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Abstract

This paper is concerned with a finite difference approximation for a one-dimensional variable-or-
der time-fractional damped wave equation with variable coefficients. By introducing an auxiliary
velocity variable, a central difference formula is employed at the first half-time level, whereas a
weighted three-level discretization is applied at subsequent time levels. The variable-order Caputo
fractional derivative is approximated by a corresponding variable-order formula, while the spatial
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derivatives are discretized by the standard second-order central difference method. The unique
solvability of the resulting fully discrete scheme is established, and a stability estimate is derived
through a discrete energy argument. For comparison, a low-order scheme based on the backward
Euler discretization is also considered. Numerical results confirm that the proposed scheme attains
second-order accuracy in both temporal and spatial directions and, meanwhile, achieves higher
computational efficiency than the low-order method.
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Table 1. System resulting data of standard experiment

F 1. AERE R G SRR

Case | Case I Case 111 Case IV
’ Error Order Error Order Error Order Error Order
0.050000  8.215496e—03 — 8.216591e—03 — 8.221438e—03 — 7.884705e—03 —
0.025000  2.110865¢—03  1.9605 2.110931e—03 1.9607 2.112175¢—03 1.9607 2.026346e-03  1.9602
0.012500  5.349602¢—04 1.9803 5.349688e¢—04 1.9804 5.352717e—04 1.9804 5.136538¢—04 1.9800
0.006250  1.346883e—04 1.9898 1.346911e—04 1.9898 1.347653e—04 1.9898 1.293492¢-04 1.9895
Table 2. Numerical error and spatial convergence order
2. BERES = EYCER
Case | Case I Case 111 Case IV
! Error Order Error Order Error Order Error Order
0.050000 2.111521e—-03 — 2.111588e—03 — 2.112833¢-03 — 2.026978e—03 —
0.025000  5.351213e—04 1.9803 5.351303e—04 1.9804 5.354331e—04 1.9804 5.138090e—-04 1.9800
0.012500  1.347270e—04 1.9898 1.347299¢—-04 1.9898 1.348040e—04 1.9898 1.293864e—04 1.9895
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Table 3. Comparison of temporal convergence orders and computational times

= 3. BfES N St B ARl AL AR

a(t) k(t) Order Time (s) Order Time (s)
0.050000 — —
0.025000 1.9111 0.1399 1.0501 0.2700
a(1)=0.4t+0.2 k(1)=0.9+0.1¢
0.012500 1.9555 1.0258
0.006250 1.9775 1.0134
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g3k
0.050000 — —
0.025000 1.9296 0.1421 1.0526 0.2766
a(1)=0.5+0.2sin(nr)  k(t)=0.8+0.2sin(mr)

0.012500 1.9626 1.0284

0.006250 1.9798 1.0158

0.050000 — —

0.025000 1.9607 0.1391 1.0488 0.2857

a(t)=0.8exp(—t) k(1) =exp(-0.1¢)
0.012500 1.9804 1.0253
0.006250 1.9898 1.0132
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