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Abstract

This paper studies the smooth spline regression by introducing the model, algorithm and the case
for analysis of the nonparametric estimation method. Taking the Wage data set in the ISLR pack-
age in R language as an example, spline regression and polynomial are respectively used for em-
pirical analysis, and the relationship between Wage and age is fitted. The results show that spline
regression results are superior to polynomial regression.
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FESERRRI AR, BATH F X SR BAT A A B, PR RIS, RIS E, XA
THEMNZHAG W I7E . B2 EARE R —TE R, BUAMBCE B A, Rl pEAE Bt ek s
B AT vk, BER, RS EAG T B TR SR R EE

FEZH e A RS e AR A IEAS R IR I, I AE SR A 2 A AT
[BIHE, AR, FER/NRZE . Sem BRI . &Ml i i LAl T R
4F BRF I

FEEZ TN, YO R, 45 RA RIFIGTHERTIR N 2. EuH R 2
AREFFEE, BRKA. RB B9 EEE GHTFL 7 LE R IR R A (1], BIHE R T 25
TE 5% 2000 AR BLIEAl EREAT INBOC I FE 26 MG (2], odt e iR OR BE T, RasE PERESE . 9 —
S PR E(2010) T ZERT T 1 3T OUIERE SR I HEE, SEH T AR > LRV TR o 1) A 25 Kok HOE 73 RO AR
R 2 75 A2 W ARG 58 7R (3] ASCE A REAR ABEAL . Sk, REIAHT, BT RIBS
MISEIL,  XOGTEAE AR AT I T LSO R 2% (815 5 22 T [ R 48 2R A LR AT

2. BipIRR K &L
2.1. EESHETERN—BEARER
VY RNEASE X,, X, X, EARR, AESHE R A — R

Y=n(X,. X, X, )+e

][l

R p I ] 7 BRSO RO SR . e T AR TR A B [ U 6 ) FL A T
HO T BRI 5 R R

e (3,) (1= 1,2, m) 9o R (Y, X0) 9 A REABR Sy 0 BB IR 405 HORER 5 B T
8 (303,) (1 = 1,2, m) fhiF 1 (o) FEREAT A MO G HE T

A2 4 AR Ry

E(Y]|X =x)=g(X)

B AR GE it BTN BoRUE, Bdiaaiefy “Mgrs” . (HIofw, MBRSERR ERFAR, A
B BRARMR S, JEMARL . fE “MWZE - T KPR E, AR RAE R 70 ) 2 AR S Hs R e )
WASH . EWMRMEZ R, FEERENIESHECESHN, L RS HRAR Tk, JF
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2.2, EREBIEBIREE
FIBAE S B A SR bR — R R vk, S iR — iR R R A B 2 T [3]. Bk
B2 TR R A 1, 2 IR T R B ME R :
s(f)=2(%-n(X,))

i=1

FESERRANE T, =B FE Sk ELECH A, R .

WX [E] [a,b] EAEE 1,1, 0, Hi a<t, <ty < <1, <b, f(x)REXFEXI [a,b] FIEREL
an f (x) R BL R LESE]:

1) fE[a].(1.0],.(1,,0] £ BREf(x) H=RE T

2) BHL S (x) ML SBAE 1, (i =1,2,--,n) AEALHESE.
TR 1) 73 B 2 T R BN = IR 26 R, o, AFESRRBIN S i 2y =ant,,, =0,

n(x) =d, (x—z‘,.)3 +c (x—t[)2 +b, (x—t[)+al. , L <x<t,
NZIRICHEFEARRIRIB N SRR TSR A B ARR FHR — A R B 15 5k 2= F o fi /N, B bAsl
NIETT R, MBAETT RN, ST NS B e flith, RiAN:

T 5 b
mins(f)= Z{yl, —n(x[)} +lj{77”(x)}2 dx

r 2 6 2 _
Tﬁﬁi&ﬁZ{y[—n(x,)} R Ad n BEIR LT B A U ﬁ’ﬁlf{n”(x)} dx WU eR R 7 B B IEAT RS, =

B S8y (x) SR TR, R RS . A N R B R SR AR T H
fey, BT AT LA G 2 BUAURE S A T AR HE S BN & R RO R . 4 R, Ry

3. ARHREFHZE
1) HARER A 7 1 B
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mins(f) =Y {», _n(xi)}2 +l.|.{77”(x)}2dx

i= a

2) SRR, Hhn(x)=X" N, (x)6,

j=1

s(6,2)=(y-NO)' (y-NO)+210"Q,0
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S, = N(NTN+Q, )N = N(N' [1+/1N—TQNN"]N)71 N'=(1+aNTQ N

HERE S, WILLS RS, = (1-AK)"
i) mins(r])z(y—f])T (y—r])+ﬂ,77TK77—>ﬁ=S/1y
KPR S HAXFREm e, X 3T R 7 i :

S, =2 P (A)ugug
_ 1
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6) ftiTHIE % R L
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n=S8,y= sz:l P (ﬂ)uk”;y
4. T R BSHRBHRTILLBRAR

FEEFELL LA R 155 1) smoothing.spline() SE 8 . BEALBSL K IZ F R 1B, MHLAE KR & X, Y,
BRI INERANEG X 5 Y Z KR,
HISA S
>set.seed(1)
>ei<-rnorm(4000,0,3) #AE RSB 0, BRHEZE 1 1) 4000 555k 2% 751
>x<-rnorm(4000,1,0.5)  #AEFIIENR 1, FrdEZER 0.5 1] 4000 2% x J7 5
Sy<-5¥xA2+¥xM3+ei #IE x. y KA, FEly
>plot(x,y,cex=.8,col="darkgrey")  #HH x. y FIHS
>title("Smoothing Spline") #8ikfiy 4 “ Wi FES”
>fit=smooth.spline(x,y,df=10) #1% B Y4 H HE N 10, FATHRIEREZNE
>fit2=smooth.spline(x,y,cv=TRUE)#iz F A2 X 3G ukvk, B EHE, IO EZENE
>fit2$df
[1]9.793812 #ik Hi R B A ) HE{EN 9.79
>fit2$lambda
[1] 0.004389605##1% th 1 B ¥ )tiE 2408 0.0044
>lines(fit2,col="blue",lwd=2) #H H! ;1 ¥ 5% th £&
>attr(bs(x,df=9.8),"knots"#1k H H HI & 9.8 I, FEZREE A B

12.5% 25% 7.5% 50% 62.5% 75% 100%

0.4115038  0.6566871  0.8289012  0.9908485  1.1491730 13207943  2.8121807

EHJGEREFIONEN G M EDE WA 1 B,

5. SEUESTHR

ASCLL R i F 1 ISLR W Wage Bt S8 945, BE AR 56 42 DLSE I i K v it X 35 53 TN KT
TSI A, I AR A2 2 S RV R R 2% [ PR 5 9 AT BT FE T B KT A AR i
Z IR A
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Figure 1. Smoothing spline

1. KB&E

#R TE T MNE ISLR A&, AR, AT ERE TR (] 2)
>library(ISLR)
>attach(Wage)

>plot(age,wage,xlim=agelims,cex=.5,col="darkgrey")

wage
100 150 200 250 300
L 1 1 L !

50

Figure 2. Scatter diagram

2. BEE

5.1. ZIMAE)TER

H1 wage-age FIHUR AT UL, PR R Z [BIAFEELNER R, iRIFRILG 2Lk, (U SioE
FEMZ MM, S iE 2 W AR A . At 22 K ml AR AL, A AL DUARORE B A2 S AR A2
KA, ISR EOR G, 8 A2 &) R 2 ARk . da F A0 IR IEVR 13 68 10 2 Wik
.

#ia A XA % 2 U R LR 1] A CE
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>nrow(Wage)
[17 3000
>train = sample(1:3000,2000)
>cv.err = vector("numeric",5)
>for(iin 1:5){
+ fit = Im(wage~poly(age,i),data = Wage,subset = train)
+ pred = predict(fit,newdata=Wage[-train,])
+ cv.err[i] = mean((pred-wage[-train])"2)
+ 3
>plot(1:5,cv.err,type="1")
3 A RAE I A SR ], iR s 2 BaCRgRE, PoRriw 2z, WA LA, 200
RBOY AL 5, BITRERVN, HREERRR R AL, 2 K A RS B R R R 4 K
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cv.err
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Figure 3. Cross validation diagram

B 3. ZXHIEE

#4342 1A YA A
>fit = Im(wage~poly(age,4),data = Wage)
>agelims = range(age)
>age.grid = seq(from=agelims[ 1 ],to=agelims[2])
>preds = predict(fit,newdata = list(age=age.grid),se=T)
>se.bands=cbind(preds$fit+2*preds$se. fit,preds$fit-2*preds$se. fit)# 4 2 FHMIMEL 1) B 15 X 1]
>plot(age,wage,xlim=agelims,cex=0.5,col="darkgrey")
>title("Degree-4 Polynomial",outer = T)
>lines(age.grid,preds$fit,lwd=2,col="blue") # 2 I [o] 5 T fth £&
>matlines(age.grid,se.bands,lwd=2,col = "red",lty=3) # E 15 [X [i] i1 £&
K4, Zo@aREGXAMLZg, bUaWEETLEL, MEarRCRIEA .
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Figure 4. Degree-4 polynomial regression

E 4.4 Xz EYT

#I7 B
> anova(fit)Analysis of Variance Table
Response: wage
Df Sum Sq Mean Sq F value Pr(>F)

poly(age, 4) 4 450482 112620 70.689 <2.2e—16 ***
Residuals 2995 4771604 1593
Signif. codes: 0 “***’ 0.001 “**’ 0.01 “** 0.05°.>0.1 °’ 1

TiZEM AR, FAEBOR, BIABREE, FREU 4 R 0EEHIE Wage-age 58RI R
it

5.2. JeiEtESEYT

HeIEFELL LA F R 35 S 1 smoothing.spline()SEH . A28 =0 0] V0 58 IR B —FF, Jeig A2k IRl IA
R OB LI e AR 2R A N AL BRI S
HGI R E] A
>plot(age,wage,xlim=agelims,cex=.8,col="darkgrey")
>title("Smoothing Spline")
>fit=smooth.spline(age,wage,df=18)#55 — X% € H HE N 18
>fit2=smooth.spline(age,wage,cv=TRUE)#2 X 56 IF i %5 5 i B
>fit2$df
[1] 6.794596#1 %4 J5 1) H 1 E N 6.7946
>lines(fit,col="red",lwd=2)
>lines(fit2,col="blue",lwd=2)
>legend("topright",legend=c("18 DF","6.8 DF"),col=c("red","blue"),lty=1,lwd=2,cex=.8)
VEBARRS FR AT 1 IR A, T IR smoothing.spline() BR %Y, 58— IR E WU H R df = 18,
BEIN R BB A € B B df O 18 X HDEIESH 2 BB, 58 s, AR, i A WIRIE R &
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EE, AR A AR EHEHN 6.7946.
> library("splines", lib.loc="F:/R-3.5.1/library")
> attr(bs(age,df=6.7946),"knots" )#F 5% 45 A H
20% 40% 60%  100%
32 39 46 80

NS HUE Y df = 6.7946 (R RN, R BT A HIFE&4SE 58 32, 39, 46, 80. N2
SR E B 18 R 6.8 BRI AR 5%

IS el BLE H, H R 6.8 IUFE SR (I Z) L B HEE N 18 MIFESR(LLE) BRI 2« X6
ZHGRT T EEAEH .

— 18 DF
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Figure 5. Smoothing spline
B 5. il

5.3. ZIMAEVASHBHEZELHE

Ko, &R 4 REUAMa g, ELRM ARG R, 8, WERImE
RISy, WA MEGHZEAK, BRI DA I, SR DGR AU E 1 il 278 5 R P o 22 I3
AW EI L TR, S5 R EHUTIALE, 5 HOEHFER RN R ZE T 2 0 m ) a2k .

~~ Degree-4 Polynomial
8 . = Smoothing Spline
3}

age

Figure 6. Degree-4 polynomial VS smoothing spline
B 6.4 REWMRN VS HBFEE
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6. &t

BT S B PR OR UL X 5 5% TN K3, 8 SEUE AT, PTRAR H4S iR T

TREHEFR PG 2 FFE TR A 20 Z I TAES] 40 B U BT, R B
AT BT, LW KPR 218 R 1, 40 23] 60 % THAIK T TFH, 60 %2 5 T#K
S TR MWEITRTLUE tH 60 % F 80 LUK AIKF BARAE T IE, AR T8 A K, IXR0 36 B )R
PRI KR, R EBUMRA EERUE 48— B RERS, TH B B O SN 55RO tik
P, ATCUERIRATEREUE R IBR . A LESERE 65 B4 N — AN IEF B RER, EFE 65
BRARE T AR 40~60 % M BOX A WE AR . SEESATHR —A “srtRARGIE” ,
FiEEES WA ELRME NEFETE, X—mAFTHE, REHHMRGEEERER, 6o
%, 50 %.

MIENALE I R AR, SGIEFEAMIEGER T 20 G . BHF A MGEEE T ihEls
M7 BLE R EERDETE . RN e AR 2% A AN e 45 s AT I 8, ol T AR R 2% bR
HOHAT i 23 E RAFTE B a0 T 45 RUE RN B, BRI MG AR B AE — e FR A R IE # 26 i
EAFILA IR . AESHU ANz, (EA MR, BT e LS HIRAS 2, &R
AT, YRR E SRR RN RS RNTE RN, SHERME U TG 4, i ES
b vErT A E I A 2RI — AR A R 7

SEEk
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