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Abstract

This paper primarily investigates the use of kernel gradient descent for solving least squares re-
gression problems. Based on the spectral decomposition of reproducing kernel Hilbert spaces, we
present the generalization error of kernel gradient descent as a function of optimization time, spe-
cifically the mode error on each eigenspace. This decomposition helps us understand the biased
learning of the kernel gradient descent on the components of the regression function in different
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eigenspaces—referred to as spectral bias—as well as the varying effects of noise on the learning of
different modes. The choice of kernel function and its hyperparameters is crucial when applying
kernel methods, and our results validate the task-model alignment theory, which aids in selecting
appropriate kernel functions for specific tasks. Since the training process of wide neural networks
is equivalent to kernel gradient descent using the neural tangent kernel, the mode error function
derived in this paper is also applicable to such networks. In deriving the main results, we employ
techniques such as the spectral decomposition of the covariance operator, the inverse Laplace
transform of matrix exponential functions, and the anisotropic local law of the sample covariance
matrix. The theoretical findings are validated on both synthetic data and the MNIST dataset using
the Gaussian kernel and the neural tangent kernel.
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1. 5|8

FEIAHLES 7 ), BRI S B R 2 A RE ) O Z O BB R 2 — o JGHE DUR FE 48 I
FNREBMFEL A, RE LS HOEE 7 B GAEASE, HKIRREIS TR SEPRT 55 h S 410
AR, X —IMBE R MG I PR h O TR B R S i UG 8] B 58 R IE Al T 8 W6 B,
RIGI R 71 2 RiES0HT.

ITAER,  — 2% BRI 78 B AT 2 AN R 502 T 17T A 2 0 ) ) £ B SR o0 T 2 ) VR IIAT o Rl e,
EFE BT RS IR T, MM I ZahZAS v DR 7 20m, Hoh i BRI 4 R 2 s
P2 #% (Neural Tangent Kernel, NTK)E iR [1] [2]. 1ZHEIERH, TEERE NG REF, M2 W28 i
BRI HICTE R B 1) R AN AR5 3 00 B T Tal A, AT A ™ 9 2 B0 AN 1) R A% A o — /N 7 1R B )
RSN ) R Gt . XM AL TIRE A 5T MM R, IRk T — R THE BV
FImTFE[3]-[5].

TERZTTIENEZE R, & 3] Il jL3E Wl A% 9 P 26 A% A5 7R {1145 2% W] (Reproducing Kernel Hilbert Space,
RKHS) [6]H I BRG] 8. 28 3 77 v an A% 04 [l )= i ik 8 a0 51 N IE AL Ik S B A 2 B, T 3R A5
RAFHIZAIERE . ST, FESEBRR A, V25T BRRE N R AR B aUMAN E NI, AR IR S
WEGUT LA FFUSR B B RUFZALRE ST . 1% — I SR N B X E 4k (implicit regularization) [7] [8],
RIOCAG B2 AS B 78 T 5 ALY SR D0 S e T 5528 “Maj e ” mle “ARBARE” .

AR, X E SR 1 25 UG . BN, 6 EE T B A 22 1 25 I 1) 1% O
& (spectral bias) LA [9], B2 =) FEMA T 00 A0S ARSI 53, T S a 43 1K 2% 2] WAE R 2848 . 1X FhE G
FERZUWE [0 U1 (1) 2 2] W 26 43 1 Fh 45 31 17 P2ds i, 32 AR 22 W] DA i 3000 07 22 551 B AN R R AR 25 1) L,
AN ¥ 23 [R] R SIGH 2R pR 0 RARFAEAE R [10] [11].

RECAH TAEMN ER 2 A FER7R 1 B B HUE], AR A A T OB 1] A Rr IR AN K«
o6, BOETREE RKHS WS iR o 20 m s kX Amal 28 afer 28 1% 25 b AR 968 AN [F) REAEASE
AREEFEIEE ] 5, X PRIE R ATt e e A Rz A BE /T

DOI: 10.12677/pm.2026.166164 143 IR


https://doi.org/10.12677/pm.2026.166164
http://creativecommons.org/licenses/by/4.0/

O7ge, BEIUR

BT PR R, ALBERGW AL T M (kernel gradient descent)fL it F2 IS E . 7E
W ICIS FRATTR 1 A% B N B B SR ()T N —— B B IR o SR AL AR () — /MR AAE T, ek FRA
REWETH M 1 BN BR A, T AN 24T VF 22 56 T3 i B B 70 SR AR T IS8l e AT AE
WA SRAA R 25 TR R 2 A R, 20 BT Ao B VRAE AN TRV RRAGE 7 75 [B) Hh IR AT A, IR R I o A an 4T
Tk B ()Y A SR NT eR B 2 B (AR s . B @S ) S A SRS S B EE R R, ACH
PR S AR Iz A RS TR TR BRI A

ARSI FETTIRA . AT 1 AZHBE BN BEAE MR -7 45028 B[R0V o) N, oz AR 22 B ALk
AR, I HIRATI 25 BBz AR 2 00 o FAERZ R B 207 1a) B0 B SEBR R B, FRATTA4S
RAETEARECT B 1 = i LA SR R T B () A 48 IR UIAZ AR B2 T B rh R I R -

2. BHERIZLIRE
2.1. EIFEREMIES

PR T A, 3 R A s 2 I 5T — MR £ 2 & — R KR40 AR 4 ]
(1% R e X < RY RN, Wt 00 Y = R p R XY IR, {(x,y,))", c XxY
M p TR BB 0 SR, oy p 7E X FRDSARIE . 2 1 = I (X.dpy ) 9 X LTS
ﬁIE@%@&.f(ﬂ:prwﬂﬂﬂlﬁgﬁbJ?HE@Wwa—f%ﬂfL@=02>0,pX—acxeXo7{
UL(S), AR AR s AR, WO s X x X —> R o FR A1 HAE 1 o
8 043 R THG SRR B8R AT A

E() =By | (£ (¥)-2) | M
U B T 2 B/ — Y E T 2 R

R 2 A

gggggxfhn—n)+gﬂﬁi- 6)
R IEAEME— [ 12]):

f(x)=p" (K+nAl)" k(x), 3)

SOl K o B0 Gram BHE, K, =k (x.x,) K (¥), = k(%) o LEATCHRATIERSIERATE, K
HRERIT S A O (n* ) WA LU VER 2 (0 E A S A, T R BT S A B 3 FLELAT
SRIE UL A B FE F JE12].

TNV B PRV A UM B0 B2 B0, 3o PR T LA 2% B B 0 [l 20 e 12 o B S
7‘5‘:

o el £(£)-E(£)=|r - 1. 4

2.2. BHER

AR BARIENAESREE 2 =0, FAE RN Bt AT itk o FEFRATHRI BRI W 7 rh Al 1 A b
FET R fE S R KR REL . MRBR L T BEAIZAR L 2 30 M B 1 H BRI B4
1 n

()=, 2 (0)-n) ®
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L HIBRFEME AN VL - H — H il FR0E X
(VL(1)-g),, =DL(/)(g)- Vgt

HrA DL(f):'H > R & LAE f ALK Fréchet 34
KR8 LA 3 S ()T QA% B 5 T B, RT AR RO DA I 20 T R «

86{ =—VL(f,)- (6)
TERSCHIP IR AEE Ry G5B AR ATT LA B 2R (6) i B Tk
—:;ﬁ( [(x))kys fo=0. ™
T B 43 5 A e —
fi(x)=y" [1 e JKlk(x), )

H K /& nxn B Gram 5%, K _k(x X, ) H k(x), = k(x,x ) SR EAR AR - X EHAVEBE Gram
SERE K SRR

2.3. ZUHRENIENBERTR

RSO T A AR 2 D AR B R P ) R T2 2 R A 2 A5
MREERHC G2 sup, oy k(w.x) <0 o TSI id:H o L) 2 S, 2 1 > HRIGEHEET . WA
T=8'S, :[* — [ T EHT

(7)(x) = [ £ (x') £ (') dpy (). ©)

TR—MEEHALEEHE 6], B Hilbert-Schmidt &3, 7T (FTA R RHE L (241503,

H—SHL = ker(T)éS  Hoh S HE L A BIARMEIESSHE (g} SR T KA AR AR {4}, AR
Mercer € BE[6]:

k(x,x') =2 A (x) 8 (x'), (10)

iel

SR gt B, IFEL (v}, = (Vg R H ALk E AR
LM 7, = zm 15 , Hbh a2 A4 22, >0 2T EZE T THHETm NFRAEE, FRATER:

[labelwidth = 3em, 1eftmarg1n = 3em, labelsep = 0.5em]
(A1) XMEREm>1, FELE N, >0, #1324, <7, HFHz, ([0.7])<1-7,-

AR E13], EEH] 7 RKHS 1% (58 s R A el A1 L B A i 4572 0 My, B, prfy
U\%ﬁﬁ/ﬂzﬁ’] S R (ALY, (EISRBOE R A, ~ B 3k, W g< 7,
ART LM - 720, BROMARE TRz R E E, (1) = E[ f ; | X} IR
W ZE T BTG RIE 2 0] RS iR 22 2 Al BRATMER 15 : [labelwidth = 3em, leftmargin = 3em, labelsep = 0.5em]
(A2) [FEIVAREL [T eH, FHAEH EERIF [ (x)=_ ww,(x).
FIRE TR R B £ BAETE {w, ], LRI
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f,(x):;w[(z)y/,. (x). (1n

I REZTHE| =M <o, & e R APEARFAEREFE, ¥, =y, (x,), JFH: [labelwidth =3em,
leftmargin = 3em, labelsep = 0.5em]

(A3) MER peN, fHEC, HHE, ¥, ' <C,.

U (8) LA S P A R AR 2 VO PP, T UAGRE (3, (1))

W(t)=¥(¥E) (I—e;w ]y. (12)

A RAD R RZR T KBATT A Z AR E E

o O BN [FVRFAE AR A, % 2R AIE 7 242 18] R 25 R 22
E,.(t):

E, (t)=Zi:Ei(t), E,.(t)=/1,.E[(w,.(t)—wj)2 |XJ. (13)

& A AT B TR RS AR A, =6, A BEZRTHTES, BATAT A HOE TR0
FERIZ AR ZE 3 — S R
R 2.1 E56AF(AL) (A2) (A3) R, w(r) RAZHEEER AR A FIRHE RIS 1 2 80(12), Mz G 22
E, (1) T LAFR A -
E, (1) =Tr(R(1)+ N (1))- (14)
Hob R AEMRF T ORIUTT B, N AEMRESCIUT M, REASXT A1 7070 5 9 T B B e A RURFE R 2 132
iRz, RAEA:

R(t)=e" Ae " ww', (15)
2 gy T g T T
N(t)=°’—(1—e"W JA([—&:”W J(l\mﬂ) . (16)

T
Hrp (l‘l"lﬂj FoNH l‘I"~I’T ft] Moore-Penrose |~ X.i¥i .
n n

A W45 R B Laplace 758 L[ 101F[ 147 h 4 7 B R (51 VA 1 32 Ak R 25 1 7 i, 3RATTAT 1A
HEAAHFAR06)FH15 3]
iR 2.2 1E551H (A1) (A2) (A3) R, %

tv
L(t)_LJ-yﬂooi S+T(S)
e e s s+T(s)+nk

Hepy>0, T(s) = zl_gl. (n,O) & NIRRT FE A
1 n h
T(S)_Z[I+S+T( )J . (18)

1

M — o0 I, BB REVE HAR S MIBHIE B RO DR E, (1) = 3 B, (1) 1 E, (1) T N:

)

2mi

=(1+0, (1 [ ) +—1 L())zj. (19)
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Figure 1. Using kernel gradient descent with Gaussian kernels & (x,x")=¢"" 1T under different bandwidth parameters y

to learn the classification of digits 0 and 1 from the MNIST dataset: (a) Spectra of Gaussian kernels with two bandwidths; (b)
C (k) of Gaussian kernels with two bandwidths; (c) Generalization errors of kernel gradient descent for Gaussian kernels

with two bandwidths
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Figure 2. (a) Modal generalization error of kernel gradient descent with Gaussian kernel as a function of iteration step. The
solid line represents the estimate given by our results, and the error bars are from simulation experiments repeated 10 times.

(b) Modal residual L, from the same experiment. (c) Modal generalization error of kernel gradient descent with neural tangent

kernel as a function of iteration step. (d) Modal residual L, from the same experiment

E 2. (a) ERASHREITEGE TEMRSZUREBEAR ST, ZEARNNERGHNMGIT, REERHE
£ 10 REERIER . (b) HESSHEMNESRIKFEIRE L. (o) ERHESEYEITIZEE TRMNRSZHIRER
EREMEL. (1) HRISENRSHRAFIEE L
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TERE], RS E, (1) #2080 TR o MR 7, J5 & 72 20 1862 A3
ZERIRIR o
) L, (¢) PTCAERREAZAR BLUNT [V R AR R I RE S SR EARAS i, £ = O 1,
L (1) =1, FRERZBR LT AR T b, BA tim,, L, (¢) = T(0)/(T(0)+n4,) - IR, HRAEBATHI L5,
BORRAEAE AT R RS AR AT 22 ST R, RBUAXT LM L, (¢) FREAFER. ERIEIR EE S8BT -
A>A =L <L, (20)

ORISR TR B [0], IR T Wt 43 B8 S0 43 BT 7R e 0 ST 38 B
LR HOTTIC AR, X — RIS J1, [H S ELLHARRE T AT 8500k o 2 P e 16
2 O L R BT AL R ZEDISRI R b, 04 ST 2 E b BT SR I O RS b 1%
B, BTN ARUCRTELF . BAJE A T — RV I IR 00 B T T3] (4]

FI AR A5 S T, BRI WX 2 025 5 A 2 B BSOS R i, 42575
%, R PTG, RO HEIN: B FIRIOHEAT, L (1) Wb, STt
PSR B0 51 BT MR AR 2D T4 — IR M [ 3T, %4 B0 (AR 2
FESKIG R B, (1)/E, (0) 9% 51 W22, Befl T 3% 77 BOULSE I B AR R [ B L, 4 B 0 T MR

T%ELﬁoﬁﬁaﬂ%ﬂﬂ%iéﬂu%ﬁzE@:ﬂﬁ{@ﬁg@—iﬁ—gmﬂ,%~ﬁﬁﬁ
n

Li(t)<0, FrRA3ATRES Z AR, BhRiE Il 2E 0T E, T QL
2

2
Q@ZG/@M%GJ%t%,ﬁﬁ%w&=mﬁ%ﬁ%ﬁ§%%wo%ﬁ%%%%ﬁﬁﬁ%
n

n
1 7(0)
<
SNR.+1 T(0)+n4
A% R R 4% LA B A% bR B rh R S RO IR R OR A iR G, T3 (19) R — JUT DA B BRAT T2
FRARF IR RS & S AT . & A

i, (0)/E (0) Ml T, N E (1)/E,(0) &% FHJF LTt

Zis,o/liwjz
B Ziﬂ'iw;z ,

HRQOFANERER], 0[R2 [, SRR EUE C(p) B, W19 IS — T, B
RS SRR T 1], #IZE C(p) BFI7 TR AT LU RAE AR S5 A A0 5 12

P 1 A RAT I P AN [ 5 1) vy BT A% 64T MINIST Bl £E[ 151 0 F1 1 28, FRATPRZAT 55 i —
AMEEDA A, BARRERERE - N EERE R, ZRB U FSHEFE A RN, gD
FR2E o BATHIRZHEEE T BB AT LAy 3 N Far B RN or i, 0 B T DOl i B A &7 2R 1 iR ZE A
IR BNz AR ZE . BT —/NRAINA T BRI EEL. mE 1wk, AR S EBUES &%
S S d R AR, T SRS N FFREEEAE, B C(p) SRS FAG L, PrEliz fhiR 2= K.

24, EEABIEE LN
Y E, NN BRI A, FUSOTRCE W', 5 5 SR PR R AR U3 A0A H B 0 T B
KBRS, RAVERZRA p(x)= 23" 6(x-x, ) IEBILII, TRARSIRIHE (L Y-

n

18 ()= [ (ke ) (3)de = Sk (3 (3).

C(p) L2}
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B K N Gram JEFE K =k (x,.x, ) BRI SRAZ R SRR RS RPAIE B0 EOM 2 TR AL E RO) )
A, RISR K = n®A®" HHEME A, = 4,6, FIRHERE @, =4, (x,) -

SFEA LR ERRE S (x): R >R, R NI y =y, o] eR™C, JEid
W =%A‘I/ZCI)TyC 133 B AR R BE RS AL o X FARZBAE PR R Z AR, AT B E
B — bR R, AT A7 B AT LB T T BT BN 2 S 2 A iR 22 SR ANAS B K2 AL iR 22
3. L

FEATT TR, JRATT 70 9 T A A 52 T B AR 5 Ao 22 I 28 RS S B SR I IE R AT R PR 45 3R . FERE A IR
MG A T SR ORI 16], FEREA I B BR T 1 A3 51 0 A I, A0 28 T DA PO 1 e e ik
[51o AT 73 Tt A PR 48 et A [ 0 3o D R PR A% AT A6 L R B

3.1. SEZZEE TR
AR et P B AT E T TR, B & () e 27 SR RY AR R Sy
R0% TR, SN T HRHER (4, ) R ER BOT L R HI16), 72 d = 109

2a

A = 73", (22)
C
&, (x):Rk\/gexp(—(c—a)xz)Hk( 2cx), (23)
k
ﬁ*m&k&ﬁmﬂﬂ%ﬁmﬁﬂ%km}mmm%ﬁﬁ,&:;bﬁﬁraw~%ﬁﬁ,
a'=4c", b'=20, H
c=+la*+2ab, A=a+b+c, B=b/A. (24)

FEZYERETE T, A% SRR i s P PR A R e AT 3, A AR I o 50D 225 SR PT LUAR 28 5 ot
JTRIZUENE T, BRI pR BONRHE (B B A DGR R BE e X T d NMERE E o £ b #ASFERITE O, Hr

, 2a a2 ‘ " L, (k+d-1 i , e
ﬁ@ﬂzjstEﬁway@ o) g b g,

RIS R B T WESRAT Ao 22 PIORE. AESC0rd, JRAIBBHLINR — FAUAE (x) Il
(k| 0L 8L 5 o o 1

£ (x)= L @k(x.5). es)

XU &~ B(1/2) S AE (1) U TS R, T MBEAR SR, HS IR AT . 9206
B HOT R (BB W8 R SEBLA(T) BT R BB RESAE17]:

fo=ra+ 7%;(% _<f;—1’kx,~ >H )kx,- 6

= fia +7%i(yi ~fa(%))k,.

by RAHOS K. M EERGEART T DA £ T8RS [k, ) BB,/ —a () k(%)
M o (AL
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1
a, =aq,, +7;(y—KaH), a, =0. 27

TEBEE T, AR E, T HUAMRA B, = 3 E, . BT SR AAR 2 5 E T
LT L

TR 20, AT 7 =100 d = 20 Gkt EABENLIE R AERRARER, BA77% o® =025 . A
FEFIA TE B8 0 = 5 IR AT B I T I BT = S (032 35 2 SR AT AR 5 1T 7 B
i, RATEL I AT T SR . 721 20y, SEAUR AR RS L, (1), BRI
L, (¢) TobRIL.

3.2. WA IEYIRAEHE B T B

SN N 25 (I SR Ak I FE T A R R [ 1] 7EXT 8 250 0 AT RO E R IR, I 1)t
BREL £, IEAER R oA G T IEUIZ MG S T B A& IEUIZ T4 1 4 X 45 ¥z Ak e 52 50
B REHIEYIIRE BAG MY BRI Z0d fE o2 B, (BIESEUESYIIRI LK Lipschitz E4: 1)
ReLU WUEWE T, M LIZMEERIZESE ny,-n, T IEFHB, L IEDIE AR UST — A RN
PRAZ HAE MR R EFIE [ 1], (R SCHoR T, BATHERRIMMA IEVIZISE AR RAZ . fEME EYX
SR AT 25 SR T LA B TERR T8 4 I B 4 2% HTZ AR ZE A T 2%

AT EVIRZ AR IR IE A & 2.2, FIHRBME SRR, a ~B(1/2)2
2 {21} HEUE A RIS, x IR ALEERTE ST RS0, S UIZREA ST

i AR ER T b U 1) 3 AT LAAS B 28 IE DA% (1) Mercer 40 fif. FRATHFEMIAET X =S N
d YE QIR p, NS RIS . BE, TERON k(x,x) =k (xx) RBUZ R A R AR,
HBUE ST x M X' 2 (W fR A, JEHILIT 257 1 ERRiE R HE T Mme18], BITY, = 4Y,
2k+d-2(k+d-3

k (d4
% k BTIEAS RS Z TRA N (d, k) A 2 kRIS, B RL AT IR G Ko RAIEME A, DR T 2k
I RAH[19]:

Hr Y, R kB iss j ABRIE 20, WE - RHEE 4, EBCH N(d,k) =

j,ﬁ%%

d-3

Wy 1 k+a ¢ . =
W= N e O1-r) o8

H o =%—1 , T QF A& d YE= (8] 1 1) k X Gegenbauer £ [19], @, F/ERTE S (IR EF . B Mercer

EH.
o N(d)
(er)-32 8 1, (0%, () @)
=0 =
EFEESL A, FATEIL Gauss-Gegenbauer R FRVE[201F0E 115 70(28) 45 21 % FR #4128 1E DI 4% F 4
fiEH .

AT W50t 02 AR E, = 3V B, R BE GG AEBES, &, 19 T
BHI=E A ReLU (00450 R OB 22 1F D1

PRI 20, AT n=1000 4 d =10 4E S _E3951 0 A AREAH M2 IE VDG BB RE T RIS 2
(i 2 SRRATHIERS A6 HHEAT T e, W57 20 0% =01, RATIUEB ST BN T S0k st . 24
2, S R R 0 L, (1) R ¢ —> o0 INEY L, (¢) HOBRIR . 560 HE PR AR S0 FE
BB R B, WS BRI B, B LT e R T4 1 O T, TR M s T
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Figure 3. Generalization error of a fully connected ReLU neural network as a function of iteration step. The solid line repre-
sents the estimate given by our results, the triangles represent the results of kernel gradient descent, the circles represent the
results of the neural network, and the error bars are from simulation experiments repeated 10 times. (a) Generalization error of
the corresponding mode under the single-mode setting. (b) Total generalization error under the full-mode setting
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