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Abstract

The ring homomorphism theorems are core tools connecting different ring structures in abstract
algebra and have extensive and profound application value in advanced algebra. This paper system-
atically explores the specific applications of the fundamental homomorphism theorem of rings in
several important areas of advanced algebra. It first reviews the definition of ring homomorphisms
and the fundamental theorem, analyzing its conceptual methodology. Furthermore, three repre-
sentative application cases are presented: the isomorphism between the ring of linear transfor-
mations and the ring of matrices, the application of evaluation homomorphisms in characterizing
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algebraic and transcendental elements, and the application of polynomial quotient rings in solving
minimal polynomials of block circulant matrices. Each case starts from the construction of the ho-
momorphism, analyzes the structure of the kernel and image in detail, and derives the correspond-
ing isomorphism conclusions. The research shows that the ring homomorphism theorem not only
provides a unified theoretical framework for classical problems in advanced algebra but also offers
algorithmic pathways for practical problems such as matrix computation and polynomial determi-
nation.
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®:End, (V)> M, (F),
SRR LA A cEnd, (V), ©(A)NAFEZIEFRIFRRERE, R E
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D EIAFES .
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HIA A A 2,
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RN ker® = {0} FlIm®d =M, (F), 3
End, (V)=M,(F).
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4.1. [E)FERYERE
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Z[x])/(m, (x)) W5 o B RAREH I P HF AR HRIO AT . WA, — I Q(Vd ) B 7T Bl
g — FJL_
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ker® = (x” —1).
HI A [R5 A i B
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BRI o

AR Y BRIRFERIZS: MMTEE f,.ger,

DOI: 10.12677/pm.2026.168189 157 S H


https://doi.org/10.12677/pm.2026.168189

iRy

Y(f+g)=(f+&)(z.r,)=f(r,r, )+ g(n,r,) =P (f)+ ¥ (g),
P (fe)=(/8)(r. 7)) = f(z27,) g (707,) = P () ¥ (g).
BW(1)= 1, o WSHER BC, ., (F)HE (o EFORIE . Bk W SR A
5.5. Z5RMAURBRNZIMAR Grobner BitH 554
h ik, o =l (FONTERRER RS ROREMEh B = 1, , T 7 bR, TRLLRIAEN). PE
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5, RIFIET S p 2T

BEAh, HERE A= f (g7, ) JEA R LY

le<f(xl,---,xn),xlk1 —rl,---,x,’f" —r">,
BIfEEZ T gy, -, w, (015
1:fg+iwi(xiki _ri)'
i=1

5.6. SAxH{ESH

FIR—AAET UG : Bn=1, k=2, r=1, BUEBMEER) 2x2 TEAFEFEIA . BEI [FIH4(5.1) %
G5

C,(F)=F[x]/(x"-1).
& f(x)=x+1, W RITEARERE A

A= f(P)=P+1,, gq:p:((l) (1)}

B EAS
A =(P+I) =P +2P+1=1+2P+1=2(P+I)=24,
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MEEANZ AN . 8T Grobner FE 7] DU IRIX — 2541, FFAE &AM LB THE £ 138 T,
7

A

A=A BAR R G TR T IR € B S A i T BN . 0L 1 AR A
SHFEAZ BRI R, HoR 1A ds B AR B RA T — 2k, BRI 52
BT A S0 AR E RS Koz 7 ABOT BT X R, JFRE TN R ER, X2
BB AN SRR I A TR . 0 =R BAEIAFE R RIR A 2 e 2 WA R, R HE R 5w
RREAL Grobner ZETTELR S, ARBL 1 3ARIZS € BAE TH LB I ELEIME -

=AROINIER IR AT ANy ARG B AR B IE S E WA RS, #ERTH S S RIS, H3p
RIS A E B3 Y [FIR 58, 0 T M) D s P ) S5 R 9 iR ) A X — B AN & — 1 v S AR & L)
RO T gL a R, MR pRsEbr inl AR AL 7RI AE 07 T H . A R BA R OIS SRS =3
BT GE, BRI BEAN ] BB AT — 2P A .

&E ik
(11 skARH. THAREEERM]. BITA. b5 &S E B, 2014,

2] AesREECAR. mEREIM. 8 4 B Jbat mSEEE AL, 2013,

[3] Noether, E. (1927) Abstrakter Aufbau der Idealtheorie in algebraischen Zahl-und Funktionenkérpern. Mathematische
Annalen, 96, 26-61. https://doi.org/10.1007/bf01209152

[4] TR, THI. AREESEM]. &2 . b5 &S58E R4, 2004.

DOI: 10.12677/pm.2026.168189 159 S H


https://doi.org/10.12677/pm.2026.168189
https://doi.org/10.1007/bf01209152

iRy

[5] F&tk 5EREZ 0K/ 2 005 E[D]: [ 400850, lh: B RHE R, 2011,
[6] Lang,S. (2002) Algebra. 3rd Edition, Springer-Verlag.
[7] Zhang, S., Jiang, Z. and Liu, S. (2002) An Application of the Grobner Basis in Computation for the Minimal Polynomials

and Inverses of Block Circulant Matrices. Linear Algebra and Its Applications, 347, 101-114.
https://doi.org/10.1016/s0024-3795(01)00529-8

DOI: 10.12677/pm.2026.168189 160 P2k


https://doi.org/10.12677/pm.2026.168189
https://doi.org/10.1016/s0024-3795(01)00529-8

	环同态定理在高等代数中的应用研究
	摘  要
	关键词
	Applications of Ring Homomorphism Theorems in Advanced Algebra
	Abstract
	Keywords
	1. 引言
	2. 环同态基本定理及思想方法
	3. 线性变换环与矩阵环的同构
	3.1. 问题的提出
	3.2. 同态的构造
	3.3. 核与像的分析
	3.4. 同构结论

	4. 赋值同态与代数元的刻画
	4.1. 问题的提出
	4.2. 同态的构造
	4.3. 核的分析与情形区分
	4.4. 具体实例

	5. 多项式商环在块循环矩阵极小多项式求解中的应用
	5.1. 问题的提出
	5.2. 循环矩阵的准备
	5.3. 循环矩阵的环同构
	5.4. 块循环矩阵的核心同构
	5.5. 核与同构以及极小多项式的Gröbner基计算方法
	5.6. 具体数值实例

	6. 结语
	参考文献

