2. BI3.6PES X=1{0,a b, 1} F>TBEHEN

- a b c 1
a 1 b c 1
b b 1 c 1
c a b 1 1
1 a b c 1

1

O

cQ

b O

@)

a

Figure 2. Hasse diagram of X = {0, a, b, ¢, d, 1} in example 3.6
2. 513.6 & X = {0, a, b, 1} HIFSERE

3.7 BT 3.5 FilT 3.6t JRATHT DS — AT R IEALS R JEARITA ) LA 55
OL-fUAL.

i 3.8 W (X,<,—,1) & M7 OL-AH, Hd: x'=x—0, WA TEREMx,y,ze X, i
ARULR 2%

(1) x£y=z>x<z>y;

2) xoy=y=>x'<y;

Q) WHx'<y, Hax—>y=y;

4 Whx<y, x"=x, WE(x'>y)>x=1, Wax=y.

WEH: (1) Wk x<y, Wax>y=1HHA(x>z)>(x>y)=1, FH(X,>")R&—" OLREL, At
(x> z)> (x> y)=(z>x)>(z>y)=1. Ht(z>x)<(z> )

Q) T LiAgE R, WHMEEx,yeX, x'=x—>0<x—>y, FHltx>y=y=>x'<y,

3) ETEN41LL, SMEEx,ye X, MR x'=x>0<y, Wax—>y=y K, x'<y=>x>y=y;

4 Wx,yeX, Wikx<y, Wax"<y, FT3), x'>y=y. FEFNFEDR (x' > y)>x=1,
WA (x'>y)>x=y—>x=1, XFEKE y<x, Bix=y.

Bl 3.9 % (X,,,0) &4 MV W (X,<,—,1) &—A L8, FHBRE x> y=x'®y. L
B 1 B A7 X [A] [0,1]={xeR|0SxSl} 55 x@yzmin{l,x-i-y} AN x'=1—x . M ([0,1],@,',0) &
MV-AEL XL x> y=x'@y=min{l,x+ y} SHMEZER x,ye X, )'1”([0,1],@,',0) Z—AA ) MV-ARHL
Bx=06LLKy=05, x'=1-0.6=04<05=y, x> y=0.6'@0.5=min{1,04+0.5} =0.9=y . FF & X
3.1, EARZSS OL-AUEL.
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¥ 3.10 MV-UEUR 1 2 BOMZ BB IR B, (H MV-ARECK— & 255 OL-10%, X UiiH 55 OL-RAL
J& TR TEHmmAE TR ZE, 67 4.1.2 1EW TESS OL-R%P, A —Lg5 OL-AEmT b 2 A=
(2.1), MIMECH CL-AAHL, XK BER OL-RECA B THOMIE R 17a s, (H AT L @ AR ) S L 1 i,
TR AR TN XEE, 55 OL-REMEIRE T BORIZ 4R 0 3R LR e, XORE T & T8 HT

B 5L

ﬁ/‘?‘\O
EX 301 " (X,<,-,1) &—MAFIE OL-REL T X, Wi 7 WL T A
M V=1,

Q MTHEExyeX, (x>y)>x)el.

AR 2 X ERIEACHAE,

vE 312 A58 OL-RE P IEZ AR 5 LB h i IESSHARAN ], A 585 OL-AUH b IEA FRLAE 2
TE, T LA R EAR R BAE.

#1313 BEES X ={0,4,b,1} , B LMEIRTRAWE 3 From, —Iuisf->uk 3 .

Table 3. The definition of the — operation in the set X = {0, a, b, 1} in example 3.13
F3.BI3I3REAX=1{0,a,b 1} F>BEMEX

- 0 a b 1
0 1 1 1 1
a b 1 b 1
b a a 1 1
1 0 a b 1

1

a b
0

Figure 3. Hasse diagram of X = {0, a, b, 1} in example 3.13
& 3. 1§ 3.13 1 X = {0, a, b, 1} FYRSHRFE

BATAT LLIRE (X, <, —,1) 2 —A> LAREL, JF Hid — A 058 OL-fUH, it 4 3 BATAT LLRIE
Yla} 2 (X,<,-,1) Ei— A IES A,

Bl 314 WP(X)RRESX LINFEE. EXA>B=A"UB X TIEREN 4,BeP(X). M4
(P(X),c.—>,\1) R—A 555 OL-ARE. JATTLLEN [, =L (@}, I,=l4, AeP(X)RIEAHHE,

¥ 315 H17 3.13 AT 3.14 BIESS AR M IE B R OB T 2 AR P BN A PP 05 2R 11 99
OL-fR& h IEAZ BRAR A i 28 ARSI TE 55 OL- A TR AR GE T (K HARHES
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R 3.16 ¥ (X,<,—,1) & —H 5 OL-REL, 1d(X) Fom X LA IEACEAES, W TR
x,ye X, WHRTFHIFKM:

(1) x"=x;

2) x'<y'=>y<x;

3) xLy=x'>y'=y—ox.

SR, B TS5 18 R L) :

() Wk, Leld(X), Mol ol WX FREEAE,

@) WR{LH(iel)cld(X). WAL RX LIRIEREA;

(3) »l«((x—)y)—)x')’gi«xmi«y:

4) W xex, Wadxfx FRIELHAE,

MEH: (1) Wxel, VL IFH y<x Wk xel, BALeld(X), il =1, FHyel,cl,ul,;
FE, fxel,, Mayel,cl,ul,, FILL Ul R T&E. Hx,yel Bi#F x,yel, b, R LR IELH
BE L TH (x> y)>x') el T xel,yel,, Fxel,,yel,, FiIA:

x'<xoy=(xoy)ox'=xo(x>y)
:>x'£x—>(x—>y)':(x—>y)—>x'
3((x—>y)—>x')'£x.
BRIt 1ol X B IR AR .

) ﬂﬂ%xen}l,, JFHy<x, WatFAEREWiel,xel o FAR I HZETNE,

M yel STAEREM i e I #RMALT, &iﬁtﬁ:iﬁyeglﬂ Jﬁtgli%?%o TR x,yeX,
((x—)y)—)x')'e]ﬁﬂiﬁ%fﬂ/‘]iel H A2 LI, q[,%XtE‘]Ei@ﬁ;

Q) T EER x,yel , TATA:

xVSx—>y:>(x—>y)—>x'=x—>(x_>y)v
:x'Sx—)(x—)y)'z(x—)y)—)x'
:>((x—>y)—>x')’£x.
[FEAEHD, FRATAT LA ((x—)y)—)x')'ﬁy M. BLIRAT LR 2| ((x—)y)—)x')'gi« xNdyoe

4) TR y,zedx, ﬁim%giﬁﬁﬂ((y—)z)%z')'ei«x, HTFFMx<y=>x'>y' =y > x A

b
sz:>(y—>x)'§(y—>z)'

=y (yox)<y->(y-oz)
RERET XN TR ye X, BATA y"=y, FREXFx<y=>x'>y'=y>xFH
y'=y-o0<ysx=>(y) > (yox)=(yox)>y",
y'=y-o0<ysz=(y) > (yoz)=(y>z)>y'. Fit:

y—)(y—)x)'Sy—)(y—)z)'

:>y—>(y—>x)'£(y—>z)—>y'

=S>(yox)oy'<(yoz)>y

WA yelx, Bibhy<xItHy—>x=1, KHit:
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(y—)x)—)y'S(y—)z)—)y'
2y’£(y—>z)—)y'
:>((y—>z)—>y')'£y

:>((y—>z)—>y')'$x.

HR F RS OL-AA%L o iEASEAR ) X, TRATATLAER 4 x 2 X A IEACEIAR,
4. BEERE

Hr—

A OL-ARA I A BT 9910, 152 7 95 OL-AREIIMES, FFRFHAE AT T 7T, TEW] T OL-fX
SEARSS OL-AH, M55 OL-AREA—E 2 LA, 26 BHER] T 89 OL-AAUMAAENE, Wi 1 89

OL- U T2 m 1. 7255 OL-RE P 5N T I BAE IS, IEW T4 7195 OL-AUH LIS AR
EANZAIEHE M. 5B T OL-ABHh AT, F5 | OL-AUAEIR HME .

AR T — S SR, (B — L8 R AT

1) W75 OL-RECS R RHs . BLAUKL. EQ-AUHAE HAbZ 4RARK L 18] 1K R s

2) L85 OL-AELFEAl b, Wi — D% 55 OB A FLR AT, Wi 2 OL-AEHI R IE .
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